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Abstract

This thesis deals with the problem of model uncertainty quantification from exper-
imental data. Given a set of measured input and output data points, the aim is to
establish an upper bound on a relevant norm on the difference between the true system
and a suitable model of that system. More specifically, the problem addressed in this
thesis is how one should represent and quantify model errors, in such a way that the
identification result is suitable to serve as a basis for high performance robust control
design.

of the problem is shifted to the prior information, while no adequate procedures exist
to obtain this information.

the noise in the frequency domain as prior information, and yields a hard (worst case)
error bound. First an error bound on a finite number of frequency points is established,
and subsequently this error bound is interpolated. The merit of this procedure is that
the model with respect to which the error bound is calculated can be specified by the

Based on_an extensive evaluation of options and consequences, a mixed averaging
— worst case embedding of the modelling errors now is proposed, to effectively account
for accumulations of both random as well as structural errors in a situation where
only the dominant part of the system is linear and time invariant. That is, we argue
that the noise should be considered as stochastic, whereas undermodelling should be_
regarded as unknown but bounded.

Given this choice for the embedding, a second procedure is presented to estimate
a model together with a bound on the model uncertainty from experimental data. A
periodic input signal and data segmentation are employed to effectively distinguish
between the random and structural errors. A model is estimated over each period
of the input signal, which results in a set of models. The average over this set of
models yields the final estimate, while the mutual differences between the models in
the set provide information about the uncertainty in this final estimate. Specializing
to linear time invariant systems with stochastic noise, a closed form confidence interval
for the error due to the noise now can be obtained asymptotically in the number of
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data points, and an adequate estimate of the error due to undermodelling can be
provided. Essentially, the only prior information that is needed with this approach is
the qualitative information that the noise forgets its past, and that the system is linear
time invariant and exponentially stable. Both the error due to the noise as well as the
error due to undermodelling are estimated from the experimental data. Furthermore,
a highly flexible model structure is provided by the use of system based orthonormal
basis functions, allowing for high quality parametric estimates, and the procedure also
can be applied in closed loop situations. On the basis of simulation examples and
applications the performance of this model error estimation procedure is studied, also
under deviations from the linear time invariant case with stochastic noise. Tight and
reliable error bounds are obtained, and we are able to design high performance robust
controllers. ' We conclude that the combination of the above properties indeed leads
to models and model error bounds which are suitable to serve as a basis for high
performance robust control design.

34 hie 4hn ahnoon frasnmasrarle Alaaw indiacdinrnag fAar i~ dal Avdan anlan
vviuiiii uuc a00Ve ITailiewOrK Ci€arl iiiaiCations 10I miodael Oraer Seiec

ion and 1upun
design also can be provided, and a powerful method for model validation follows.
Additionally, an asymptotic analysis is provided for frequency domain transfer function
estimation using system based orthonormal basis functions, as applied in the model
error estimation procedure above.

A topic for further research is to adapt the procedure to allow for quasi-stationary
input signals, which certainly appears to be possible.
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Chapter 1

Introduction

1.1 Motivation and background

Modelling the behaviour of a process plays a central role in science and technology.
These models are used to gain a better understanding of the process, and of the
interaction of the process with its environment. This knowledge in turn can be used
to predict and anticipate future outputs of the process, and to influence the process
in such a way that it exhibits a more desirable behaviour. These three major reasons
for modelling the behaviour of a process are usually called: analysis, prediction, and
control.

Clearly, models can be used to obtain faster, more reliable manufacturing processes,
with a higher or more constant quality. Also the energy and materials consumption,
the environmental burden and safety can be improved. Of course all this also can have
quite some impact on the economic profit. Examples of the use of models for analysis

(simulation), prediction and control are abundant in aerospace technology, chemical
industry, consumer electronics, robotics, economics, and so on.

box modelling. White box modelling is modelling from first principles: the model is
a combination of the physical laws governing the system. In black box modelling the
input and output signals of the system are measured and a mathematical model is
constructed to describe the measured behaviour, without the intention to describe the
internal behaviour of the system or the physical processes that are responsible for the
observed behaviour. Black box modelling is also known as experimental modelling or
system identification, and is the subject of this thesis. It can of course be argued that
white box modelling is, at least partly, just combining generally accepted black box
models of subsystems of the system. In practice both methods of modelling are often
combined, to obtain both the physical insight resulting from white box modelling,
as well as a model that is in accordance with the observed behaviour of the system
as obtained from black box modelling. This is called grey box modelling for reasons
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that should be obvious. Also, black box modelling can be useful for verification of a
theoretical (white box) model.

Two important principles from the theory of black box modelling or system iden-
tification are that the model should not add to the observed data, and that the model
in general only will be an approximation of the true system.

The fact that a model should not add to the observed data is obvious but not
trivial in its implications and often neglected. Occam [135, 127] stated that knowledge
should only be obtained from observation, logical necessity or divine revelation, and
that things not known to exist should not be postulated as existing, unless absolutely
or hypothesis that is in accordance with observations should be preferred. Using the
terminology of Willems [185] this can be made more precise as follows. A model that is
able to reproduce the measured data is called an unfalsified model, and the behaviour
of a system is defined as the class of all possible (input and output) signal trajectories.
Among the class of unfalsified models, the model whose behaviour is a subset of the
behaviour of another model is said to be more powerful. In other words, a model
which is not powerful does state considerably more than the measured data, and thus
is based only partly on the observations. If a model adds too much to the measured
data it even becomes useless; the behaviour of the model can be almost anything,
which is not very informative. Clearly, all unfalsified models could be true, but it must
be considered a sound scientific principle to favor the more powerful ones. In system
identification this principle is often reflected by the performance of the model on new
data or by the tradeoff between bias and variance errors.

The fact that the model is in general only an approximation of the true system is a
consequence of the fact that the true system usually is far too complex to be modelled
exactly. In addition, even if the system could be modelled exactly, estimation errors will
be present due to the finite length of the data set. These errors are introduced by the
noise acting on the system, and unknown initial conditions of the system. Moreover,
from a certain point, increasing the complexity of the model set will only increase the
uncertainty in the estimated model because only a restricted amount of measured data
is available: there is an increasing amount of freedom in the model set to approximately
reproduce the measured data, but there is a lack of information how to choose between
the different possibilities. This clearly is related to the discussion above. Furthermore,
we only want to model that part of the system in which we are interested. This means
that we only want to model that part of the system that is relevant for the intended

model becomes more complex but it does not_become better. Finally, accurate and
complex models are expensive. Hence, we even do not want to model the relevant part
of the system exactly, but only to some desired level of accuracy. Note that the above
implies that it can be advantageous to identify different models for analysis, prediction

1 pluralitas non est ponenda sine necessitate” to be more precise.
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and control design, because the matching relevant part of the behaviour of the true
system can differ significantly. In conclusion, exact modelling usually is impossible or
too expensive, and unnecessary.

Given that a model is only an approximation of the system, the problem that is
addressed in this thesis is the quantification of model uncertainty from experimental

data, in such a way that the resulting models and model uncertainty descriptions are
suitable for their intended use. By model uncertainty quantification we mean the
provision of an upper bound for some norm on the difference between the model and
the system (the model error). The motivation to look at this problem is primarily
that a model is virtually useless without some indication of its quality. A reliable
quantification of the model uncertainty is imperative when using the model, whether
for analysis, prediction or control design. Without such a quantification the user of the
model may be led complete astray. In order to be able to quantify the accuracy of the
model, or to be able to guarantee a certain level of accuracy in view of the intended
use of the model, an upper bound on the model error must be available.

An uncertainty description is also closely related with the principle of parsimony.
A model having a relatively large uncertainty is an indication that the model either
is not capable of approximately reproducing the data (not unfalsified), or that it adds
too much to the data (not powerful). In other words, the model is too simple or too

powerful one. As a consequence, an uncertainty description provides an excellent tool
for model order selection; the model order (model complexity) should be such that the
lowest uncertainty is obtained.

This thesis is motivated by and directed towards situations where the intended
use of the model is to serve as a basis for high performance robust control design,
although other applications can be addressed equally well within our framework. The
basic problem in identification for control design is that a small difference between
system and model in open loop can result in a large difference in closed loop. The
situation that the model is stabilized and the system is not, is not at all imaginary.
Thus, an accurate quantification of the model uncertainty is of major importance
in this context. The recent vigorous search for model uncertainty descriptions was
triggered by the developments of robust control during the last decade. Given a model
and an upper bound on the model error, methods have become available to design
controllers that can provide a certain level of guaranteed performance when appilied to
the system, see e.g. [39]. Clearly, these robust control design methods only amplify
the importance of an accurate quantification of the model uncertainty. The search for
model uncertainty descriptions in system identification is however much older, see e.g.
{86, 159, 108].
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1.2 A description of the problem field

In this section we will provide a first introduction to the field of model uncertainty
estimation, and the problems involved.

System identification addresses the problem of finding, from a set of measured data
points, a model that is in some sense close to the system that generated the data.
Model uncertainty estimation should provide a statement of how close the model and
the system actually are.

To make these problems amenable for analysis and synthesis, first of all a descrip-_
tion of the data generating process is needed. An assumption that is extensively (in
fact, almost solely) used is that the system is linear, time invariant, and stable. This
enormously facilitates the analysis and synthesis problem, to a level where it can be
handled, although the problem still remains to be difficult enough. The above assump-

tion is of course only an approximation of reality. Even so, the approximations involved
are often justified and lead to good results in many cases, see [106]. To account for
these approximations, for the fact that the system also reacts to stimuli that are not
measured and therefore unknown, and for the finite precision of the measurements,
noise is added to the description of the data generating process. In other words, the
noise is needed to close the inevitable gap between the linear system description and
the measured input and output signals. Note that the above implies that the noise can
be assumed to be uncorrelated (linearly independent) with the input signal (in open
loop).

Hence, it is assumed that the system, and the measurement data that is obtained
from this system, allow a description

y(t) = Go(g)u(t) +v(t) (1.1)

with y(t) the output signal, u(t) the input signal, v(¢) an additive noise, q the shift
operator (g z(t) = x(t + 1)), and G, the causal linear time invariant transfer function
of the system. For the moment we will also assume that the system is stable and
single-input single-output (SISO). The transfer function can be written as

Golz) = 3 golk)z™ (12)

=
Il
o

with go(k) the impulse response of the plant.

A preliminary description of the problem area addressed in this thesis now reads as
follows. Given a set of N data points y(t),u(t), t = 0,---, N — 1, the problem is to
find the set of all models which are not unlikely to have generated the observed data.
Moreover, this thesis is directed to situations where the intended use of such a set of
models is to serve as a basis for high performance robust control design. Thus, when

considering the problem, we will focus on the control design point of view.
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The above formulation is not yet complete. A set of N data points contains no infor-
mation at all about the tail of the impulse response g.(k), ¥ =N, :--,00. This implies
that, even if we could accurately estimate the first part of the impulse response, we
still could
if the unobserved past of the input is completely arbitrarily, then the past input can
arbitrarily influence the measured data. Again this implies that we can induce noth-

ing about the system. Similarly, if nothing is known about the noise, then we can be

not state anything about a set containing the system G,{(g). Furthermore

A0 [0 S5 @ STV LUiiviiiiii U111 VAT UL T,

sense, unless further restrictions are being imposed on

e the system G,(q)
e the past inputs u(t), t <0
e the noise v(t), t=0,---,N -1

by means of additional assumptions or prior information, so as to restrict the solution
set to a meaningful one. Thus we are actually faced with two problems

1. find a set of realistic additional assumptions and a priori information

2. using the assumptions and the a priori information, construct from the measured
data a set of models, not larger than necessary, that is likely to contain the data
generating system G,(q)

It should be stressed that the first problem is of decisive importance to obtain model
uncertainty estimation procedures that are valuable in practice. We will call this first
problem the problem of embedding.

1.3 Reader’s guide and thesis outline

Chapter 3 and chapter 5 contain the main contributions and results of this thesis.
Chapter 7 is of independent interest. One should read chapter 3 before reading chap-
ter 4 or chapter 5, and one should be familiar with the results of chapter 5 before

reading the remaining chapters of this thesis.

In chapter 2 an overview and a critical evaluation of existing methods to solve this
problem is presented.

In chapter 3 the problem that is addressed in this thesis is formulated. The basic
properties and implications of different approaches towards solving this problem are
discussed, leading to specific choices with regard to the embedding (prior information
and assumptions) of the problem, and a set of essential conditions and technical re-
quirements for an adequate solution. An_overview of the contributions of this thesis
towards solving this problem is presented.
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In chapter 4 a frequency domain approach towards solving the problem is presented
of frequency points is established, and subsequently this error bound is interpolated.
The merit of this procedure is that the model with respect to which the error bound is
calculated can be specified by the user. The disadvantage is that the necessary prior
information is hard to obtain.

In chapter 5 a mixed averaging — worst case embedding of the modelling errors is
employed, based on the discussions of chapter 3. That is, a stochastic setting is used for
the noise (averaging errors), whereas a deterministic framework is used for the error due
to undermodelling (structural errors). Using a periodic input signal we can effectively
distinguish between noise and undermodelling errors. A closed form confidence interval
for the error due to the noise is obtained asymptotically in the number of data points,
and an adequate estimate of the error due to undermodelling is provided. Thus, both
the error due to the noise and the error due to undermodelling are estimated from
the data. Essentially, the only prior information that is needed with this approach is
the qualitative information that the noise satisfies a mixing condition, and that the
system is linear time invariant and exponentially stable. Furthermore, a highly flexible
model structure is provided by the use of system based orthonormal basis functions,
and tight and reliable error bounds are obtained. The robustness of this model error
estimation procedure to deviations from the linear time invariant case with mixing
noise is demonstrated on the basis of simulation examples. The combination of the
above properties leads to models and model error bounds which are suitable to serve
as a basis for high performance robust control design.

In chapter 4 the results are extended to multi-input multi-output (MIMO) systems.

In chapter 6 the results of chapter 4 and chapter 5 are extended to closed loop
situations and unstable systems.

In chapter 7 an asymptotic analysis is provided for frequency domain transfer func-
tion estimation using system based orthonormal basis functions.

In chapter 8 the model error estimation procedure of chapter 5 is applied to a
wind turbine system and a compact disc player, in order to validate the practical
applicability of this procedure and to verify the properties claimed above.

Finally, chapter 9 contains the conclusions and recommendations for further re-
search.



Chapter 2

State of the art: a critical evaluation

Summary

An overview and evaluation is presented of the existing literature on model
uncertainty quantification from experimental data.

2.1 Embedding

In the following sections we will discuss and critically evaluate existing methods for
model uncertainty quantification. However, first we will clarify the process of embed-
ding (see section 1.2) and its significance in this section, because of the prominent role
it plays in the different methods of model uncertainty estimation. We certainly should
be aware of this process. As stated by Hjalmarsson [83]7 the priors used in existing

aiC O1 Lilis QLCSS. vateQ D)y 1L;dllliialoasOll 10oJd 11015 1

model uncertainty estimation methods are governed more by a strive to get simple
methods than by realism.

In system identification the set of observed data points always is embedded in a
larger set to account for data sequences that also could have occurred while using the
same input signal and initial conditions of the system. This means that it is assumed
that the system is also affected by other signals (called noise or disturbances) that were
not measured, and a characterization of these signals is given. Such a characterization
is e.g. that the noise belongs to a bounded set, or that the noise is a realization
of a stochastic process. As was discussed in section 1.2, we also have to embed the
system and the past input signals to be able to obtain a meaningful description of

bound on the margin of relative stability of the system is known, or that an upper
bound on the decay rate of the impulse response is known, and so on. For the input
we could e.g. assume that an upper bound on its absolute value is known, or that it is
a realization of stochastic process. Clearly, there is alot of freedom in the actual choice
for the embedding of the set of observed data points, but the embedding is required to
be such that the class of possible data sequences indeed is restricted to a meaningful
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one, and preferably should be such that this class is not larger than strictly necessary
to account for the observed data.

As was already noted, the specific way of embedding which is used has a decisive
influence on the resulting identification ethods (e.g. least squares parameter estimate
or solving for the feasible parameter set) on the properties of these methods (e.g.
consistency, optimality), on the size of the error bounds (tight or not), and on the
nature of the error bounds obtained (hard or soft, i.e. deterministic or probabilistic).
This latter point deserves some clarification in view of the scope of this thesis. Hard a
priori information (bounded noise, and so on) will yield hard a posteriori information,
i.e. hard error bounds. Similarly, soft priors will result in soft a posteriori information.
Indeed, the specific way of embedding (in the form of assumptions and available prior
information) actually is one of the major topics in model uncertainty estimation.

Distinguishing between different methods of embedding of the noise and the sys-
tem, the current state of model uncertainty quantification in system identification will
be discussed very concisely in the following sections. We will describe the different
problem formulations, the available results, and discuss specifically where these tech-
niques fall short with respect to model uncertainty quantification. A general in-depth
discussion of merits and demerits of different problem formulations, and required prop-
erties of solutions, will be given in chapter 3, including an extensive discussion on the
problem of embedding.

2.2 Parametric prediction error identification with filtered indepen-
dent identically distributed noise

Comprehensible accounts of the general field of prediction error methods are given in
[43, 58, 110, 106, 166]. The key results with respect to uncertainty descriptions are
given in {108, 113, 105, 104, 181, 192]. Much of the credit for these results belongs to
Ljung, who has been a driving force in this field. The latest contributions can be found
in [180, 111, 85, 84, 83]. Based on the discussion in section 1.1, we will only address
results that allow for undermodelling, that is, where the system is not assumed to be
an element of the model set.

It is assumed that the system, and the measurement data that is obtained from
this system, allow a description [106]

y(t) = Go(@)u(t) + Ho(q)e(t)

where ¢ is the shift operator, G, the system, which is required to be stable, H, the
noise filter, which is required to be stable and stably invertible, and e(t) a sequence
of independent identically distributed random variables, with zero mean, variance o2,
bounded fourth moment, and independent of the input signal u(t). Let ®,(w) denote
the spectrum of u(t), and let ®,(w) = d2|H,(e’“)|? denote the spectrum of the noise

v(t) = Ho(q)e(t).
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The model is parameterized as
y(t) = G(g,0)u(t) + H(g,0)e(t) (2.1)
and the prediction error £(t, ) is defined as
e(t,0) = y(t) — §(t10) = H'(¢,0)y(t) — H™'(q,0)G(q, 0)u(t)

Under some quite general regularity conditions there holds that, using a quadratic
criterion

b4

-1

~ 1 )
G—argmomﬁt e“(t,0)

Il
o

~

the estimated parameters § are asymptotically (in the number of data points N) nor-

mally distributed, see [108, 106], M

VN(G - 6*) € AsN(0, P) (2.2)
where P is the asymptotic covariance matrix, and 8* is the limiting estimate
1 N1
. _ . . L 2
6 = arg min 1\}1_{1100 N ; E[*(t,0)] (2.3)
Furthermore
6—6" as N—oo (2.4)

If the limit model G(q,0*), H(q, 6*) gives white prediction errors then a consistent es-
timate of the asymptotic (in N) covariance matrix P can be obtained easily. However,
white prediction errors in general imply that there is no undermodelling and no bias in

marsson [85, 83] shows that the variance expression for white prediction errors indeed
can_be quite erroneous when the prediction errors in fact are strongly correlated. An
expression for the asymptotic (in N) covariance matrix P of the estimated parameters
in case of colored residuals has been known for long, but only recently a consistent
estimate has been found, see Hjalmarsson [85, 83].

Under certain regularity conditions the estimated transfer function is also normal-
ly distributed asymptotically in N, see [104]. That is, for general black box model
structures there holds for a fixed model order n and asymptotically in N

Ui | G0 - Gle,67) ] € AsN (0, Q(w,n))
H(e,0) — H(e,6°)

where .
1 $, 0]
lim ~Qw,n) = &,(w) ( ) ) (2.5)

n—oo N 0 o? ,
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under the conditions that

G(e?*,0*) — Go(e?*)

H(e™,60*) — H,(e')
as n — oo.
A more precise statement is given in [113] for finite impulse response (FIR) models.
When allowing the model order n to increase with the number of data points N then,

in the limit as N — oo, n — oo, and n?/N — 0 (note the doubly asymptotic nature
of these conditions !'), there holds

\/g (G(ej“’,é) - G(ej‘”,e*)) € AsN (o, ;EZ;) (2.6)

|Go(e7) — G(e?,6)] >0 wp.1 as N — oo (2.7)

and

In (2.5) and (2.6) ®,(w) is a design variable, and ®,(w) can be estimated consistently
using spectral analysis techniques, see e.g. [20].
An approximate result for the variance of the estimated transfer function that is not
asymptotic in the model order n can be obtained from the consistent estimate of the
asymptotic (in N) covariance matrix P of the estimated parameters as given by [85, 83],
using a first order expansion (see e.g. [104, 83))

~

G(el?,0%) — G(e7*,6) ~ %G(ejw,é)(e* -0)
The corresponding approximate variance expression is

. LA d o \* _d LA
Jw g¥\ _ Jw 2 ~ [ = Jw el Jw
IE[IG(e ,0") — Ge ,0)|] (dHG(e ,9)) P—=G(e™, )
The expression is exact if the model is linear in the parameters.
An implicit asymptotic (in N) expression for the bias in the frequency domain is
available as
* 3 1 " jw jw 2 1
0" = arg mem % [|Go(8] ) - G(e’ ,9)' @u(W) + @v(u))] Wd

—T

w  (2.8)

However, while (2.8) certainly does allow for an interesting qualitative discussion of
the factors affecting bias, it does not provide an explicit expression for the bias or a
bound on it.

The error bounds given by Zhu [192, 193, 194] are based on (2.6) or on the analogous
result for spectral analysis methods (2.11). The error bounds are obtained by neglect-
ing the bias contribution and the fact that the variance is estimated (both the bias and

1Some results are more asymptotic than others.
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the variance errors). As a result, a precise statement about the probability of the error
bounds cannot be provided. In [193] it is argued that neglecting the bias contribution
and the fact that the variance is estimated is reasonable, since asymptotically in the
model order the estimate of the transfer function is unbiased, and the estimate of the
variance is consistent. In practical applications, where the model order and the number
of data points are finite, this may however be rather too optimistic a point of view.
Moreover, there are basic objections against a neglectable bias error, see section 3.8.

Clearly, while the results stated above certainly allow for an interesting analysis, they
are not yet fit to actually bound the identification error. There is no explicit expression
for the bias (undermodelling error) available, and the accuracy (bias and/or variance)
of estimates of the variance (using spectral estimates of the noise spectrum, or estimates
of the covariance matrix of the estimated parameters) is unknown. Only for finite
impulse response type of models, no undermodelling, white noise and asymptotically
in N, a closed form (contains no unknowns) confidence interval for the estimated
parameters is established, see Ljung [106, Appendix II].

For a more general discussion on the merits of bias errors, and the demerits of the
use of prior information to bound these errors, we refer to section 3.8 and section 3.11
respectively.

2.3 Spectral analysis

Extensive accounts of the field of spectral analysis are given in [86, 19, 20, 147, 137].
An excellent comparison between the parametric prediction error methods and spectral
analysis is given by Ljung [105].

The spectral estimate G(e7*) of a transfer function G, (e*) is defined as

A jwy _ q)yu(ejw)
G(ev) = —@u(w) (2.9)

where éyu(e"“’) is an estimate of the cross spectrum between the output y(t) and the
input u(t), and where ®,(w) is an estimate of the input spectrum. These estimates
are obtained as

4

-1

&’yu(ejw) = W, (w — G)Y (e99)U (e79%)

1
N

Dl
Ll

Wy (w = ClU (&)

2=

P, (w) =
k

I
-

where W, (w) is a real valued window function, and where U(e’¢*) and Y (e7*) are the
discrete Fourier transforms of the input and output signal respectively. For a bounded
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signal u(t), t =0,1,---,N — 1, the discrete Fourier transform is defined as
N-1
. 1 ) 27k
U(e?¥r) = —= u(t)e 7wkt wp=— k=0,1,---,N -1
D N

To analyse the properties of the spectral estimate é(ej“’), let the window W, (w) be
written as

Wy (w) =W (yw)
where W (() is the normalized window, defining the basic shape of the window (see
[105]), and where v € IR is a scaling parameter, describing the window width. A large
~ yields a narrow window. Define

o= [Tupwiac W= [ WA

Under some regularity conditions there holds in the limit as N — oo, ¥ — oo, and
v/N — 0 (note the doubly asymptotic nature of these conditions !), that the esti-
mated transfer function is normally distributed, see [20]. The bias and variance are
asymptotically in both N and ~ given as

Jw Y(piw)] — 1"( jw ! Ljw P, (Ld)
Gole) ~ E[G(e)] = [G( )+ G (e )Qu(w)]+cz€m)+o££o) (2.10)
B (|6~ BIGEIP] = 754 + o) (2.11)

uw v,N—o00

v/N—0

where prime denotes differentiation with respect to frequency, O(z) is a term that
tends to zero at the same rate as z, and o(z) is a term that tends to zero faster than
z. Under the same asymptotic conditions the estimated noise spectrum

®y(w) = ‘iy(w) - ‘i)yu(ejw)ci)u(w)éuy(ejw)

also tends to a normal distribution, and the estimated transfer function and estimated
noise spectrum become independent. Unfortunately, the unknown true spectrum of
the noise ®,(w) cannot be removed by combining both distributions. However, for a
rectangular window the estlmated noise spectrum tends to a X2 dlstrlbutlon and a

ed that does not
confidence interval for ukc“ } can be obtained that does n V_I:____\.,_yl_lﬂl{gvul the true spec

of the noise, see [20, Chapter 6].

In Bayard [8] a confidence interval for a spectral estimate is obtained by averaging
over a number of empirical transfer function estimates. A periodic input signal is

2The connection with the above mentioned normal distribution follows from the fact that a x2
distribution converges to a normal one as the number of degrees of freedom tends to infinity
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applied to the system, and an empirical transfer function estimate (ETFE, a special
case of (2.9), see [106]) is made over each period of the input signal. The average over
these ETFE’s provides the final estimate, and a confidence interval for this estimate

normally distributed, that the noise filter is known, and that the steady-state situation
is reached before experimental data is taken. An error bound on the whole unit circle is

of the transfer function of the system. The results of [8] are however nonasymptotic.

For the error bounds obtained by Zhu [192, 193] using spectral analysis techniques,
we refer to the discussion of his results in section 2.2.

In conclusion, no adequate expressions for the bias are available, and the unknown
true spectrum of the noise only can be removed from the asymptotic distribution of
the transfer function estimate when a rectangular window is used, while other win-
dows will perform better in general. Priestley [147, page 535] states that confidence
intervals constructed without due consideration of the bias are likely to be quite unre-
liable in regions where the true spectrum has peaks or troughs. The bias terms can be
and prewhitening, where parametric identification techniques could in turn be used to
obtain an estimate of the prewhitening filter, see Brillinger [20, Chapter 5]. However,
a quantification of the bias error only becomes more involved, and it becomes difficult
to.distinguish between noise and undermodelling.

For a more general discussion on the merits of bias errors (bias error not neglectable
with respect to the variance error), and the demerits of the use of prior information to
bound these errors, we refer again to section 3.8 and section 3.11 respectively.

2.4 Parametric identification with stochastic embedding of noise
and undermodelling

The approach to use stochastic embedding also for the error due to undermodelling has
been introduced and elaborated by Goodwin and co-workers, see [59, 60, 55, 57, 56, 54],
and is discussed in detail in the thesis of Ninness [130]. The argumentation given in
[54, 130] to use stochastic embedding for the undermodelling error is discussed in sec-
tion 3.4. The idea is to represent the class of functions from which the undermodelling
error is likely to come, by a parameterized probability density function, so as to capture

the on-average behaviour of the usually very complex unmodelled dynamics.

of zero mean stochastic processes. To be more precise, the noise is represented by
a sequence of filtered independent identically distributed random variables with zero
mean, and the system is divided into a part that will be identified, and a part that is
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not modelled
Go(e?) = G(e7°,6,) + Ga(e/®)

where Ga(e7*) is represented by a stochastic process ga (k)

o]

Galz) = galk)z™

k=0

with decaying variance and zero mean
IE[GA(ej“’)] =0

The distributions of the noise and undermodelling error are assumed to be known,
up to a small number of free parameters which characterize the specific shape of the
distribution. For normal distributions these parameters specify the covariance matrix
of the noise sequence, and the covariance matrix of the impulse response of the under-
modelling term, respectively. For example, the stochastic process characterizing the
undermodelling is a sequence of independent normally distributed zero mean random
variables with variance

E[gi(k)] =aXf <1 (2.12)

This should be interpreted as follows. Since it is impossible to know exactly how the
impulse response decays, it is assumed to decay ”on the average” as

k+m
1 2 k
t) = a\ 2.13
mrT, 2 A=a (213)

Furthermore it is assumed that the undermodelling can be approximated sufficiently
close by a finite impulse response (FIR) model of a certain order L < N (the choice of L
is studied in [130]). Also the model structure G(e’*,6) must have a fixed denominator,
i.e. only the numerator is parameterized. Examples of such model structures are
FIR models, Laguerre models (see e.g. [180]), and wavelets (see e.g. [118, 25, 130]).
Approximate expressions are available for ARX models.

A least squares estimate of the model parameters is made. Subsequently, the free
parameters of the distribution of the noise and undermodelling error are simultaneously
estimated from the prediction error sequence, using a maximum likelihood estimate.
This results in a probabilistic description of the error in the least squares estimate.
This confidence interval is a sum of the confidence interval for the error due to the
noise, and the confidence interval for the error due to undermodelling. Hence, separate
and explicit expressions are obtained for both error terms.

In [54] it is mentioned that simulations show that the precise form of the structural
assumption on the undermodelling does not appear to be essential. Also it is reported
that simulation studies show the resulting confidence regions to be highly informative
and discriminatory.




STOCHASTIC EMBEDDING OF UNDERMODELLING 15

The approach of stochastic embedding of the unmodelled dynamics is still quite new,
and we have some questions and remarks regarding this approach.

1. The simulation examples concern highly idealized situations. The simulation
examples only consider normally distributed white noise, low order systems (not
higher than second order with time delay), and smooth undermodelling errors.

2. Similarly, a lot of the analysis concerns highly idealized situations.

3. The actual way of stochastic embedding which is to be used for the unmodelled

dynamics appears to be a difficult point. In [54] it is stated that simulations
show that the choice does not seem to be essential. This statement appears to
be based on the idealized simulation examples as described above. It remains
questionable whether reliable results will be obtained when the undermodelling
is less well-behaved.
The suggested procedure for stochastic embedding of the unmodelled dynamics
(2.12) yields an error due to undermodelling Ga(e’) which has a constant vari-
ance (and thus a constant upper bound) over frequency. This certainly will not
be the case in general, and is due to the white noise embedding of the under-
modelling impulse response. In [130] a choice for embedding is given that adds
a frequency dependence to the undermodelling term, but this choice still seems
to be far too simple to capture realistic undermodelling errors.

4. The uncertainty due to using the estimated values of the free parameters char-
acterizing the distributions of the noise and undermodelling is not taken into
account. That is, a certainty equivalence principle is used in specifying the

confidence intervals: the estimated values of the parameters characterizing the
distributions are used as the true values.

5. The form of the distributions of the noise and unmodelled dynamics have to be
chosen a priori by the user.

6. Severe difficulties appear to arise with regard to the actual distribution of the
transfer function estimate, and with regard to the maximum likelihood estimate
of the parameters characterizing the distributions, when the noise or undermod-
elling is not normally distributed. It should be possible to regain normality
asymptotically in the number of data points for the noise contribution, but this
appears not_to_be_possible for the undermodelling contribution.

7. What happens if the noise is colored and/or the undermodelling error is not
smooth: is it still possible to use a small number of parameters to characterize
the distributions or is more extensive modelling required after all, and is it still
possible for the maximum likelihood estimator to effectively distinguish between
noise and undermodelling ?
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As mentioned before, the approach of stochastic embedding of the unmodelled dynam-
ics is still quite new, and should be given time for development. Finally, although
stochastic embedding of the undermodelling error appears to be a valid and useful
approach, some basic objections can be made, see the discussion of section 3.4.

2.5 Parameter set identification with bounded time domain errors

(wonrst- cete polinnt 1ne)
The literature on parameter set identification is quite extensive by now. The work dates
back to [186, 160, 159], and basic contributions can be found in [9, 168, 132, 122, 45].
For overviews on this topic we refer to [37, 184, 125, 4]. We will only give a very short
discussion of this field, to sketch the main ideas and mechanisms.
 First of all, parameter set identification techniques yield a parameter set which
;is guaranteed to contain the true parameters provided that the prior information is
I correct. The system G,(q) = G(q,6,) + Ga(q) is represented as

y(t) = G(g,00)u(t) + w(t)
w(t) = Ga(q)u(t) +v(t)

where G(g,6,) represents the part of the system that will be identified, Ga(q) repre-
sents the unmodelled dynamics, and v(t) the noise. We will call w(t) the error sequence

lgr uncorrelated with the input u(¢). The approach also can be applied to nonlinear
systems, see e.g. [183, 89, 123, 28], and time varying systems, see e.g. [134, 144].
For clarity of presentation we will only discuss the basic approach for the linear time
invariant case, but the reader should be aware of the fact that the field is much larger.

The most common embedding now is that the error sequence w(t) = Ga(q)u(t) +
v(t) is bounded in £,

|Ga(qu(t)+v(@#)|<B V t=0,1,---,N-1 (2.14)

The basic motivations for using this assumption is that for a small number of data
points [V stochastic assumptions on the noise may not be justifiable, that the under-
modelling error can be accounted for explicitly, and that nonasymptotic hard error
bounds can be obtained.

Assumption (2.14) may be split up in bounds on the noise v(t), the input signal
u(t) and the undermodelling Ga(g). Several possibilities to obtain a hard bound on
Ga(q)u(t) from bounds on u(t) and Ga(g) are e.g. discussed in [182, 187, 94, 92].
Although u(t) is known for t = 0,1,---, N — 1 these bounds are bound to be rather
conservative.

Subsequently, upper bounds are constructed on the set of parameter vectors  that
is consistent with the information (2.14), i.e. the set of all parameters such that

ly(t) - G(g,0)u(t) <B V t=0,1,---,N—1 (2.15)
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Clearly, the approach is conceptually simple and attractive, needs only minimal as-
sumptions on the error process w(t), and leads to nonasymptotic hard error bounds.

If G(q,0) is linear in 6 then the feasible set of parameters (2.15) is a convex poly-
tope where the number of vertices increases with N. For ARMAX models the set
of feasible parameters possibly is non-convex, see [133], and for more general models
the set of feasible parameters even cannot be guaranteed to be connected. When the
feasible set of parameters is a convex polytope, exact bounds can be calculated using
linear programming or recursively, see e.g. [126, 143], but this is computationally quite
demanding and leads to very complex feasible parameter sets. To solve the latter prob-
lem algorithms have been developed that outer-bound the feasible set of parameters.
Given the exact feasible parameter set, optimal outer-bounding algorithms give the
smallest possible outer-bound in some norm (discussed below), see e.g. [21, 124, 123],
but these algorithms again are computationally very costly. Thus, one often has to
resort to simpler methods that do not first compute the exact bounds, but provide
some suboptimal outer-bound. A very popular example of such an algorithm is Fogel
and Huang [45]. However, these algorithms potentially have poor performance since
the bounds may become loose through having to be approximated. For the algorithm
of [45] this is illustrated in [130].

Several norms are used to outer-bound the parameter set. Different norms yield
different geometrical shapes. Ellipsoidal bounds result when using the weighted /o
norm [45, 29, 133, 124, 24, 182], and boxes are obtained with the £, norm [122, 123].
The ¢; norm is also frequently used [116, 28, 67, 21].

In [95, 96] identification schemes are presented that ensure a monotone reduction
of the parameter errors in the number of data points, in spite of the presence of
a bounded nonparametric frequency domain uncertainty Ga(e’*), by discriminating
between desirable and undesirable excitation situations. However, no parameter set
estimate is provided, and only the noise-free case is addressed.

Procedures to transform a parameter set to the frequency domain are given in [187]
(potentially very conservative) and [182]. In [68] a procedure is presented that yields
a set of transfer functions that is guaranteed to contain the true transfer function
Go(e7%) = G(e%,0,) + Ga(e’?) directly (not via an intermediate set of parameters)
from (2.14). Frequency domain uncertainty descriptions are required by Ho, robust
control design methods, see e.g. [39]. In [99, 100] the problem of robust control design
directly for ellipsoidal parameter uncertainty descriptions is addressed.

As is pointed out in [45], parameter set identification may still be applied if the
magnitude of the error sequence w(t) is not_nicely bounded. Consider for example
the situation where the error process w(t).has a normal distribution (noise and input
are normally distributed). Then the error sequence is not bounded, but it is possible
to specify bounds for the error sequence that will hold with any desired probability.
The parameter set which is obtained will then hold with this level of probability. Note
however that this probability (the probability of the event that all elements of the error
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sequence w(t) obey the specified bound simultaneously) will be very small, unless the
specified bound is very large. Moreover, the distribution of the error process need be
known to be able to specify this probability. Note that the error process w(t) consists
of both a noise contribution, and a contribution due to the response of the unmodelled
dynamics to the input signal applied.

In [45, 177] it is shown that under certain conditions the outer bounding parameter
set converges to 6, if the number of data points N goes to infinity, provided that
the error sequence w(t) is arbitrarily close to the specified bound B at a sufficient
number of time instants, without exceeding this bound. However, in many practical
applications it will be quite impossible to meet this requirement, so that the parameter
set will not converge to §, regardless of the amount of data that is used. In [117] it is
noted that the data even may be of little value if the prior information B is too large.
Compare this to the results (2.2) (2.4) for the stochastic noise setting ! As noted in
[70], this shows the demerit of the assumption (2.14). On the one hand, the parameter
set will be unnecessary large when the bounds are chosen conservatively. On the other
hand, when the bounds on the error sequence are chosen too optimistic, the resulting
parameter set easily can become invalid.

An approach to attenuate the problem of outliers has been proposed by [183]. A
further analysis is given in [148]. The idea is based on the fact that the parameter set
may (not necessary !) become empty when the bound on the error sequence is too small.
Hence outliers can be removed by discarding the smallest number of measurements that
leaves the parameter set nonempty. However, it can by no means be guaranteed that
all outliers are removed, so that the true parameter vector certainly may not be in the
resulting parameter set. Thus, the vulnerability to outliers, due to the ”all or nothing”
weighting of observations, remains to be a severe problem.

Other assumptions than (2.14) have been proposed. In Fogel [44] the energy of the
noise is assumed to be bounded. In Hakvoort et al. [70] the situation is considered
where Ga(g) = 0 and where the sample correlation of the noise v(t) with the input
u(t) is bounded. It is shown that the parameter set converges to the true parameter
6., also when the specified bound is conservative. However, when undermodelling is
present the convergence of the parameter set to 6, again is lost. In the survey paper
of Combettes [26] the use of fuzzy sets to represent the prior information is discussed.
A stochastic noise setting is discussed by Kosut et al. [94]. The noise is assumed to
|Ga(e?)|. Tt is shown that the parameter set estimate contains the true parameter
vector 6, with probability one in the limit as the number of data points N goes to
infinity. Again, one should compare this result to the results (2.2) (2.4).

between two conflicting objectives. Conservative bounds are required to account for
possible occasional outliers, in order to guarantee that the resulting parameter set

' contains the true parameter vector 8,. On the other hand, tight bounds are necessary
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{to obtain a reasonably sized parameter set. Therefore, in practical applications the
specified bounds on the error sequence will be a compromise between the (typically
unknown) probability that they are valid, and the desire to obtain a reasonably sized

naramatar ant
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r In Ninness [130] it is shown that parameter set estimation techniques using the un-
'known but bounded noise framework (2.14) result in error bounds which are sensitive
to the prior information on the true system and on the bounds on the noise, regardless.
of how much data is observed. In this context it should be noted that the purpose
jof obtaining an error bound often is to design robust control systems which by defini-
ition should be insensitive to the accuracy of the prior knowledge. This contradiction
manifests itself as overly conservative bounds, since the a priori information must be
chosen conservative in order to guarantee its correctness.

conflicts with the aims of robust control design. Moreover, when the prior bounds
on the error process are too large, the feasible set of parameters will not converge to
0,, regardless of the amount of data that is used. Thus, small error bounds cannot
be obtained with cautious prior information, while such bounds are required for high
performance robust control design. The experimental data even may hardly improve
upon the prior information. On_the other hand, when the error bounds are too small,
the resulting feasible set of parameters can easily be invalid. Finally, and this is
indeed of considerable importance in view of the above, how should we obtain the
prior information on v(t), Ga(g) ? As mentioned in [182] this is a nontrivial problem,
but no systematic procedures exist to obtain this prior information sufficiently accurate
and reliable. Even the probability that the prior information is correct is typically not
known, apart maybe from some vague intuitive notion.

All this results in unnecessary large and possibly incorrect error bounds, without

Ga(q) is not improved from the data, and will directly return in the transfer function
error bound, since G,(q) = G(q,6,) + Ga(q).

Using a stochastic noise description to obtain (asymptotic) probability levels on
the prior information is not the correct way to solve the above problems. When
accepting a stochastic description of the noise, it is more logical and probably better
(i.e. leading to tighter and more reliable error bounds) to maintain this description
till confidence intervals on the estimated model itself are obtained. For instance, a
Bayesian framework can deal with probabilistic a priori information, and an a posteriori
probability is established, see e.g. [59, 60]. In [130] it is even shown that, in the case
of linear regression form model structures, parameter set estimation (2.15) is just a
special case of a Bayesian framework.

Finally, as mentioned before, a basic motivation for using assumption (2.14) is that
for a small number of data points N stochastic assumptions on the noise may not be
justifiable. Recently the motivation often has been solely that hard error bounds are
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obtained, regardless of the question whether stochastic assumptions on the noise are
perhaps feasible. If larger data sets are available, one certainly should be able to do
better, as then stochastic noise assumptions often can be justified.

For a more general discussion on the suitability of the unknown but bounded ap-
proach (2.14) we refer to section 3.4 and section 3.11. We also refer to the discussion
on the intended use of the model in section 3.7.

2.6 Transfer function set identification with bounded frequency do-
main errors (idecti [licotior v e

In this line of research an upper bound on the difference between the model and the
system in the frequency domain is obtained, using the following three steps

1. Find an estimate G(e’**) and an upper bound e(wy) on |G,(e?“* ) — G(ei“*)| for

a finite set of frequency points wy € @ C {27k/N, k=0,1,---,N —1}.

2. Construct an estimate which is defined for all w € [0,27) from the estimate
G(e#*r), possibly while using €(wr) as a quality measure relative to the estimate
G at wi. This is achieved by interpolating the estimate é(ej“’*) c.q. by fitting a
parametric model to this estimate.

second step, by using €(wx) and some smoothness assumption on the transfer
function of the system.

All three steps are addressed in [97, 98], but the focus is on the first two. In [172, 169,
170] the first two steps are considered only. In these papers an upper bound on the
discrete Fourier transform of the noise is used as a priori information in the first step.
However, the literature regarding this field of research heavily focuses on the latter
two steps, thus taking the bound e(wy) as a priori information. The latter two steps
are investigated in [139, 74, 75, 76, 78, 141, 142, 115] and [63, 62, 65, 2, 22, 79, 130].

Since these methods provide Ho, error bounds, or hard (worst case) magnitude
bounds on the frequency domain identification error, this approach has come to be
known as ”identification in H..”.

In LaMaire et al. [97, 98] the empirical transfer function estimate (ETFE, see [106]) is
used to obtain an estimate G(e7“*) of the system G, (e?“*) for a finite set a frequency
points wy € ‘
Y(e]wtc )
U(ejwk )
where U(e’**) and Y (e’*) denote the N point discrete Fourier transform (DFT) of
u(t) and y(t) respectively, and where

é(ejw’“) = wi € Q

Q={2]7\T,—k, k=0,1,---,N — 1| U(e?*) # 0}
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Subsequently, it is shown that (see also [106])
Y(ejwk) = Go(ejwk)U(ejwk) + R(ejwk) + V(ejwk)

where R(e’“*) is an error term due to the unknown past of the input signal, and where
V(e?**) denotes the DFT of the noise v(t). An upper bound on the error term R(e’“*)
is derived using an upper bound on the impulse response of the system. Together with
an upper bound on the DFT of the noise, |V (e’“*)| < V(wy), a bound €(wy) such that
|Go(e7%) — G(e7“*)| < e(wi) now is obtained for the finite set of frequency points
wi € Q (say Ny points). Next a transfer function model A(e?®0)/B(ei, ) is fitted
to the ETFE by minimizing the weighted equation error criterion

Ny—1
D |G(e7x) A(e7,8) — B(e7,0)*|W (wy)|?
k=1

Finally, a bound on |G,(e?*) — A(ej‘”,é)/B(ej“’,é)ug: all w € [0,27) is obtained by
using a bound on the first derivative with respect to frequency of the relative error.
This latter bound is obtained from a set of priors which will be rather intractable in
practice (see [97] for the details). The error bound obtained in this third step therefore
will be of little practical significance.

In Van den Boom [172, 169, 170] only the first two steps are addressed. The
procedure employed to accomplish the first step is similar to the one proposed in
[97, 98], as discussed above. In the second step a parametric model is fitted to the
estimate C:?(ej“”c) in such a way that the maximum error over the finite set of frequency
points wy € Q is minimized. An error bound for all w € [0, 27) is not pursued.

As mentioned before, the literature regarding the ”identification in H.,” problem as
formulated at the beginning of this section heavily focuses on the latter two steps.
This appears to be due to the fact that no good procedures exist to perform the first
step. The use of an upper bound on the DFT of the noise as in [97, 98, 172, 169, 170]
provides no real solution, since this just shifts the problem to obtaining such an upper
bound.

we will consider the problem of obtaining an estimate with an error bound for all
w € [0,27) from an estimate with an error bound which is defined for a finite number
of frequency points wy only. More specifically, we will discuss the problem formulation
as conceived by Parker and Bitmead [139]. This problem has been stated in canonical
form by Helmicki et al. [74], as follows. Given

1 an estimate G(e7*) of the system G,(e/“*) at a finite number of equidistantially
spaced frequency points wy = 27k/N, k=0,1,---,N — 1,

2 an upper bound ¢ such that |Go(e/*) — G(e*)| <,
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3 values M and j such that 1 < § < o and Sup|,=5 1Go(2)] < M, where p is such
that G,(z) is analytic for |2| < g (i.e. ¢ is the absolute value of the pole of the
system which is nearest to the unit circle),

the aim is to find a model in Ho, and an error bound for all frequencies w € [0,27).
All papers after [74] which consider the latter two steps of the problem as formulated
in the beginning of this section, accept this problem formulation and work with these
assumptions.

In Parker and Bitmead [139] harmonic estimation by means of a Kalman filter (contains
the DFT as a special case) is used to obtain an estimate G(e7“*) of G,(e“*) at a finite
number of frequency points. A finite impulse response (FIR) model G, (e7) is used
to interpolate between these frequency points. An error bound for all w € [0,27) is
established as (see [130, page 74])

: A 2Mp 2
1Go(e7) — Gr(e7)]|oo < ﬁ—_—‘;ﬁ—" +(1+ ZIn(n)e

where n is the model order. The first right hand side term of the error bound is the
worst case error due to interpolation (corresponding to the noise free case), and the
second term is the worst case error due to the noise (corresponding to the case where
G, = 0). Note that the error bound is divergent with the model order n.

Another linear algorithm is proposed by Gu and Khargonekar [63]. The N point
inverse DFT is used to obtain an estimate of the impulse response of the system

N-1
~ 1 N piw —jwirt —
ak) =+ > Glefer)e it k=0, ,N -1
£=0
Subsequently a transfer function estimate is defined by weighting the sequence g(k)
R n—1
Gu(2) = ) W(k)g(k)z*
k=0

where W (k) is a weighting sequence. Using a triangular window W (k) = 1 — |k|/n this
results in the bound

A M~ N+ Mp(1— )
1Go(2) = Gu(2)lleo < == w517

where C' is a constant. The constant C is known to exist, but is otherwise unknown.
Based on a large number of computer calculations the value of C is claimed to be
C =~ 0.7526 for 5n < N < 5000. Note that this linear algorithm again yields an error
bound which slowly diverges with the model order n. Ninness [130] shows that this
divergence actually can occur for the true error ||Go(2) — Gn(2)||co. Partington [142]
even shows that there does not exist a robustly convergent linear algorithm for the

+ (%ln(n) +c> ;
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specific identification problem formulated above (robustly convergent means that the
error bound converges to zero as n goes to infinity and e goes to zero). However, there
do exist linear algorithms which do not exhibit a divergence of the error with the model
order n provided the model order is sensibly regularized, see [130, Theorem 3.1] for an

example.

The divergence of the error bound with the model order n with a linear algorithm
observed by [139, 142] motivated the design of various nonlinear algorithms that avoid
this divergence. A two-stage method was introduced by Helmicki et al. [74, 75, 78],
and elaborated by Gu et al. [63, 62, 65]. We will follow the unified description of these
methods as presented in [62, 65]. The methods presented in [141, 142] also fit into
this description. In these two-stage methods it is tried to keep the (weighted) Hoo
error small by using an intermediate high order £, model and Nehari approximation,
obtaining a finite impulse response (FIR) model. The first stage of the two-stage
method is to smooth the estimates é(ejwk). This is done using the N point inverse
DFT

N-1
g(k) = % 3 Ger)e ™t k=0, ,N -1
£=0

and subsequently defining the transfer function estimate

where §(k) denotes the periodic extension of G(k), and where W (k) is a weighting
sequence. The smoothed estimate Gn(z) is however not analytic (not causal), so that
a second stage is needed. The second stage can be seen as an H., approximation of
an Lo, function

~

Gn(2) = arg  min 1Gn(2) = Gn(2)lloo

which is known as the Nehari problem (see [1, 188]). This is a classical problem and
good algorithms are available to compute a solution.

The performance of the algorithm largely depends on W (k). In [62] general condi-
tions on the window functions are given which ensure that the resulting algorithm is
robustly convergent, and several windows are proposed. For the window which gave
the best results, the worst case identification error can be bounded as

. oM, < Ntn—m ~<—2m
|1Go(2) = Gn(2)||oo < Tl(p N+L 4 p=Ntn=mtl g g5=2m) 4

2(n+m)
—¢€
n—m

(2.16)

for m < n < N, where m is a design parameter in the specification of the window. The
first right hand side term of the error bound is the worst case error due to approxima-
tion (the error corresponding to the noise free case), and the second term is the worst
case error due to the noise (the error corresponding to the case where G, = 0). By
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choosing the design parameter m a trade-off between these two terms can be made.
Hence, the nonlinear identification algorithm results in a worst case noise error which
does_not_diverge with n, and in a worst case approximation error which decays ex-
ponentially with n._However, the worst case noise error does not converge when the
number of frequency domain data points N increases, and is bounded from below by
2e. Compare this to the results (2.6) (2.7) for the stochastic noise setting ! As a re-
sult, the error bound (2.16) is sensitive to the prior information e. That is, a cautious
choice for € inevitably leads to a large error bound, whereas conservative choices for
M and j can be attenuated by choosing a high order model. Additionally, only prior
information € which is constant over frequency is considered, and that the error bound
also is not frequency specific. By reformulating the problem to address a weighted
version of the system this drawback can be attenuated, but the prior information M
and p then also should be reformulated to address the weighted system. Finally, note
‘that the error bound is completely determined by the prior information. That is, the
iexperimentaludata does not influence the error bound.

A method where non-uniformly spaced frequency response estimates can be used is
given by Akcay et al. [2].

A novel approach is presented by Chen et al. [22]. First it is validated whether the
a priori information (given by M, 5 and €) and the frequency response data G(e7“*)
are consistent. Using Nevanlinna-Pick interpolation (see [46]) this problem can be
posed as a constrained non-differentiable convex optimization problem. If consistency
is established, Nevanlinna-Pick interpolation is used to derive a magnitude bound on
the identification error. It is claimed that a frequency specific error bound can be
obtained.

A perspective on identification in Hs, which differs from the unified description of
[62] is given in [115].

A key problem in all the above algorithms is the assumption that a bound on |G, (7% )—
G(e7*)| or |V (e#*)| is known, for a finite set of frequency points wy. In [77] sinewave
experiments (actually measuring the frequency response é(ej“’k) in a finite number
of frequency points wy) are proposed to obtain a bound on |G,(e/“*) — é(ej“’k)| for
a finite set of frequency points wy, using a time domain bound on the amplitude of
the noise. However, this just shifts the problem to the time domain bound on the
amplitude of the noise, and we refer to section 2.5 for the drawbacks on such an ap-
proach. Moreover, when using an unknown but bounded noise description, € appears
to be bounded from below, regardless of the amount of data that is used. That is,
€ is bounded from below by the difference between the prior time domain bound on
the noise and the actual maximum absolute value attained by the noise, or by the
prior frequency domain bound on the noise, in combination with the maximum allow-
able amplitude of the input signal. When using a stochastic description for the noise, a
confidence interval on the DFT of the noise or on the ETFE can be established asymp-
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totically in the number of data points. Moreover, a confidence interval on the ETFE

a stochastic noise description, far better results can be obtamed by malntalnmg this
description and derive soft error bounds (see chapter 5), which is also more logical
than to drop the stochastic noise description halfway.

Similarly, how to obtain the prior information M and 5 ? Correct and not overly
conservative choices clearly are of considerable importance. However, this is largely
an open issue. Helmicki et al. [79] state that in practical applications such prior
information typically is obtained through some ”engineering leap of faith”. Obviously,
this is not really the way we want to proceed when providing (hard) error bounds.

In Ninness [130] a detailed analysis is made of the problem of identification from
frequency response data with deterministic noise, as formulated by [139, 74] (see page
21) and the existing algorithms to solve the problem are evaluated. The conclusion of

[[130] is that the existing algorithms are of very limited and questionable utility. This

| point of view is based on the following two points of criticism.

o The assumed format of a priori information on the true system (M and p) leads
to extremely_conservative bounds on the undermodelling (c.q. interpolation,
approximation) error. It appears to be possible to attenuate this problem by
choosing a format M and p to bound the impulse response of the system directly,
i.e. such that |g,(k)| < Mp~*.

e The "identification in H.” algorithms are compared to conventional system iden-
tification techniques by means of a simulation example with uniformly distributed
white noise. Using only one twentieth of the data used by the Ho, techniques,

PRSELY IR arh o orr A anntinata

the conventional identification scheme auivca d.b a much maore accuratie uxudcl

A further point of criticism raised in [130] is that the ”identification in H..” algo-
rithms are focussed on a pathological disturbance sequence which is responsible for
the divergence of the error bound with the model order n in the linear algorithms. It
is argued that the set. of disturbances for which this divergence actually occurs is very

The observation of [130] that the ”identification in H,” algorithms lead to inac-
curate models can be explained as follows. In (almost) all of the methods discussed
above there is a strong connection between the identification of a model and the quan-
tification of its uncertainty. That is, only identification methods and model structures
are selected for which hard error bounds can be derived. This seems to exclude many
methods and model structures that could be useful but are rather intractable when
it comes to deriving error bounds. In the methods discussed above, this specifically
manifests itself in the use of the FIR model structure (which in general does not lead
to the most accurate models) and the fact that no identification criterion is used at all
in establishing the models (the models do not arise as a result of the minimization of
a prespecified criterion function).
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_Summarizing, the existing ”identification in H..” algorithms lead to awkward and inef-

ficient identification schemes, which result in bad nominal models. The resulting error
bounds are in general not frequency specific, and are sensitive to the prior information
€, while no adequate procedures exist in the unknown but bounded noise framework
to obtain this information sufficiently accurate. There is no convergence of the worst
methods (bounded from below by 2¢). Thus, small error bounds cannot be obtained
with cautious prior information, while such bounds are required for high performance
robust control design. Additionally, the acquisition of the prior information M and
is left to the ”engineering leap of faith”.

Hence, both the resulting error bounds as well as the estimated models appear to
be deficient, and are not suitable for robust control design. In spite of the large body of
literature addressing the ”identification in H,” problem, no successful application of
the results has been reported as yet. Finally, when the noise is indeed noisy (stochastic)
it appears to be possible to obtain_more accurate models and smalier error bounds

For a more general discussion on the suitability of the unknown but bounded noise
approach we refer to section 3.4 and section 3.11. We also refer to the discussion on
the intended use of the model in section 3.7.

2.7 Model validation

Often it will be costly or dangerous to just test a model with respect to its intended
use. Instead, one has to develop confidence in the model in other ways, prior to using
it. This is the task of model validation.

Basically, a model is validated by answering two questions: is the model credible,
and does it agree with the observed data ? A model is credible when it is in agreement
with experience and physical knowledge. Since this depends on the application at
hand, model validation theory tends to address only the last question. Hence, as
stated in Hjalmarsson [83], the role of model validation is to examine prior information,
assumptions and proposed candidate models and determine whether these priors and
models are inconsistent with available experimental data. If so, the priors or the model
are falsified. If a set of priors or a model is not falsified, this should be interpreted
as that there is nothing in the observed data that precludes the possibility that this
could be a set of priors or model that is consistent with the true system. This does not
mean that they are consistent; additional data may disqualify the set of priors or the
model. In other words, a set of priors or a model is validated when there is nothing
in the available experimental data that is in (apparent) conflict with the set of priors
or the model. As noted in Wahlberg and Ljung [182], it are in fact the priors that
maust_be scrutinized, since the posterior model is a direct mathematical consequence

of the assumptions, the prior information and the data. This includes the answering

ce: does the noise indeed appear to be worst case c.q. stochastic and

of questio
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uncorrelated with the input signal, does the system really appear to be linear and time
invariant, and so on.

The model validation phase is indeed a very important one in the process of iden-
tification, and plays a prominent role when considering the application of uncertainty
descriptions in a robust control design scheme. In Wahlberg and Ljung [182] this is
illustrated by a possible conversation between a model builder and a control design

_engineer.

Control design engineer: ”I see here that you have assumed that the dis-
turbances are random. I don’t believe in that nonsense. Disturbances can
be very deterministic. Then the model discrepancy could be a lot worse.”

Model builder: ”Well, all I can say is that there is no evidence in the
particular data set we worked with that we need to be so pessimistic.”

It should be noted that model validation uses no assumptions at_all, it just checks
whether a set of assumptions can stand up against the available data.

For the classical approach to this subject we refer to the accounts given in [43, 58,
20, 147, 131, 106, 87, 166]. The main validation tools are to test how well the model is
able to reproduce new data, and residual analysis. A recent extension to this approach
is given in [83], where correlation tests are given for the practical situation where the
limit model (G(q,6*), see (2.3) and (2.1)) is not available. Recent discussions on the
subject can be found in [107, 182, 112].

elaborated in [163, 129, 161, 164]. The problem addressed is the following. Given a
multivariable stable linear time invariant model G and an experimental datum (u,y),
does there exist a noise datum v and a linear time invariant error model A with
[oll2 € @ and [|Aloo < B, such that

v

U

where LFT stands for linear fractional transformation. Algorithmic issues have not
yet _been clarified to the point where the techniques are readily available. However,
when A is a full complex block necessary conditions can be calculated. Solutions to
more general problems are subject of ongoing research..

Alternatively, Poolla et al. [146] provide conditions under which the data can have
been generated by

y=LFT(G,A)

y(t) = G(y,u,0) + Ay, u) + v(t)

for some linear, norm-bounded but possibly time varying operator A and some norm-
bounded sequence v(t).

One should note the relation of these model validation problems with parameter
set estimation techniques (see section 2.5). Using parameter set estimation techniques
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the model would be validated when the feasible parameter set is not empty. The model
validation problems formulated above however (potentially) do allow for more general
uncertainty structures (structured A).

Although these model validation formulations are conceptually attractive, it should
be noted that solving these problems appears to be computationally extremely demand-
In [163] it is argued that these model validation schemes may be developed into
methods for model uncertainty quantification. However, as was also noted in [163],
as yet the problem formulation is highly nonunique; the residuals can be attributed
either entirely to noise or entirely to model errors. The use of structured uncertainty
descriptions (structured A) will only aggravate this identifiability problem.

2.8 Identification of nominal models for control design

(itenctive sche v o)

When the intended use of the identified model is control design, then it is beneficial to
consider the problems of identification and control design simultaneously. This actually
is the domain of adaptive control (see e.g. [6]). However, this problem is rather
involved, and the interaction between the control design part and the identification
part often is not well understood. Therefore, iterative schemes have emerged recently,
proposing alternate turns of identification and control design, see e.g. [49, 11, 12,
101, 149, 69, 157, 155, 191] and [5, 102, 103, 140, 48, 61, 175]. The idea is to first
identify a model of the system which is suitable for high performance control design,
and subsequently to use this model to design the controller. However, it turns out that
the high performance controller must be known to be able to identify a model which
is optimally suitable for high performance control design, so that an iterative scheme
arises. To fix ideas, we follow the chain of arguments used by Schrama [157, 155, 156].
Suppose that we would like to find a controller which minimizes

IT(Go, Ol

where G, is the system, C' the controller, and T'(G,,C) some performance objective
(on the closed loop consisting of G, and C), and where || - || denotes a (semi) norm.
The triangle inequality shows that

IT(Go, Ol < IT(G, Ol + IT(Go, ©) = T(G, O)|

tha cocon d tarm on thao richt
IJllU PDTLULIU vll1ll vl UALC L1511b

hand side can be made small by 1dent1fy1ng a model G such that the achieved perfor-
mance T(G,,C) and the designed performance T(G,C) are close. This implies that
the identification should be performed in closed loop, since the achieved performance
|is measured under closed loop. For a fixed model G, the first term on the right hand
side can be decreased by control design, solving min¢ [|T(G, C)||. This will of course
change the second term, so that a new model should be identified. This obviously
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leads to an iterative procedure. Clearly, both terms are minimized separately, and no
convergence to the global optimum can be guaranteed.

Using such an iterative scheme gne can aim at high performance directly, or one
can gradually increase the performance when the model becomes more accurate, to
find the highest level of performance that can be reached. In the literature on this

topic, it is stressed that the criterion used for identification should be the same as the
criterion used for control design, In order to (approximately) achieve this, closed loop
experiments and prefiltering of the experimental data are employed. Furthermore,
cautious (slow) controller enhancement should be used to secure robustness of the
controller against model errors. Clearly, the availability of a bound on the model error
would be advantageous in this context, to determine the allowable step size in the
performance enhancement.




Chapter 3

Problem formulation and thesis contribution

Summary

The problem that is addressed in this thesis is formulated. The proper-
ties, implications and suitability of different approaches towards solving
this problem are discussed, leading to specific choices with regard to the
ie_mb,eﬂddi,ng#(prior information and assumptions) of the problem, and a set
of basic conditions and technical requirements for a high quality solution.
We will touch upon the basics of system identification, since they are dis-
regarded in most current model error estimation techniques. Finally, an
overview of the contributions of this thesis towards solving the problem is
given.

3.1 Problem formulation

Referring to section 1.2, we will assume that the system, and the measurement data

y(t) = Go(q)u(t) + v(¢) (3.1)
with y(t) the output signal, u(t) € ¢o a bounded deterministic input signal, v(¢) an

cess, and G, € RH, the transfer function of the system, being linear, time invariant,
finite dimensional, causal, and exponentially stable.

The problem addressed in this thesis is to find the set of all systems which are not
highly unlikely to have generated a given set of experimental data points. To be more
precise, the problem considered in this thesis can be formulated as follows.

Find the set of all causal linear time invariant finite dimensional exponentially
stable systems for which there is indeed evidence in the experimental data itself
that these systems could have generated these measured sequences of input and
output data y(t),u(t),t=0,---,N —1.
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It should be noted that this set is smaller than the set of all systems which are not
in apparent conflict with the data. That is, we do not want to find the set of all
unfalsified (not in apparent conflict with the data) models, but only the subset of all
| powerful (plausible) unfalsified models. One should note that this requirement should
' be regarded as a basic principle of scientific modelling, as was discussed in section 1.1.

Basically, a set of models (as formulated above) is pursued. However, (almost) all
control design schemes are model based, i.e. the design proceeds from one specific
model of the system (the nominal model). Additionally, (almost) all robust control
design schemes can only deal with a quantification of the model uncertainty as a

robust control design scheme which operates directly on a (arbitrary) set of models, or

la_set. Thus, since this thesis is directed towards the case where the intended use of
the set of models as formulated above is to serve as a basis for robust control design,
we will aim at describing such a set as centered around some model of the system.
Furthermore, we are especially interested in the quantification of the size of the set as
a weighted ball in H.,. Thus, we can phrase the problem more specifically as follows.

Given a set of N measured pairs of input and output data y(¢),u(t), t =
0,---,N —1, find a model G(e’“) € RH and a bound y(w) € IR such that
there is evidence in the measurement data that |G,(e’*) — G(e’*)| < y(w) for
all w € [0,27), where y(w) should not be larger than strictly necessary to reflect
the uncertainty about G, as present in the measurement data.

In a probabilistic framework ”evidence” could be made more precise by providing the
probability that |G,(e’) — G(e7*)] < y(w).

Note that the formulation as given above is quite general in that we do not restrict
the model G to be an element of a certain subset of RH ., a priori, nor require G, to be
an element of a certain subset of RH,. The issue of prior information and additional
assumptions is left open. All this should follow as a consequence of the emphasized
key element of the formulation above.

Besides the magnitude bound as given above, more general uncertainty represen-
tations will also be pursued (frequency domain ellipsoidal error bounds, structured
descriptions in the form of mixed parametric-nonparametric uncertainty, coprime fac-
tor uncertainty descriptions, and error bounds on the time domain output of the system
in response to an arbitrary input signal).

The solution to the problem as formulated above is by no means unique. Different
models may concentrate on different aspects of the system, while a description of all
aspects only will lead to an inaccurate model, as was discussed in section 1.1 (bias-
variance tradeoff). Therefore, in addition to the problem as formulated above, we
require that it should be possible to tune both the model as well as the error bound
to_robust control design specifications, and the user should be provided with tools to
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achieve this (e.g. by input design, model order selection, and the use of weighting
functions).

Furthermore, although the system is assumed to be linear and time invariant, one
should realize that this is only an approximation of reality. Therefore we also have to
consider the effects of small deviations from this assumption. That is, when addressing
the problem as formulated above, we also have to consider the situation where only
the dominant part of the system is linear and time invariant. The assumption that
the behaviour of the system approximately can be described as being linear and time
invariant often is indeed a valid assumption, and a restriction to this situation is also
necessary to successfully apply the Ho robust control design techniques of [39] and
related methods. In general, this situation will e.g. arise when the system is controlled
to remain in the neighbourhood of a certain operating condition, which is a very
common setting.

3.2 The basic difficulty

As was discussed in section 1.2, further restrictions on the system, the input signal and

the noise are necessary to be able to properly address the problem as formulated in the

previous section. These restrictions, in the form of additional assumptions and prior

information, have a decisive influence on the resulting uncertainty quantification, as

was discussed in section 2.1. Thus, the actual choice of the format of these restrictions
determines whether the problem as formulated in the previous section is indeed solved,

considering the requirement that the error bound should not be larger than strictly

necessary to reflect the uncertainty about G, as present in the data.

We are of opinion that the basic difficulty with model uncertainty quantification
concerns this choice of additional assumptions and prior information, and is not in the
first place a mathematical one (as yet). It certainly may be tempting to just abstract
the problem to a clean mathematical one, but this should not be done without having
taken due account of the consequences. To be more specific, the basic difficulty to
establish meaningful error bounds is to answer the following four questions.

1. What kind of assumptions and prior information do we need to establish error
bounds ?

2. What kind of assumptions about the true system and the noise (i.e. about
nature) appear to be appropriate (realistic) in a given situation ?

3. Which a priori information is likely to be available, or can be readily obtained
with sufficient accuracy ?

4. What are the consequences of different sets of assumptions and prior informa-
tion ?
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Obviously, the answers to the first three questions will be conflicting: virtually any
useful assumption will be incorrect or at least questionable, or the necessary matching
prior information will not be available (intractable). However, we do need some as-
sumptions to be able to arrive at a quantification of model uncertainty (see section 1.2).
In other words, we will have to use assumptions and prior information which are known
to be approxzimations of reality. Therefore we have to find assumptions and priors that
will lead to adequate models and error bounds, even if they are mildly violated, which
leads to the last question. Additionally, the fourth question concerns the following:
will the resulting models and error bounds be useful for the intended purpose ? Just
finding an error bound is not enough. The error bound may be an overbound that is
far too large except for a number of pathological cases, or it may be nearly impossible
to efficiently improve the error bound when it is too large for the intended use. Hence
the resulting error bound should be reasonably tight and flexible, and the user must be
provided with clear insight and adequate tools to reduce and shape the error bound.

ever, in a given situation, one set of assumptions and prior information certainly can
lead to error bounds which are more likely to give a realistic indication of the true error
than other sets. In the following we will spend a lot of effort to shed some light on
these questions, because the choices made are of decisive importance to obtain accurate
models and error bounds.

3.3 Main criticism on existing techniques

From the survey of existing techniques for model error estimation in chapter 2, we
conclude that these techniques (except Zhu [192, 193], Goodwin et al. [54] and Ninness
{[130]) suffer from one severe basic deficiency: too much of the problem is shifted to
gﬁ;gwgmmz’gzﬁi information. This is not solving but hiding the problem. No systematic
procedures exist to obtain this a prior information sufficiently accurate and reliable,
while it is of major importance, see chapter 2. Thus, we are back at the experienced
guess and ad hoc procedures. Subsequently we close our eyes, hope for the best, and
bravely take the "engineering leap of faith”. Certainly this may work, and also cannot
be avoided completely, but definitely misses the issue of model error estimation and
robust _control design, i.e. to guarantee stability and performance. Moreover, we even
have to regard the use of such prior information as conflicting with the principle of
parsimony (see section 1.1); a principle which is fundamental to scientific modelling. In
contrast, the bounds on noise and undermodelling contributions should arise from the
experimental data in a systematic way, not from a priori information, and should not
be larger than strictly necessary to account for the observed data. Clearly, we cannot.
do without any prior information at all, see section 1.2. Then again, there is nothing
against the use of prior information as such, as long as it is realistic and is allowed to
be approximative.
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Additionally, after the quite athletic "leap of faith” with regard to the validity
of the prior information, highly complex and computationally demanding techniques
are applied to ensure correct (hard) error bounds, given that the prior information is
correct. This is not a well-balanced approach.

Furthermore, we have the following points of criticism.

Conventional system identification techniques [20, 106] are not able to provide
explicit error bounds under realistic assumptions, that is, when the undermod-
elling error (bias) is not neglectable (with respect to the variance error).

There is no_adequate quantification of the undermodelling error (except maybe
[54, 130]). Apart from [54, 130], the undermodelling error either just follows
directly from the a priori information and depends not at all or only hardly on
the measured data, or is neglected, or is unknown.

In the stochastic framework the inaccuracy of estimated variances usually is not
taken into account.

In the hard error bounding literature the noise levels are just assumed to be
known a priori.

The unknown but bounded noise (worst case) framework leads to error bounds
which are sensitive to the a prior information (the bound on the noise). Cautious
prior information results in error bounds which do not _converge to zero and are
not tight, regardless of the amount of data that is used. Still, one outlier may
ruin the correctness of the error bound.

The unknown but bounded (worst case) noise framework leads to error bounds
which are hard (if the prior information is correct), but unnecessary large when
the noise is not worst case.

The last two points indicate that the unknown but bounded (worst case) noise model
is too crude a model of reality (allows for too much). Reliable and tight error bounds
;are not obtained. Thus, the error bounds are not suitable for high performance robust
\control design.

3.4

Deterministic versus stochastic noise

One of the main topics in uncertainty modelling is the question whether the noise

should be modelled as a realization of a_stochastic process, or as an unknown but

bounded sequence (Jv(t)| < C for t =0, -+, N — 1 but otherwise unknown). First of
all, it should be stressed that the answer to this question depends on the situation
at hand. Also there is no such thing as a correct answer to this question. Both
settings are incomplete models of nature, having their specific merits and drawbacks.
In the following we want to discuss these specific properties, and clarify the underlying
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assumptions about the nature of the noise. At the same time we will discuss whether
these assumptions appear to be appropriate or not.

To start with, referring to [130], a general statement can be made as follows, If quali-
tative assumptions about the on-average properties of a disturbance realization can be
made, then a stochastic framework seems appropriate, and quantitative properties can
be estimated from the data. If such assumptions cannot be made then an unknown
but bounded error approach may be appropriate since only a quantitative assumption
is made.

The ability to make inferences about the on-average properties of a disturbance is
closely related to the length of the available data records. For very short data records
the unknown but bounded noise setting certainly can be the more appropriate one, see
e.g. [88]. An adequate description of the noise as a realization of a stochastic process
may exist, but will be hard to obtain. Qualitative stochastic assumptions on the noise
may not be justifiable (assuming a normal distribution of the estimate on the basis of
the central limit theorem certainly may be too optimistic), and it is almost impossible
to estimate the qualitative properties of the noise from the data (no reliable estimate
of the variance of the noise can be obtained). In contrast, for longer data records
stochastic assumptions on the noise often are justifiable.

In this context it should be noted that this thesis is directed towards the situation
where quite an accurate model of the system is required in order to enable the design
of high performance robust controllers. Clearly, very short records of experimental
data will in general not result in such models. Thus, we will not consider the case of

 very short data sequences, so that stochastic assumptions on the noise certainly may
' be justifiable.

When addressing the problem of providing a description of the modelling error from
experimental data, the unknown but bounded noise setting allows the noise to be pre-
cisely worst case without stating the probability that this will occur. This has two
important consequences. Firstly, the error bounds are determined by the worst case

noise. Secondly, the worst case noise is perfectly correlated with the input signal, as
was noted by Hjalmarsson [83]. This implies that it is assumed that nature is able to
play exactly against the experimenter, no matter the input signal that is applied.! In
a stochastic setting the probability of such an event would of course be zero. With
regard to this situation Kosut [93] takes the point of view that nature is not mali-

cious ((‘nncnn‘ahnnn]\ but indifferent (neutral). Hialmarsson [83] aregues that in the
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stochastlc as well as the unknown but bounded setting a disturbance is considered to
be something that is not related with the input signal. Hence, a disturbance which is
|correlated with the input is not, by definition, a disturbance but a part of the system
|dynamics. In this context, it should be noted that in the unknown but bounded noise
setting the 'noise’ (the error sequence w(t) of section 2.5) indeed contains a component

!Even Murphy would be amazed.
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which is used to capture the unmodelled dynamics. However, this error sequence is
also used to capture signals which are not related to the input signal (compare (2.14)
in section 2.5). Thus the worst case analysis considers (at least partly) cases that by
definition cannot occur, which explains the counter intuitive results that exist in this
field [83], as e.g. error bounds which do not converge to zero regardless of the amount
of data that is used, see section 2.5 and section 2.6. Note that following this line of
reasoning it still can happen that the disturbance is almost worst case over a finite
time interval, without being correlated with the input, but the probability of this event
usually will be very small, except for very short data records.

Hjalmarsson [83] also shows that a consistent estimate of an exponentially stable
linear time invariant infinite dimensional system can be obtained for unknown but
bounded deterministic disturbances, provided that they are not correlated with the
input signal. The key point is that mixing can be obtained by choosing an exponentially
forgetting input signal. The estimatT now behaves basically in the same way as in the
stochastic disturbance case.

nolse ‘j"'= aets e Lol
For some time the unknown but bounded noise setting has been considered (espe-
cially by the control theory community) as the more reliable setting, where the neces-
sary prior information is more accessible in practice, because only an upper bound on
the noise is assumed. This point of view has been seriously undermined in Goodwin
et al. [54], and we will borrow from their argumentation. The unknown but bounded
approach to noise modelling, and hence (see section 2.1) the hard bounding approach
to model error quantification, suffers from two key limitations. On the one hand, the
unknown but bounded noise model is a very coarse model of physical reality, since

ing whether this is likely or not. This is rather a pessimistic characterization of the
noise, since it does not capture the fact that often the noise is on-average zero and
uncorrelated with the input signal. On the other hand, the unknown but bounded
moise model is_far too precise a model of reality, since it is assumed that outliers will
not occur. This usually is rather an optimistic point of view, and implies that the
prior bounds will of necessity be very large to account for occasional but unlikely large
values in the noise. In turn, this implies that the resultant hard error bounds will be
unnecessary large. Still, one outlier may ruin the correctness of the error bounds. In
contrast, a distribution with noncompact support is a model of reality in which the
noise values are assumed to be on-average centered around some mean value without

precluding the possibility of an occasional large deviation from this
course, the resulting error bounds then become confidence regions rather than hard
bounds. However it is argued that this is appropriate since prior assumptions can
never be specified with absolute certainty. Indeed it is suggested that real world con-
trol problems are nearly always solved by aiming for high performance in the belief
that the set of pathological conditions associated with extreme bounds will rarely, if
ever, occur. Therefore, control engineers always work with a tradeoff of uncertainty

just
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. s performance. Using a stochastic description of the disturbances precisely will
 enable such a tradeoff between achievable performance and the probability of failure in
an accurate and well-defined way. Hard error bounds clearly fall short in this respect.
That is, confidence intervals with a high level of probability are precisely what is desired
for high performance robust control design. We want to_discard the highly unlikely, in
order to gain performance, but we want to guarantee robustness to everything that is
not_highly unlikely.
An argument which is often raised in favour of a deterministic description of the
noise as unknown but bounded, is firstly that stochastic descriptions are too restrictive

in the central limit theorem to the asymptotic normal distribution, which is almost
always assumed, is inaccurate for short data lengths. These arguments are heavily
attacked in Ninness [130], showing that essentially only a . ative assumption on
the memory of the noise process (mixing condition) is required to obtain asymptot-
ic normality, and that the convergence to normality can be quite fast. Furthermore,
the resulting confidence intervals tend to be insensitive to precise quantitative knowl-
edge on the noise process, and the sensitivity decreases linearly with the amount of

er error bounds which are sensitive to the prior bound on the noise, see section 2.5,
section 2.6 and [130].

We would like to add to the above argumentation that the stochastic paradigm for
the noise has a long history of successful applications in a large variety of cases, and
should not be abandoned as soon as hard bounds are desired or undermodelling errors
are introduced, as is also noted in [130].

To.conclude, undermodelling errors and noise errors certainly should be considered
separately, since they differ in nature. The unknown but bounded (worst case) noise
model is too crude and too hard a model of reality (”all or nothing” character). The
resulting error bounds will be neither tight nor reliable, unless accurate quantitative
information is available a priori, which in general will not at all be the case.

In contrast, the stochastic noise model is a very flexible model of reality. Essentially
/ it is required only that the noise forgets its past (mixing condition). Moreover, given
only the qualitative knowledge that the noise satisfies a mixing condition, reliable
and tight error bounds can be obtained from the data. Additionally, the stochastic
noise model precisely yields the required format of a posteriori information for high
performance robust control design. That is, the resulting confidence intervals explicitly

allow for a tradeoff between performance and failure probability.

Goodwin, Gevers and Ninness [54, 130] also employ stochastic embedding for the error
due to undermodelling, using the following argumentation.
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”We contend that the stochastic embedding approach is a very appropriate
one to choose because of the nature of undermodelling. That is, under-
modelling typically arises because of physical manifestations that are too
complicated to exactly describe. The best that can be hoped for is to
capture the on-average properties of the undermodelling so that its most
likely manifestations can be predicted. In this case, a probability density
function is an appropriate choice for describing the undermodelling. In-
deed we would argue that the common assumption of measurement noise
existing and being modelled by a stochastic process is an equivalent injec-
tion of a probabilistic framework on an essentially deterministic underlying
problem.”

Additionally, in Ninness [130, page 129] it is argued that, if it is possible to tell that
undermodelling is not produced by a zero mean random variable then the model order
is too low. Finally, [130] points towards the link with current thought in the more
abstract area of complex nonlinear dynamical systems (chaos theory and fractals). In
this theory, a trend has developed in which attempts at predicting orbits are abandoned
in favour of measuring their average behaviours, see e.g. [119], since any tiny error in
the estimate gives a radically large error in predicted orbits. For a further discussion
on this interesting point we refer to [130].

Nevertheless, we are of opinion that stochastic embedding is less fit for the error due
to undermodelling, based on the following line of reasoning. To fix ideas, we will
concentrate on the use of finite impulse response (FIR) models and exponentially
stable linear time invariant systems. The undermodelling error now is given by the
tail of the impulse response of the system. This tail typically will be dominated by a
relatively small (with respect to the significant length of the impulse response) number
of exponentially weighted sinewaves. Indeed, the very tail of the impulse response often
is dominated completely by only one exponentially decaying sinewave (representing the
!,sﬁl’oygggg_giyg@mj_gg), which is precisely the worst case when addressing the magnitude of
the resulting transfer function error. Thus, the undermodelling error indeed can come
| close to having a worst case character. Moreover, given that the system is exponentially
stable, a suitable hard upper bound on the tail of the impulse exists, and no outliers
can occur. However, one should note that the undermodelling error is not really worst
case as long as the impulse response contains a number of exponentially decaying

sinewaves, instead of only one.

The situation appears to be similar to stochastic embedding of the noise. That is,
if the noise is expected to contain a number of sinewaves then a stochastic description
is_not_appropriate. In other words, noise essentially is a sequence that satisfies a
mixing condition (decaying dependence with the distance between two samples), but
the impulse response of a system clearly does not_satisfy such a mixing condition.
However, this does not exclude that a stochastic model could be adequate.
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Stochastic embedding of the error due to undermodelling only provides an on-
average (two norm) characterization of the undermodelling error, see (2.13), instead
of a worst case (infinity norm) characterization. When the transfer function of the
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(no poles close to the unit circle), the two norm and infinity norm are not much
different. This may explain the good results obtained in the 51mulat10n examples
given in [54, 130] since the transfer functions of the undermodelling errors in these
examples are in fact smooth functions of frequency. However, the undermodelling
transfer function typically is far from smooth !

Finally, note that traditionally, see e.g. [106, 20], the error due to undermodelling
has been treated as a deterministic (unknown but bounded) error.

To conclude, stochastic embedding of the undermodelling error may be a valid ap-
proach, but some objections appear to be in place when the transfer function of the
undermodelling error may contain sharp peaks. In this thesis we will employ a deter-
ministic description. Practical applications, future developments and the possibilities
to extend the different frameworks to more complex situations should decide. Also, s-
tochastic and deterministic undermodelling descriptions both may have their own field

3.6 A broader perspective: averaging and structural errors

As mentioned in section 3.1, we want to consider the realistic situation where only the
dominant part of the system is linear and time invariant. Thus, when the system is
assumed to be linear and time invariant, we also have to consider the effects of mild
violations of these assumptions. Furthermore, we should be able to capture deviations
from the stochastic noise model that we will use.

In this context the choices in section 3.4 and section 3.5 certainly have a broader
significance. These choices allow for an appropriate distinction between averaging and
structural errors. Such a distinction should be made, since these errors differ in nature.
The stochastic noise model should be interpreted as a model that is able to_capture
the averaging errors, whereas the deterministic framework for the undermodelling error
should be interpreted as a means to account for structural errors, thus constructing a
framework that should be able to account for many important deviations from a linear

!
| time invariant system with stochastic noise.

3.7 Intended use of the model and the error bounds

When addressing the intended use of the model the central issue is again that the
model will only be an approximation of the true system. This of course immediately
raises the questions: which aspects of the system should be modelled, and to which
level of accuracy ?
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The answer to these questions of course depends on the intended use of the mod-
el. In Ljung [106, Chapter 12] some results are presented, distinguishing between
simulation, prediction and control. However, identification for control design has at-
tracted by far the most attention, see e.g. [49, 11, 12, 101, 149, 69, 157, 155, 191]
and [5, 102, 103, 140, 48, 61, 175]. In this thesis we also focus on this application,
but similar observations are expected to hold when the intended use of the model is
analysis (simulation) or prediction.

The significance of the intended use of the model for identification has been gen-
erally recognized. Surprisingly, the implications of the intended use of the model and
'the uncertainty description are generally neglected in model uncertainty estimation
i procedures.

Identification for robust control is twofold (see [32, 34, 156]):

1. the identification of a model that is suited for control design, and

2. arelevant quantification of the model uncertainty.

A clear discussion of this topic is given by Schrama [156], and in the following we
will quote his main points. The two prerequisites mentioned are complementary. On
the one hand, the controller must anticipate the imperfections of the model, i.e. the
controller must be robust. On the other hand, a bad model will not give rise to a good

, controller. Because the requirements of high performance and robustness are conflict-
! ing, the upper bound on the model error should be as tight as possible. A tight upper
“'bound is however not sufficient to obtain a good controller: the error bound cannot
be smaller than the true error (as given by the system and the model), and the latter
thus limits the achievable performance. Hence, the requirement of high performance
imposes limitations on the allowed shape and extent of the mismatch between the sys-
tem and the model. Note that this is a conversion of the common starting point in
robust control which states that the modelling error limits the achievable performance.
Now, high performance control usually implies that a small difference |G, — G|
between the system G, and the model G in a certain frequency region can result in

a large difference between the controlled system and the controlled model, and vice
(/l versa. Thus_ usually very small modelling errors are requ1red in some frequency re-

reg_ons large errors are allowed. Hence, we must be able to accurately tune both the
model as well as the shape of the upper bound on the model uncertainty to the robust

performance requirements, in order to be able to guarantee a high level of performance.
In conclusion, important and generally neglected implications of the intended use

of model uncertainty estimates are the following.

1. A tight uncertainty description for an inaccurate model is rather useless in prac-
tice.
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2. It should be possible to effectively tune both the model and the model uncertainty
to the intended use of the model. In other words, it should be possible to accurately
shape and reduce the error bound, and the user should be provided with tools to

Point 1 implies that sensible identification procedures should be used. As stated by
[130], developing a theory that provides error bounds at all costs while neglecting the
quality of the estimate is to "throw the baby out with the bath water”. In view of
point 2 above, an He, error bound by no means is informative enough.
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3.8 Model structure, identification criterion and undermodelling

quality. That is, the model structure should be as parsimonious as possible and yet
be flexible enough to capture the dominant behaviour of the system as refiected in
the data, and a relevant (with respect to the intended use of the model) criterion
should be used and minimized to fit the model to the data. Clearly, this in general
excludes the FIR model structure. Regarding the criterion, we prefer a least squares
criterion. In [150, page 351] it is stated that it is the opinion of many mathematicians
that convergence relative to the norm in an Ly space is particularly appropriate in the
theory of approzimation because Lo-convergence implies an overall, average measure
of the remainder.

Secondly, apart from the model structure and the criterion, we have to select a
model order. The selection of the model order is directly related to the concept of the
most powerful unfalsified model (see section 1.1). A lower order model is more powerful,
and we should therefore select the lowest order model which is not in apparent conflict

| what we can model reliably, and thus we should allow for undermodelling. In system
/identification this is specifically reflected by the tradeoff between bias and variance
lerrors, by means of model order selection. If the bias is neglectable with respect to
the variance this means that the model order is too high, and that the principle of
parsimony is violated, as was discussed in section 1.1. The model error will be larger
than necessary; a lower order model will be more accurate. Thus, the bias error
should not be neglectable with respect to the variance error. This has since long been
recognized in system identification; the best models are obtained when the bias and
variance errors are approximately of the same size, see e.g. [106]. Therefore we state
that when undermodelling is allowed for, significantly better results can be obtained
for both the model as well as the model error bounds. Moreover, as has been argued
in section 1.1, the bias usually even cannot be neglected because the system will in
general be far too complex to model exactly. Finally, note that both the bias and

variance contributions should be known approximately to be able to explicitly perform




42 PROBLEM FORMULATION AND THESIS CONTRIBUTION

3.9 Parametric techniques or spectral analysis

As a continuation of section 3.7 and section 3.8, emphasizing the necessity of a high
quality estimate, in this section we will address the choice between spectral analysis
and parametric identification methods. Ljung [105] has shown that, when compared
to spectral analysis, the convergence to zero of the mean square identification error for
parametric methods can be faster. Thus, parametric methods allow (asymptotically)
for a smaller mean square error. This is due to the fact that specifically tailored model
sets can be chosen when using parametric identification techniques. For a well-chosen
model set the difference in mean square error certainly can be considerable. Therefore
we will focus on parametric methods.

The above is in line with Priestley [147, pages 535,545-546], where it is noted that to
obtain satisfactory (sufficiently small, with an adequate level of probability) confidence

when the true spectrum contains sharp peaks and troughs.

3.10 Model validation

In the context of model validation the availability of reliable error bounds is desirable,
since they directly attach a quality tag to the model. However, also the error bounds
itself should be validated. Ljung [107] states that the prime validation tool is to test
how well the model is able to reproduce new data. We will extend this, and state
that the prime validation tool is to test whether the combination of the model and the
error bound indeed specifies an interval which contains the new data. To check this,
we should of course be able to specify such an interval, i.e. a bound on the difference
between the disturbed output of the system and the output of the model.

To emphasize the value of such a bound, note the relation with the concept of
powerful unfalsified models (see section 1.1). That is, if the combination of a model
and an error bound is unfalsified on a given set of data points but is not powerful,
it is likely to be falsified over new data. Thus, we should have an adequate means
to detect whether or not the combination of a model and a model error bound is
falsified (not able to capture the data), on the current as well as on a new set of
data points. Especially when the assumptions of a linear time invariant system and
stochastic noise are slightly violated, as will be the case in any practical application,
it is of considerable importance to have a powerful means to check whether the error
bounds are valid (unfalsified) in spite of these violations.

We conclude that a reliable error bound for the disturbed output would be highly
desirable. This would provide a particularly strong validation test for both the model
and the error bound, as well as the noise assumptions and the other priors used to
- build the model. That is, the combination of model, error bound and noise description

should be able to capture new data.
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3.11 Prior information and extrapolation

The idea of model error quantification is of course that the model can be safely used
when due account is given to the possible errors. However, when quantifying model
uncertainty from experimental data, the error bounds can account only for the be-
haviour of the system as significantly reflected in the observed data. Moreover, in this
section we will argue that this is also precisely what we should aim at. That is, what is
not in the experimental data should not be required to come out in the error bounds.
As a consequence, the error bounds cannot be expected to be wvalid for excitation or
operating conditions of the system that differ considerably from the ones under which
the experimental data was gathered.

Incorporating knowledge about considerably different possible behaviours of the
system via prior knowledge is certainly not the proper solution to this extrapolation
problem. Firstly, how to obtain such prior knowledge sufficiently accurate ? This is
just the model error estimation problem that should be solved. Secondly, such prior

/information will almost completely determine the error bounds. The experimental
data should only have a minor influence, exactly because the error bound should not
be tuned to a specific experimental condition. This is in line with the observation of
[117] for parameter set estimation, where it is noted that the data may be of little value
if the prior bound on the noise is too large. Finally, when accounting for all conceivable
behaviours of the system, the uncertainty may be that large that no robust controller
can be designed which achieves a satisfactory level of robust performance.

In our opinion only the specific behaviour of the system under operating conditions
should be addressed when estimating error bounds. Additionally, quantification of
model uncertainty should be based on the observed data, not on prior information,
as was also discussed in section 3.3. The necessary prior information and assump-
tions should be minor, realistic, and allowed to be approximative. While this forbids
extrapolation, it does allow for high performance robust control.

Again, this approach does not allow for extrapolation of the error bounds to excita-
tion or operating conditions of the system that differ considerably from the ones under
which the experimental data was gathered, since the error bounds only reflect the un-
certainty in the experimental data. This even holds for linear time invariant systems,
since not all dynamics may have been sufficiently excited, but it holds in particular for
nonlinear or time varying systems. Minor deficiencies in the model error bound, can
lead to large deviations from expected behaviour when the behaviour is extrapolated
from e.g. an open loop situation to a high performance closed loop situation. An
example of such deviations is given in section 5.10.1 for a slowly and periodically time
varying system.

As a result, error bounds should be based on data that closely resembles the data
arising in the intended use of the model. Thus, closed loop experiments and cautious
controller enhancement (see [155] and section 2.8) certainly appear to be called for. In
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of performance enhancement that can be safely realized, but should not be abused and
used as the truth to conclude that a large performance enhancement can be achieved
in one step. That is, the robustness properties of the new controller should not differ
radically from the robustness properties of the old controller.

To conclude, the error bounds should account only for the behaviour of the system
as significantly reflected in the experimental data. Accounting for other excitation
or operating conditions via the prior information, yields error bounds that are not
based on the data, that are not tight for the data at hand, and comes down to shifting
the basic problem of model error estimation to establishing the prior information.
Moreover, since the error bounds are not tight, the performance will be low, whereas
high performance could be obtained when only the specific uncertainty in the data
under operating conditions would be considered.

3.12 Requirements

From the previous sections it follows that the solution to the problem as formulated
in section 3.1 is required to have the following properties.

e Both the model and the error bounds should be suitable for their intended use.

e The procedure used to identify the model should be of high quality. That is,
the model structure should be parsimonious but flexible, and we should allow for
undermodelling.

e It should be possible to accurately shape and reduce the error bounds, and the
user should be provided with tools to achieve this.

e An appropriate distinction should be made between averaging (noise) and struc-
tural (undermodelling) errors, since they differ in nature.

e The necessary prior information and assumptions should be minor, realistic and
allowed to be approximative.

e The error bounds should arise from the experimental data in a systematic way,
not from prior information, and they only should account for the behaviour of
the system as reflected in the experimental data

e The system can be assumed to have a dominant linear time invariant behaviour,
but not to be exactly linear and time invariant. Thus, when developing a model
error estimation procedure for linear time invariant systems, it should be checked
afterwards whether the procedure is robust to mild violations of this assumption.
Similarly, the error bounds must be robust to mild violations of the noise assump-
tions.
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o The error bounds should be reliable and tight. Thus, reliable and tight bounds
should be established for both the error due to the noise (variance error) as well
as the error due to undermodelling (bias error).

Based on these requirements, we came as yet to the following decisions.

o Use a stochastic noise model to account for averaging errors. That is, assume that
the noise forgets its past (mixing condition). Both the qualitative (distribution)
and quantitative (variance) information about the error due to the noise should
arise from the data. ‘ A

data.

o Let the model be specified by the user, or use a high quality identification pro-
cedure which can be tuned to the needs of a robust control design scheme. We
pointed to the merits of parametric identification techniques (as opposed to spec-
tral analysis) and a least squares criterion to identify the model.

e An error bound for the disturbed output of the system should be available for
validation purposes.

e In view of the principle of parsimony, results which are not asymptotic in the
model order should be pursued.

3.13 Overview of thesis contributions

3.13.1 Error bounds from bounded frequency domain noise

In this section we will provide an overview of chapter 4 of this thesis, where a procedure
for ”identification in H.” is presented. This chapter reports on a first approach to
solving the problem as formulated in section 3.1, and therefore does not satisfy some of
the major requirements of section 3.12. Nevertheless, the procedure proposed possesses
certain important merits when compared to existing methods for ”identification in
Hoo” (see section 2.6). An overview of the latest results is given in section 3.13.2.

In chapter 4 an upper bound on the discrete Fourier transform (DFT) of the noise
is assumed to be known, together with an upper bound on the impuise response of
the system. The upper bound on the DFT of the noise is not required to be constant
over frequency. A procedure is presented to quantify the model uncertainty for any

system. This procedure consists of two steps.
In the first step, the empirical transfer function estimate (ETFE) is used to con-
struct a nonparametric estimate of the transfer function in a finite number of frequency
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points, together with an upper bound on the error. This error bound is frequency de-
pendent, which makes it more informative than a simple H, bound. In order to obtain
a tight error bound, a special input signal is proposed (partly periodic) which has ad-
vantages over classical sinewave experiments. Also, conditions are given to validate
whether the prior information is consistent with the measurement data.

which is available for all frequencies in the interval [0,27). This is done by using a
nominal model, which can be specified by the user. The error bound for the ETFE
directly provides an error bound for this nominal model in a finite number of frequency
points. The latter error bound now is interpolated to provide an error bound over a
continuous frequency interval. The interpolation procedure does neither require the
frequency points of the ETFE to be equidistantially distributed over the unit circle,
nor the error bound on these frequency points to be constant over frequency. This
paves the way for designing specific input signals in order to improve the estimate, and
to tighten the bound.

A frequency dependent hard error bound results. This error bound can be split into
three parts: one part due to the inherent uncertainty in the data (noise and unknown
initial conditions), a second part due interpolation, and a third part due to imper-
fections in the prespecified nominal model (the difference between the model and the

. experiment design or by choosing an alternative nominal model. Thus, when the error
bound is too conservative in view of the robust control design specifications, we can
decide whether new experiments should be performed, or the nominal model should be
improved. Moreover, we can point out specifically which experiments should be per-
formed, or how the nominal model should be improved, in order to satisfy the design
requirements. Finally, since the error bound is frequency specific, it can be effectively
reduced in specific frequency ranges.

To conclude, the error bound can be tailored effectively to the needs of a robust
control design scheme. The procedure can be applied to multi-input multi-output
(MIMO) systems, and is extended to closed loop situations and unstable systems in
chapter 6. A simulation example is provided to illustrate the merits of the procedure.

3.13.2 A mixed averaging — worst case approach

Chapter 5 contains the latest results, and provides a well-balanced environment and a
fairly complete set of tools for model uncertainty estimation from experimental data.

The main ideas behind the procedure are the following.

A probabilistic setting for the noise is chosen to account for averaging errors, where-
as the effects of undermodelling are considered as being deterministic to account for
structural errors. Both the error due to the noise, as well as the error due to un-
dermodelling are estimated from the data. This constitutes the main deviation fro
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existing literature. The framework of stochastic (averaging) noise in combination with
unknown but bounded (worst case) undermodelling is exceptional in model uncertainty
estimation, although this setting is quite common in the classical identification liter-

ature, see e.g. {106, 20]. To some extent this setting is also employed by Kosut et al.
[94], Bayard [8] and Hakvoort et al. [70]. However, none of these authors actually
estimate the undermodelling error from the data, and the error due to the noise is not
(94] or only partially (8, 70] estimated from the data. The only contribution in the
literature where both the noise and undermodelling errors are indeed inferred from the
experimental data is the stochastic embedding approach of Goodwin et al. [54], which
is elaborated in Ninness [130].

A parametric model and a weighted least squares criterion are employed to identify
the system. System based orthonormal basis functions (see appendix E) are used to
construct the model set. These basis functions provide a powerful tool to model a
system, and can be used to ensure that the model is suitable to serve as a basis for
high performance robust control design. '

In addition, a periodic input signal is employed to effectively distinguish between
averaging (noise) and structural (undermodelling) errors. That is, repeating an exper-
iment will give the same error due to undermodelling, whereas the realization of the
noise error will be different.

;Essentially, the only prior information that we need is an upper bound on the past
\values of the input signal. This bound need not at all be tight, and usually can be
obtained from the actuator constraints. The main assumptions are that the system is
linear time invariant, and that the noise satisfies a mixing condition (forgets its past).
The procedure now can be summarized as follows. An empirical transfer func-
tion estimate (ETFE) is made over each period of the input signal. Subsequently, a
parametric model is fitted to each of these nonparametric estimates, resulting in a
set of estimated parameter vectors. Finally, this set of estimated parameter vectors
directly provides a set of transfer function estimates. The errors due to the noise in
these estimates are asymptotically in the number of data points identically normally
distributed and independent. The set of parametric estimates is used to provide a
final estimate as the sample mean, together with an estimate of its variance as the
sample variance. A closed form confidence interval for the error due to the noise now
can be established. The error due to undermodelling is estimated as follows. First,

using the same procedure, a confidence interval for the error due to the noise on the
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a lower bound on the decay rate of the parameters, resulting in an upper bound for

the undermodelling error. In this way, a frequency specific error bound for the transfer
function estimate is obtained. This error bound is valid asymptotically in the number

Separate error bounds for the different sources of uncertainty (noise, undermod-
elling, unknown initial condition) are obtained. This enables an explicit bias-variance
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large in view of the robust control design specifications. The error sources that provide
a major contribution to the error bound can be isolated, so that it is known how to
effectively improve the error bound, by input design or by choosing an alternative basis
generating system.

Using similar procedures, error bounds are established for the undisturbed output
signal and on the DFT of the disturbed output signal. The former error bound is useful
to assess the simulation accuracy of the model, and may be useful for robust predictive
control or robust feedforward control. The error bound on the DFT of disturbed
output is useful for validation of the error bounds, the model, the assumptions and
the prior information, and may be useful for fault detection. Furthermore, a mixed
parametric-nonparametric uncertainty description can be specified. The parametric
and nonparametric uncertainty are both estimated from the data, in such a way that,
when combined, they specify an error bound for the model. This appears to be new,
\angu(;@gﬂbg used in p analysis or synthesis in the form of a structured real valued
|uncertainty, in combination with an unstructured complex valued uncertainty.

We have performed fairly extensive simulation and application studies to verify whether
the mixed averaging-structural description of the error is indeed justifiable and leads
to tight and reliable error bounds, also in cases where the assumptions of a linear time
invariant system and stochastic noise are violated.

To assess the performance of the procedure in nonasymptotic situations, a Monte
Carlo study has been carried out, showing that reliable and tight error bounds are
indeed obtained.

To verify whether the procedure is robust to deviations from the assumptions (linear
time invariant system, stochastic noise), several simulation studies are carried out. For
the two nonlinear systems correct and tight error bounds are obtained. For a system
with a slow periodic time variation, the error bounds are again quite adequate, as long
as the estimates are reasonably uncorrelated, which can be easily checked. For a system
with fast random time variations, the error bound are no longer correct. Furthermore,
the procedure has been applied successfully to a wind turbine system and a compact
disc player in chapter 8. Quite satisfactory error bounds are obtained, in spite of the
presence of mild nonlinearities and periodic disturbances.

In chapter 4 the model error estimation procedure is extended to multi-input multi-
output (MIMO) systems.

In chapter 6 the model error estimation procedure is extended to include closed
loop situations and unstable systems.

Finally, in chapter 7 an asymptotic analysis is provided for the frequency domain
transfer function estimation procedure using system based orthonormal basis function-
s. That is, the statistical properties of the estimated parameters and the estimated
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be consxstent That i is, cons1stent estlmates of the parametenzed parts of the system
are obtained. Explicit and transparent bias and variance expresswns are established,
which are not asymptotic in the model order. These expressions provide insight in the
properties of the transfer functlon estimation method that we employ, and can be used
to make effective choices for the basis functions and the input signal.




Chapter 4

Nonparametric frequency domain hard error
bound

Summary

Identification of linear models in view of robust control design requires the
identification of a control-relevant nominal model, and a quantification of
model uncertainty. A procedure is presented to quantify the model uncer-
tainty of any prespecified nominal model, from a sequence of measurement
data of input and output signals from a plant. By employing a nonpara-
metric empirical transfer function estimate (ETFE), we are able to split the
model uncertainty into three parts: the inherent uncertainty in the data
due to data-imperfections, the unmodelled dynamics in the nominal mod-
el, and the uncertainty due to interpolation. A frequency-dependent hard
error bound is constructed, and results are given for tightening the bound
through appropriate input design. Additionally, conditions are given to
validate whether the prior information is consistent with the measurement
data. When the upper bound on the model uncertainty is too conservative,
in view of the control design specifications, information is provided as to
which additional experiments have to be performed in order to effectively
improve the bound.

4.1 Introduction

Recently several approaches to the problem of model uncertainty quantification from
experimental data have been presented, considering identification for robust control
design. By far the most attention is paid to the construction of so-called hard error
bounds. These can be divided into time and frequency domain techniques. The former
are known as parameter set estimation techniques, see for example [45, 29, 132, 124,
182, 94, 187, 68], and the discussion of these techniques in section 2.5. The frequency
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domain techniques often are referred to as ”identification in H,”, see for example
(139, 75, 98, 141, 115, 62, 2, 22, 171, 79, 130], and the discussion of these techniques
in section 2.6. In [192, 194, 8, 54, 130] identification procedures are presented that
provide probabilistic (soft) error bounds. A discussion of these techniques is given
in section 2.2, section 2.3 and section 2.4. Chapter 5 of this thesis also presents a
procedure that provides soft error bounds.

In the references mentioned, there often is a strong connection between the iden-
tification of nominal models and the quantification of model uncertainty. This can be
a serious drawback. Only identification methods for nominal models are selected for
which (hard Hy,) error bounds can be derived. This seems to exclude many methods
and model structures that could be useful but are rather intractable when it comes to
deriving error bounds. When discussing the suitability of models as a basis for control
system design, the availability of reliable error bounds certainly is important in order
to obtain robust stability, and possibly also robust performance. However, it is the
nominal model that is used as a basis for the design, and a bad nominal model will not
give rise to a good controller. Thus, it is indeed quite a disadvantage when the pro-
cedure which is employed to identify the nominal model is not of high quality in view
of control design. Moreover, an identification procedure which is not of high quality
will give rise to unnecessary large error bounds, and seriously impairs the practical
value of the error bounds obtained. Further discussions on this topic can be found in
section 3.7 and section 3.8. As a result, the identification of nominal models, apart
from the quantification of model uncertainty, is an important issue in identification for
control design, see for example [11, 12, 69, 155, 157, 175, 5, 61, 140, 103, 48], and the
concise overview given in section 2.8.

We will address the problem of model uncertainty quantification from experimental
data. In answer to the above observations, we will separate the quantification of
model uncertainty from the identification of a nominal model. That is, in this chapter
we will deal with the following problem. Given a prespecified nominal model G, for
an unknown linear plant G,, can we construct an error bound for

IGO(ejw) - Gnom(ejw)[ (41)

based on noise corrupted measurements from input and output samples of the plant ?
Note that the nominal model may be available from any (control-relevant) identification
procedure. We will present a method which provides hard error bounds, and which
can be considered to belong to the ”identification in Ho,” class of methods.

The problem is going to be tackled, through the construction of an intermediate
data representation in the frequency domain, leading to the inequality

|Go(e7) = Grom(e7*)] < |Go(€™*) = G(e7)| +|G(e7%) = Grom(e™*)|  (4.2)

where G(e/“*) is an -intermediate- representation of the measurement data in the
frequency domain. This means that G(e’“*) basically consists of a finite number of
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complex points on the unit circle, obtained from the discrete Fourier transformation
(DFT) of the time domain data. The first term on the right hand side of (4.2) can
be considered to reflect inherent uncertainty in the data, whereas the second term is
related to the quality of the nominal model, e.g. determined by unmodelled dynamics.
Having constructed a data representation C;'(ej“"“), the second term can be calculated
exactly. Hence, to give an upper bound on the model error [G,(e7“*) — Gpom(€7“*)|,
the problem is to construct an upper bound for the error |G,(e“*) — G(e“*)|. Note
however that inequality (4.2) is only defined at the finite number of frequency points
wg, while our aim is to bound the model error for all w € [0,27). The fact that the
data does not contain information for frequencies w # wy, gives rise to the uncertainty
due to interpolation. The second problem therefore is to bound the model error for all
w € [0,27) using the error bounds at wy. These two problems will be the main topics
of this chapter.

We will call a bound on |[Go(e/*) — G(e7*)| or |Go(e7%) — Grom(e7+)| in a
finite number of frequency points wy a discrete error bound, whereas a bound on
|Go(e7%) = Grom(e?*)| for all w € [0,27) will be addressed as a continuous error bound.
Similarly, we will call an estimate G(ejwk) in a finite number of frequency points wy a
discrete estimate.

An extensive survey of existing methods for ”identification in He,” can be found in

section 2.6. Summarizing, we find that almost all existing methods for "identification
in Hoo” (e.g. [75, 76, 78, 141, 142, 115, 63, 62]) only provide error bounds which are
constant over frequency, and require the frequency points of the discrete estimate to
be equidistantially spaced. Additionally, the required format of the prior information
on the system (M and j, see section 2.6) appears to lead to extremely conservative
error bounds, and the prior information on the noise (e, see section 2.6) is required
to be constant over frequency. Moreover, the resulting nominal models are not of
fit for control design. These points constitute serious drawbacks in view of robust
control design, as was discussed in section 3.7. The nominal model and the error
bounds cannot be tuned adequately to robust control design specifications, and the
error bounds appear to be that conservative that high performance robust control is
inhibited. '

In the present contribution the drawbacks mentioned above are addresses and re-
moved. To be more specific, the advantages of the procedure which will be presented in
this chapter over the existing techniques for ”identification in H.,” are the following.
Firstly, the nominal model G, with respect to which the error bound is calculated
can be specified directly by the user. That is, the quantification of model uncertainty
is separated from the the identification of a nominal model, so that we are not restrict-
ed to (awkward) identification schemes for which error bounds can be derived. This
is due to the fact that we will interpolate a bound on |G,(€’“*) — Gnom(e’“*)| in a
finite number of frequency points wy in order to obtain a continuous bound, rather
than trying to bound the error which could arise while using a certain technique to fit
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a model to the discrete estimate C;‘(ej“’k), which is the usual procedure. Secondly, a
frequency specific continuous error bound is obtained, which is more informative than
a simple Ho, bound. The discrete error bound is allowed to be frequency specific,
and the frequency points wy are not required to be equidistantially distributed over
the unit circle. This paves the way for designing specific input signals in order to
improve the estimates, and tightening the bound in specific frequency ranges. As a
result, the continuous error bound can be accurately tuned to robust control design
specifications by input design. Finally, the prior information on the system (M and p,
see section 4.2) directly addresses the impulse response, and not the commonly used
radius of a disc in the complex plane in which the system is analytic, and a bound
on the magnitude of the system over this disc (M and j, see section 2.6). The latter
information appears to be very hard to obtain in practice, and is also shown to lead
to extremely conservative error bounds in [130].

Thus, some of the major drawbacks of existing ”identification in H,” techniques as
observed in section 2.6 are removed. However, the essential drawbacks, as mentioned
in section 2.6, section 3.4 and section 3.3, attached to the hard prior information on
the noise which is used, remain. In this chapter, this hard prior information takes the
form of a hard prior bound on the DFT of the noise.

Related work has been published in [77, 98] where error bounds for |G, (e7“* ) — G (e )|
have been obtained at a finite number of frequency points. In [77] this has been done
through sinewave excitation and actually measuring the frequency response in a finite
number of points, and in [98] by employing the empirical transfer function estimate
(ETFE, see [106]).

The vast majority of the existing methods for "identification in H,” assume that
a discrete estimate and error bound are given a priori, and only address the problem
of finding a model in H., together with a continuous error bound. In this area, the
mainstream proceeds as follows, see e.g. [75, 141, 142, 65, 63, 62]. The model is ob-
tained by applying the inverse DFT to the discrete estimate. It is tried to keep the
‘H error small by using an intermediate high order £, model and Nehari approxima-
tion, resulting in a finite impulse response (FIR) model. The continuous error bound
which is obtained is constant over frequency, and the frequency points of the discrete
estimate are required to be equidistantially spaced.

In [2] a method is presented which allows for non-uniformly spaced frequency re-
sponse estimates. In [22] an approach is presented which uses Nevanlinna-Pick interpo-
lation of the discrete estimate, and it is claimed that a frequency specific error bound
can be obtained.

)

2

A more extensive discussion of existing methods for "identification in Hs,” can be
found in section 2.6. For a further discussion on model error estimation techniques,
nominal models and error bounds we refer to chapter 2 and chapter 3.

The remainder of this chapter is organized as follows. In section 4.3 the ETFE is
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used to obtain a nonparametric frequency domain estimate C;’(ej“”*‘), and a frequen-
cy specific error bound in a finite number of frequency points wy. In section 4.4 a
frequency dependent error bound which is valid for all w € [0,27) is constructed by
interpolation of the discrete bound, using smoothness properties of the system. In
section 4.5 conditions are given to validate whether the prior information is consisten-
t with the measurement data. In section 4.6 it is shown how robust control design
specifications can advocate new experiments in order to reduce the model uncertainty
in specific frequency ranges. Finally, in section 4.7 a simulation example is given to
illustrate the merits of the procedure proposed.

The contents of this chapter (except section 4.3.3 and section 4.5) have been published
as [35].

4.2 Assumptions and prior information

It is assumed that the plant, and the measurement data that is obtained from this
plant, allow a description

y(t) = Go(q)u(t) +v(t) (4.3)

with y(t) the output signal, u(t) the input signal, v(t) an additive output noise, ¢~*

the delay operator, and G, a proper transfer function that is time invariant and expo-
nentially stable. The transfer function can be written in its Laurent expansion around
z =00, as

Go(2) = > go(k)z™* (4.4)
k=0

with g,(k) the impulse response of the plant. Throughout the paper we will consider
discrete time intervals for input and output signals denoted by TV := Z n [0, N — 1],
TI{}’S :=ZN[Ng,N + Ng — 1] with N and N, appropriate integers. We will denote

i:= sup |u(t)] (4.5)

teTN+Ns

For a signal z(t), defined on TV, we will denote the N point Discrete Fourier Transform
(DFT) and its inverse by

X(m)::—1~ x(t)e—ﬂ%’gt for keTV (4.6)
W E
1 N-1 .2nk
o(t) = —= Y X(ZE) N for teTV (4.7)

\/N k=0
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When a signal z(t) is defined on the interval Tl{}’s , Ns > 0, then we will denote the N
point DFT of a shifted version of the signal z, shifted over N, time instants, by

1 N-1 27k
Xo(%k) = —— Y a(t+ NJe ' Nt for keTV (4.8)
N t=0
N-1
1 j2rk
w(t) = = 3 X(FIN N for ey (4.9)
k=0

Note that this reflects the N point DFT of a signal, of which the first N time in-
stants are discarded. Throughout this paper we will adopt a number of additional
assumptions on the system and the generated data.

Assumption 4.2.1 There ezxists a finite

P, such that |u(t)| < @P for t < 0;
pair of reals {M,p} € R, p > 1, such that |g,(k)| < Mp~* for k € IN;
V°(2&k), such that |V°(2k)| < V°(22E) for ke TN.

4.3 Discrete error bound

4.3.1 Motivation

The motivation to consider the ETFE is that we want G(e?“*) to be an intermediate
data representation in the frequency domain. The ETFE is the quotient of the DFT
of the output signal and the DFT of the input signal. In discrete Fourier transforming
a signal no information is lost or added, the mapping from time to frequency domain
is one to one. Thus, the ETFE can indeed be regarded as a representation of the data
in the frequency domain.

The motivation to look at input design is that the ETFE for an arbitrary input
signal is in general not satisfactory. We will try to improve the quality of the frequency
domain data by input design.

4.3.2 SISO systems

A nonparametric frequency domain discrete upper bound on the additive error for the
ETFE of a SISO (single input, single output) system will be presented in this section.
Errors due to unknown past inputs (unknown initial conditions of the system) and
additive noise on the output are taken into account. We will use a partly periodic
input signal for excitation, and we will discard the first part of the signals in the
estimation.

Definition 4.3.1 A partly periodic signal x is a signal having the first part equal to
the last part: © = [x1 22 1].
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The length of z; will be denoted by N,. Only the part [z2 z1] will be used in the
identification. The length of this part will be denoted by N. The total length of the
signal x now is N5 + N. We will show that the value of N, influences the error due to
unknown past inputs in the estimate. Note that the largest possible value of N is V.

Theorem 4.3.2 Consider a SISO system, satisfying the assumptions stated in sec-
tion 4.2. Using a partly periodic input signal, Ny € TN+, and the estimate

As ys(gw_l) s(2m
(3f) = W—&d for €€ {qeTN|U*(32) # 0} (4.10)
N
the following error bound is satisfied
Go (%) - G* ()| < a(3h)
with s om
e U”+u Mp(l=p ) v, V()

WSRO -1 U=

Proof: See appendix A.1. a

The first term on the right hand side of the error bound given in the theorem is the
error due to the effects of past inputs to the system, i.e. the effects of the unknown
signals preceding the measurement interval. This error converges exponentially with
N, (convergence as p~N¢). The properties of |U*(35* 2r8)| of course depend on the specific
choice of the input signal u(t) for t € T§ N, For a random signal the expectation of
the magnitude of the N point DFT, as defined in (4.6) and (4.8), is asymptotically
independent of N, see [106, lemma 6.2]. Hence, if the input is random for ¢t € TI{\,’s , the
error due to the effects of unknown past inputs converges approximately as p~Ns / VN.
The second term on the right hand side is the error due to the additive noise on the
output. This error does not converge at all, it is just the noise to signal ratio in the
frequency domain. By designing an appropriate input signal, one can of course shape
the error due to the noise. An input signal having a DFT with desired magnitude can
be designed easily, see [151, 152].

We will now focus on the error due to the noise, the second term on the right hand
side of the error bound given in theorem 4.3.2. It is possible to obtain convergence for
this error by choosing the input signal to be periodic. The highest rate of convergence
is obtained by an input signal having an integer number of periods in the interval TN
Let N, denote the length of one period of the input signal and let the interval TN
contain exactly r periods, so that N = rN,. In this case US(Q”’“) =0if k/r is not an
integer, only U*(%%%) is not identically equal to zero, see [106, example 2.2]. It is now
straightforward to oshow that the DFT over r periods of a periodic signal is exactly
/T times as large as the DFT over one period (see (B.1)). In conclusion, |U5(2"k )| is

exactly proportional to /N if N = rN, with r € IN.
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Corollary 4.3.3 Consider a SISO system, satisfying the assumptions stated in sec-
tion 4.2. Using a partly periodic input signal having an integer number of periods in
the interval TR, Ny € TN+, and the estimate

As(2mly __ Ys(%rf) /¢ No|r7s(2mq
G(Wj)—Us(z,rg for te{qge T |U(F?) # 0}
N,

the following error bound is satisfied

(\

|Go(5) — G (5| < al5F

)

o

with .
gy - L @ +a Mp=p™) _y V)
Nel W VN US(3)]  (p—1) U (354)|

The error bound given in the corollary goes to zero if Ny and N are going to infinity,
N, is constant, and the noise v(t) does not contain a periodic component. The error
due to the effects of unknown past inputs converges as p~ V¢ /N. The error due to the
additive noise on the output converges approximately as 1/ VN if v(t) is a random
signal, because the expectation of the magnitude of the N point DFT of a random
signal is asymptotically independent of N, see [106, lemma 6.2], while the magnitude
of the DFT of the periodic input is exactly proportional to IN. The price for this
convergence is that less points of the transfer function are estimated (N, instead of
N =7rN,).

4.3.3 MIMO systems

The estimate and error bound of theorem 4.3.2 and of corollary 4.3.3 can be generalized
easily to MIMO (multi input, multi output) systems by choosing a suitable vector
input signal. That is, an error bound can be obtained for each element of the transfer
function matrix.

First, we need some additional notation. Let U} denote the shifted DFT (4.8) of
the input wu;(¢) to the j —th input channel, let Y[;) denote the shifted DFT (4.8) of the

output yp;(t) of the ¢ — th output channel, and let C:'fij] denote the matching estimate

(4.10) of the transfer function from input channel j to output channel . Additionally,
let 7\/fr 4 and or: k] be such that o . (k) < M.+ 0; —k where a_:. (k) denotes the imnpulse

i V) Bl o K22 Biaddidaten ettt UU[ J\ A Y g | ICJ’ T IO T maa e v RAS aAsAy Ar
response of the G o[ij]» the element of the transfer function matrix G, at row ¢ and
column j. Finally, let V[f] < V[si] where V3 is the shifted DFT (4.8) of the additive
noise v[;)(t) on the ¢ — th output channel.
For a MIMO system having m inputs and p outputs the vector input signal now
must be such that
Uy(BE) U (BE) =0 for i#j (4.11)
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for all 4,5 =1,2,---,m and £ € TV. That is, the inputs signals to the different input
channels should be mutually orthogonal in the frequency domain. A time domain
set of input signals which is in accordance with (4.11) can easily be realized, see
[158, 151, 152].

For MIMO systems, we also have to generalize the concept of a partly periodic
signal.

Definition 4.3.4 A vector partly periodic signal z is a vector signal where each ele-
ment of the vector has the first Ns points equal to the last N, points: z(t + N) = z(t)
fort € TNs.

Theorem 4.3.5 Consider a MIMO system G, having m inputs and p outputs. Let the
elements Gopi), © = 1,---,m, j = 1,---,p, of the transfer function matriz G, satisfy
the assumptions stated in section 4.2. Using a vector partly periodic input signal that
is in accordance with (4.11), Ny € TN*1, and the estimate

A ) :
Gt = ghmy o Celae TV UG (R #0)
LUV N
the following error bound is satisfied fori =1,---,m, j=1,---,p
IGo[i]](zT) [U]( ) < a[u]("%)
with
m 173 94
1 iKPLK N - L ViaGF)
g (354) (u +1 Mo *(1—py, —
108 = 75 T () oy 0~ i) +
Proof: See appendix A.2. O

In comparison with the SISO case, the error in G’fm due to the effects of unknown
past inputs becomes m (the number of inputs) times as large (if M[;;) = M, pp;) = p,
11[1;] = ¥ and @[ = ). This is not as bad as it may seem because the error due
to the effects of unknown past inputs approaches zero exponentially fast with Nj.
Hence N, need by far not be m times as large to get an error that equals the one for
the single input case. Hence, concerning experimentation time, it is advantageous to
perform MIMO experiments, and not SIMO (single input, multi output) experiments,
to identify the MIMO system.

The error bounds of theorem 4.3.5 which address the elements of the transfer func-
tion matrix, can be used in a p analysis or synthesis approach to robust control, see
(38, 40, 7]. The uncertainty then can be specified as structured uncertainty in the form
of a diagonal matrix with complex valued diagonal elements bounded by theorem 4.3.5.
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4.3.4 Remarks

A partly periodic signal can be seen as a generalization of a sinewave input. This gen-
eralization is useful since sinewave testing (sinewave excitation and actually measuring
the frequency response in a finite number of frequency points) is time consuming. For
each new sinewave input one must wait until the system has reached its steady state
response. A partly periodic signal can consist of N sinewaves, but one has to wait only
once for the effects of unknown past inputs to vanish.

For Ny = 0 the ETFE as defined in [106] arises. In this case the error due to
unknown past inputs converges as 1/v/N if u(t) is a random signal for t € TV, as
was also shown in [106]. The error due to unknown past inputs now will in general
dominate the error bound. This is not just a result of a poor upper bound on the
error, the actual error indeed can be large. However, for Ns = 0 the input signal is
completely free. The choice for N; > 0 hence is a choice to restrict the input signal in
order to be able to obtain a tight error bound for the nominal model.

4.4 Continuous error bound

4.4.1 Motivation

We now have an upper bound a(wy) on the error |G,(e/“*) — G*(e7“*)|. This error
bound is only defined in the finite number of frequency points wy € %, with Q% :=
{27k/N , k € TN | |U*(e@™%/N))| > 0}. This is due to the fact that G*(e’“*) is
only defined at a finite number of frequency points when N, the number of data points
used in the estimate, is finite. The aim is to find an upper bound §(w) such that

|Go(€7) ~ Gnom(e™)] < 8(w)

for all frequencies in the interval [0, 27). It is straightforward to give a discrete upper
bound §(wg). First note that B(wx) = |G*(e7“*) — Gnom(€7**)| can be calculated
exactly because G, om is assumed to be known. From the inequality

|Go(e7%) = Grom(e7%)] < |Go(e7%) — G*(e7%)| +|G*(/“*) = Gnom(e7**)| (4.12)

it now follows that a possible choice for §(wy) is 6(wx) = a(wk) + B(wk). Hence the
problem is to find the behaviour of §(w) between the estimated frequency points for the
prespecified nominal model. As argued in section 4.3.1, the data does essentially not
contain more information about the transfer function of the system than is captured
by the discrete estimate G*(e?“*). Therefore, assumptions about the system must be
used to be able to bound the error at frequencies w # wi. We will use smoothness
assumptions on the system, and we will interpolate the discrete error bound &(wy)
using these smoothness properties.

In order to establish a continuous error bound we will not interpolate or fit a model
to the discrete estimate G°(e’“*), and subsequently bound the model error that could
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arise with the interpolation or fitting technique employed, as is done in the existing
"identification in H..” literature, see e.g. [139, 75, 141, 142, 62, 2, 22, 79]. As argued
before, in this approach identification techniques have to be used for which error bounds
can be established, resulting in procedures that sacrifice the quality of the model in
order to be able to come up with hard error bounds. Moreover, the resulting model
usually is of high order, so that model reduction is necessary to arrive at a nominal
model which has a suitable order in view of control design, thus introducing still an
additional term due to model reduction to the error bound. In contrast, we will use a
prespecified nominal model, and interpolate the error bound §(wy).

4.4.2 Bounds on derivatives

Smoothness properties of the system in the form of upper bounds on the derivatives
of G,(e’*) with respect to frequency, can be obtained from the assumed upper bound
on the impulse response.

Proposition 4.4.1 For a SISO system with |g,(m)| < Mp~™ there holds

d G,(e?*) Mp
dw ~ (p-1)?
d? Go(e?) Mp(p+1)
dw? (p—1)
Proof: See appendix A.3. o

The SISO system is allowed to be an element of a MIMO system. In that case G,
must be replaced by Go[;j), go by o[ij]» M by M;; and p by p(ij).

Note that the upper bounds on the derivatives are not obtained in the same way as
in [75]; the M and p used in this paper are different from the ones used there. It is
the author’s opinion that it is easier in practice to obtain a good upper bound on the
impulse response, than to obtain a margin of relative stability of the system together
with the infinity norm of the system over the circle in the complex plane with radius
equal to this margin as used in [75]. Moreover, in [130] it is shown that the prior
information M and p used in [75] yields extremely conservative bounds on the impulse
response. Hence, the prior information M and p should bound the impulse response
directly.

To be able to bound the derivatives of the magnitude of the error system |G,(e’*) —
Grom(€7*)| we need the following proposition.

Proposition 4.4.2 For a SISO system there holds
i

< —_
dw*

k
(—Z}—leo(ej“’) — Gnom(ej‘”)| < (Go(ejw) _ Gnom(ejw)) (4.13)
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d* G, (e)

dk Gnom
awk | T

dw*

() l (4.14)

fork=1and k = 2.

Proof: See appendix A 4. a

Again, the SISO system is allowed to be an element of a MIMO system.

An upper bound for (4.14) can be calculated using proposition 4.4.1 and the knowl-
edge of Gpom(e’?). If an upper bound on |go(m) — gnom(m)| is known, we are able to
calculate an upper bound for (4.13) directly from proposition 4.4.1.

4.4.3 Interpolation

In this section we will address the problem of calculating an upper bound on the error
|Go(€7%) — Gnom(e7)] between the frequency points wi where an upper bound é(wy)
is known. Hence, we have to find the highest possible value §(w) of this error for each
frequency w between two given points, say 6(wx) and 6(wk+1). We are able to bound
this error by taking into account the bounds on the first and second derivatives of
|Go(€7) — Grom(€?”)| that were derived in section 4.4.1, say v; and 7 respectively.
The maximum value of the error §(w) now arises by interpolating the discrete error
bound §(wy) using the function f(z) depicted in figure 4.1.

To explain the construction of this function f(z), assume that there is a maximum
between the two frequency points. Starting at the maximum (z = 0, f(z) = 0 and
df (z)/dz = 0) we want f(z), in a smooth way, to decrease as fast as possible: the faster
f(x) decreases, the higher the maximum lies above the two given points 6(ws ), 6(wk+1).
Hence we use a function having a constant second derivative equal to the bound
on this derivative. In this way parts II and III of the error bound are constructed.
The absolute value of the first derivative of this function will clearly increase with the
distance |z| to the maximum. At |z| = 71/7. the first derivative becomes equal to
the bound «; on this derivative. Hence, for |z| > 71/72 we use a function having a
constant first derivative equal to the bound ;. In this way part I and IV of the error
bound are constructed. The function constructed in this way is unique and given by

f(z) = —L2? ] for |lz| < 2 (4.15)
_ v
— g+ for o>

The function f(z) given in (4.15) directly gives the value of é(w)
8(w) = §(wk) — f(Az1) + f(z) for  w € [wk,wpy1] (4.16)

However, in (4.16) the values of Az; and z are still unknown, because the location of
the maximum is as yet unknown. Analytic expressions for the location of the maximum
can be given, by specifying Az, or Az, as a function of §(ws), 6(wk+1), 71 and 2.
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by

Figure 4.1: The interpolating function f(z) for the discrete error bound.

To be able to provide these analytic expressions for the location of the maximum one
has to distinguish between several cases, depending on which part of the interpolating
function f(z) as given by (4.15) actually is used. It is e.g. possible that 1, 7o, §(wk)
and §(wg4+1) are such that the interpolating function f(z), see figure 4.1, reduces to
part I. In all, there are ten possibilities: only part I, only part II, part I and II, etc.

Algorithm 4.4.3 All possibilities of the function f(z) given in (4.15) to interpolate
two points are given below, as a function of Az, Ay, 11 and vs.
A mazimum occurs if

2
|Ay| <1 Az — :—1 and Az > n
<12 Y2

or if
Ayl < BAz?  and Az< B
2 Y2

If a mazimum occurs we can distinguish the following four cases.

LS

. If A.’El Z "}’1/’72 and A.’I)z Z ’)’1/’}/2 then A.’El = Ayindc ;hlAz.

All four parts of f(z), as depicted in figure 4.1, are used.
2. If Azy 2 71 /72 and Azy < m1/72 then Azy = 2 + Az ~ 3—2(71Ax — Ay).
Parts I, II and III of f(x) are used.
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- If Azy < y1/v2 and Azy > 1 /7, then Az =/ Z(nAz + Ay) - L.

Parts II, III and IV of f(x) are used.

. If Az < /72 and Aze < y1 /72 then Az = ﬁi’; + %.
Parts II and III of f(x) are used.

The mazimum height hy above 6(wy) is given by hy = —f(Azy), where f(x) is given
in (4.15).
If no mazimum occurs we can distinguish the following siz cases.

. Ify1Ax — jzlAzz < Ay < 1Az then Az, = % + Az — ,/%(WIA:D — Ay). Note that
Az > Az. Parts I and II of f(z) are used.

L If B0 < Ay <mAz— FAa? then Azy = 5F + %. Note that Azy > Az. Only
part II of f(x) is used.

C If Az — 2A2? < —Ay < y1Az then Azy = 3% + Az — ,/%(’ylAz‘ + Ay). Note that
Azo > Ax. Parts III and IV of f(x) are used.

CIf BAZ? < —Ay < 1Az — ZAx? then Az = & — ,Y—f—AE';. Note that Azy > Azx.
Only part III of f(x) is used.

. If Ay = 1Az then Az, = E% + Ax. Only part I of f(x) is used.
. If Ay = —y1 Az then Azy = % + Az. Only part IV of f(x) is used.

Using this algorithm and (4.15),(4.16) we are able to calculate an upper bound for the
difference between the system and the nominal model for all w € {0, 27).

If |Ay| > v1Az the estimated point of the discrete estimate with the highest error
bound must not be used. Interpolation from neighbouring points, although over a
greater distance, gives a lower error bound. This situation can also arise when |Ay| <
v1Az, see figure 4.2.

Note that, as opposed to existing algorithms for ”identification in Hu.”, e.g. [75,
76, 78, 141, 142, 115, 63, 62, 79], algorithm 4.4.3 allows for a discrete error bound
a(wy,) that is frequency dependent, and it yields a continuous error bound é(w) that
is frequency dependent. Moreover the discrete frequency points wy are not required to
be equidistant.

4.4.4 Remarks

Taking a closer look at the results of this section and the previous one, we can sum-
marize in the following way. In section 4.3 a bound a(wk) has been derived

|Go(e7%) = G°(e%)] < e(wk)
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(5(0.}) ® 6(wk)

6(wr1)

6(wk..1)

Figure 4.2: A situation in which the point §(wy) must not be used.

for all wy, in a set Q% C IR N [0,27) containing a finite number (< N) of elements.
Since the nominal model is known, the error

Blwi) = |G*(e7°F) = Grom (e74F))|

can be calculated exactly for all wy € Q%. In this section 4.4, a continuous bound (w)
is derived, such that

,GO(ejw) - Gnom(ejw)’ < o(w)

with
O(wr) = a(wk) + B(wr)  for  wi € Q%

This continuous error bound é(w) is robustly convergent. That is, the error bound
converges to the true error when N, and N are approaching infinity and 75(%)
approaches zero.

In the nonparametric discrete estimate, cf. (4.4.4), no error due to undermodelling
is present, i.e. no error due to approximation is made, because complete freedom
exists for each frequency point to fit G,(e’“*). The approximation error therefore is
completely due to the nominal model, cf. (4.4.4).

In the procedure presented, the determination of the nominal model and the de-
termination of the error bound clearly are completely separated. We addressed the
problem of determining the error bound. Methods for tuning the nominal model to
nominal control design specifications are discussed in (11, 12, 69, 155, 157, 175, 5, 61,
140, 103, 48].



4.5 VALIDATION OF PRIOR INFORMATION 65

4.5 Validation of prior information

Using the discrete estimate és(ej‘”k) it is also possible to check whether the prior
information on the system M and p and the prior information on the noise V(25£) are
consistent. That is, we are able to detect serious conflicts between the prior information
on the system and the prior information on the noise. The detection is based on the fact
that a serious inconsistency will cause the discrete estimate, the discrete error bound
and the bounds on the derivatives to be conflicting, as formulated in the following
theorem.

Theorem 4.5.1 The prior information on the system M and p and the prior infor-

mation on the noise V(2”'°) are conflicting if for any wi,wr—1 € Q¥
As ( jw s(pJw Mp
|G*(e?¥r) — Go(e7r=1)| > W |wk — wi—1| + a(wk) + a(wk-1)

where a(wy), wk € Y, is given in theorem 4.3.2.

Proof: Follows directly from proposition 4.4.1 and proposition 4.4.2. O

Clearly, if a conflict arises then not all assumptions of section 4.2 can be correct, and
one should carefully check the assumed values of M, p and V(%)

Chen et al. [22] also provide a method to validate the prior information. This
method may be more perceptive to conflicts than the simple test of theorem 4.5.1, but
is also computationally much more involved.

4.6 Relation with controi design specifications

To show the applicability of the approach presented in this paper to robust control
design, we will consider the following situation. In order to verify desired robustness
properties of a designed controller for the system, an allowable error bound is specified
for the difference between G, and Gpom

|G0(ejw) - Gnom(ejw)l < ba(w)

The allowable error §,(w) is a function of the nominal model, the designed controller
and the robust control design specifications. Given measurement data from the system,

it ha h i
it now has to be chlﬁCd whcth\,r & spec Lﬁ\, uumlnal model °n+‘°ﬁes the Qp"""ﬁo'] error

bound. If not, it should be determined which action should be taken in order to
solve the problem: either constructing a new nominal model, or performing additional
experiments to reduce the uncertainty.

The actual error bound §(w) for the nominal model clearly is a function of the
nominal model itself and of the discrete estimate G. Therefore both should be tuned to
the robust control design specifications. This can be done by comparing the allowable
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error 0,(w) with the actual error bound §(w). For those values of w where §(w) >
bq(w) we can analyse §(w) and evaluate its different components.

At the finite number of frequency points w, € Y%, we have §(wx) = a(wk) + B(wk).
Therefore we know that

1. when a(wg) >> B(ws), the uncertainty is mainly due to the inherent uncertainty
in the data a(wy), i.e. effects of unknown past inputs, low signal-to-noise ratio
and/or restricted length of the data set. Actions to be taken to improve the
bound include: increasing N, increasing the power of the input signal, and
increasing N. In the case of periodic input signals, the signal-to-noise ratio in
the frequency domain is proportional to /N/N,. Consequently the error bound
can also be improved by decreasing N,.

2. when a(wy) << f(wk), the uncertainty is mainly due to a bad nominal model.
A straightforward action is then to choose a new nominal model, that is better
able to represent the system dynamics in the specific frequency range.

In between the finite number of frequency points wy € Q%;, say for wy < w < wWg41,
the error bound 6(w) is determined through interpolation between the adjacent points
6(wk), 6(wi+1). Therefore

3. when 6(w) >> maz(6(wg), 6(wk+1)), the uncertainty is mainly due to the interpo-
lation step. Note that the uncertainty due to interpolation is strongly determined
by the distance between two adjacent discrete frequency points. Consequently
new experiments should be performed with a smaller distance between the dis-
crete frequency points in the specific frequency region.

Note that it is possible to determine whether the main source of the actual error is the
inherent uncertainty in the data, the nominal model, or the interpolation step caused
by the absence of data due to the specific excitation of the system. Also it is possible to
decrease the contribution of these different error sources almost independently. Now it
is possible to iteratively decrease the error bound, until the level of the allowable error
is reached, successively by input design and additional experiments, and by tuning the
nominal model. Using this procedure we can determine whether or not specific robust
control design specifications can be met (for a fixed controller).

Both the inherent uncertainty in the data a(wyg ), and the error due to interpolation
can be made arbitrarily small, c.q. the error bound can be made arbitrarily tight,
in a certain frequency region by improving the discrete estimate. Note that the error
bound a(wy) is essentially frequency dependent and that the frequency points wy € Q%
need not be positioned equidistantially over the frequency axis. In comparison with
existing techniques for "identification in H..,” this creates a lot of freedom to shape the
error bound into an accepted (allowable) form, which -from a control point of view-
definitely should be frequency dependent.
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4.7 Example

To illustrate the results of this chapter a simulation was made of a fifth order system

Go(2) = 0.82 —1.04271 +0.28272 4+ 0.6127% — 1.052~* + 0.472 5
N 1 — 247214288272 197273+ 081274 —0.17z5

whose impulse response satisfies a bound given by M, = 3 and p, = 1.256. There was
10 percent (in amplitude) colored noise (high pass filtered white noise) on the output.
The nominal model is given as

0.79 +0.0927! — 0.24272 + 0.632~3

Grom(2) = 125,71 4 0.7522 1 00523

Based on this nominal model a controller was designed for the system

1.60272 —1.1827% +0.812¢
1—2.852"1+43.452—2 — 2.2823 + 0.69z—%

Co(z) =
In this example we will focus on the following two questions

e When the controller is applied to the true system G,(z), will the resulting closed
loop configuration be stable 7

e What is the quality of the nominal model ?

To answer the first question we will investigate whether the loop gain G,(w)Co(w)
could encircle the point —1 in the Nyquist diagram. In order to build in some safety
c.q. some robust performance, we require in addition that the loop gain does not enter
a circle with radius 0.3 around the point —1. The resulting allowable uncertainty is

G (@)Co(w) + 1] — 0.3
balw) = ICo(@)]

As a priori information on the impulse response we choose M = 3 and p = 1.2.
The upper bound V°(wi) was set to V' (wi) = 31/®,(wi), where ®,(wi) denotes
the spectrum of the noise. For normally distributed noise this upper bound has a
probability of 99.99 % of being valid, and indeed was satisfied for all experiments.
The input signal was chosen to obey @ = 2 and @ = 1. For the first experiment we
used 178 points with N = 128, N, = 128 and N; = 50. The magnitude of the DFT of

the input signal in the interval TII\}I, , [U(we )], is given in figure 4.3. In figure 4.4 the
allowable error é,(w), the error bound §(w) and the error due to approximation 3(wx)
are given. The inherent uncertainty in the data a(wx) equals 6(wi) — B(wk). The error
due to interpolation is indicated by the curves between the points §(wy). Clearly, in
the frequency interval w = [0.8,1.3] rad/s it is possible that the actual error is larger
than the allowable one, so that no stability guarantee can be given. In order to
be able to improve the error bound we will take a closer look at the error generating
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Figure 4.3: |U®(wy)|, the magnitude of the DFT of the input signal in the interval
Ty .

processes. The true error due to approximation is fixed, because the nominal model is
fixed. Using the prior information M, p, @? and @, it follows from corollary 4.3.3 that
the error due to unknown past inputs is less than 0.01, and therefore is neglectable.
Hence we can only improve upon the errors due to noise and interpolation. From
figure 4.4 it follows that in the frequency interval w = [0.8,1.1] rad/s the noise as well
as the interpolation error need be improved. In the frequency interval w = [1.1,1.3]
rad/s it probably will suffice to decrease the error due to the noise only.

The specific improvements mentioned above can be achieved accurately by input
design. The magnitude of the DFT of the new input signal is given in figure 4.5.
We choose N = 512, N, = 256 and N, = 50. We used an input signal containing
two periods, in order to obtain a higher signal to noise ratio in the frequency do-
main |U®(wg)|/|V*(wk)| compared to the previous experiment, while maintaining the
constraint % = 1. Also, the period length N, was increased to obtain a denser DFT
frequency grid. This denser grid is needed in the frequency interval w = [0.8,1.1]
rad/s to be able to reduce the distance between two frequency points wy when com-
pared to figure 4.3, in order to decrease the error due to interpolation in this fre-
quency region. The magnitude of the DFT of the input signal was shaped as fol-
lows. Because the error due to unknown past inputs is neglectable, we have a(wy) ~
V2 (wi)/|U*(wi)].  Also 8(wi) = a(w) + Blwr) < 2a(wk) + |Go(wr) = Grom(wk)|.
Choosing |U*(wi)| = 2(6a(wk) — |Go(ws) = Gnom(wi)|)"1V " (wk) therefore would re-
sult in §(wk) < bq(wi). However, because G, is unknown, we choose |U®(wi)| to be
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Figure 4.4: The error bounds and the true error: é,(w) (- -), (w) (—), é(wk) (0),
B(wr) (%), |Go(w) = Grom(w)| (=)

proportional to (6, (wy) — ﬂ(wk))_lvs (wk)-

In figure 4.6 the resulting error bounds are given, together with the allowable
error and the true error. Note that S(wy) provides a good indication of the true
error, and that the error bound §(w) can be made almost equal to the true error by
input design. Combining the two error bounds, which is possible because the nominal
model is fixed, proves that the actual error is indeed lower than the allowable error,
meaning that the true closed loop system will be stable. The controller therefore can
be implemented safely. However, the nominal model is not correct. A better nominal
model certainly is desirable. If the control requirements would have been slightly more
severe, a better (higher order) nominal model even would have been necessary to be
able to prove stability of the closed loop. Clearly, the modelling error in the frequency
interval w = [0.8,1.1] rad/s is crucial. A shorter experimentation time would have
been sufficient if the nominal model would have been more accurate in this frequency
interval.

The above demonstrates the interplay between the accuracy of the error bound (ex-
perimentation time), modelling accuracy (modelling effort, model order), and control
specifications (robustness, performance).
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Figure 4.5: |U®(wg)|, the magnitude of the DFT of the input signal in the interval
Y .

4.8 Conclusions

In this chapter a procedure has been presented to quantify the model uncertainty of
any prespecified nominal model, given a sequence of measurement data from a plant.
In the procedure presented the empirical transfer function estimate (ETFE) is used
to construct a -nonparametric- estimate of the transfer function in a finite number of
frequency points, together with an upper bound on the error. Through interpolation,
this error bound is transformed to a bound which is available on a continuous frequency
interval. A frequency dependent upper bound is obtained, which is much more tailored
to the needs of a robust control design scheme, than an H, bound. In order to obtain
a tight error bound, a special input signal is proposed (partly periodic) which has
advantages over -classical- sinewave experiments.

The estimated upper bound for the model error of a prespecified nominal model
can be split into three parts: one part due to the inherent uncertainty in the data, a
second part due interpolation, and a third part due to imperfections of the nominal
model. These three components can be tuned almost independently, by appropriate
experiment design and by choosing an appropriate nominal model. When the error
bound is too conservative in view of control design specifications, information is pro-
vided as to which action should be taken (new experiments or alternative nominal
model) in order to satisfy the design requirements.
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Figure 4.6: The error bounds and the true error: 8,(w) (- -), 6(w) (—), é(wk) (0),
B(wk) (%), |Go(w) = Grom(W)| (=)



Chapter 5

Mixed averaging — worst case model error
bounds

Summary

We consider the problem of identification for robust control design, while
focusing on the quantification of model uncertainty. A procedure is p-
resented to identify, on the basis of time domain measurement data, a
reduced order parametric model together with a bound on the model er-
ror, while using only minor a priori information. The measurement data
is assumed to be contaminated with a stochastic noise disturbance with
unknown spectral properties. For the parametric estimate we employ sys-
tem based orthonmormal basis functions, which can be generated by any
(control relevant) nominal model specified by the user. By applying data
segmentation, estimating a parametric model on each data segment, and
averaging over the resulting set of parametric estimates, in conjunction

tained asymptotically from the data. The model error consists of two parts:
an averaging (probabilistic) part, due to the stochastic noise disturbance
on the data, and a structural (worst case) part, due to the unmodelled
dynamics and unknown past inputs. The latter is explicitly bounded with
a hard error bound, while for the former a confidence interval can be speci-
fied asymptotically. For this analysis only minor assumptions are made on
the distribution of the noise. Proceeding in this way, an error bound which

is defined for each frequency w € [0,27) is established for the parametric

estimate can be split up into a parametric part and a nonparametric part.
Additionally, error bounds are obtained for the estimated parameters, the
estimated undisturbed output, and the discrete Fourier transform (DFT)
of the estimated disturbed output. These error bounds are important for
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validation of the prior information, the assumptions, and the error bound
obtained for the parametric transfer function estimate. Furthermore, they
may be valuable for analysis, prediction, fault detection, feedforward con-
trol and predictive control. The resulting error bounds appear to be highly
realistic and, as a consequence, suitable for high performance robust con-
trol design purposes. Moreover, separate bounds are obtained for all error
[sources. This enables an explicit tradeoff between bias (undermodelling)
and variance (noise) terms by choosing the model order, and provides an
answer to the question how the error bounds can be improved effectively
when the bound is too large in view of the robust control design require-
ments.

5.1 Introduction

The aim of this chapter is to find, from experimental data, a reliable and tight quan-
tification of the region containing (with a certain probability) the transfer function of
the system that generated the data. That is, we will address the problem of identifying
an accurate transfer function model, together with a quantification of the uncertainty
that is present in this estimate.

The identification of linear models together with error bounds is an important issue
that recently has attracted a lot of attention. In general terms, the transfer function
is one of the main tools used in the analysis and manipulation of the properties of a
linear system, and an error bound on an estimated model is indispensable for assessing
the quality of any model describing the dynamical system that underlies the measured
data. However, recent interest in identifying models specifically directed towards the
consecutive design of robust control systems, in particular has been a stimulus for
developing identification methods that provide model error bounds.

Early references addressing the problem of describing the uncertainty in a transfer
function estimate include e.g. Jenkins and Watts [86], Schweppe [159] and Ljung and
Caines [108], whereas comprehensive accounts of either spectral analysis or paramet-
ric identification methods are given in Brillinger [20] and Ljung [106] (for a concise
description we refer to section 2.3 and section 2.2).

The recent approaches to this estimation problem can be divided into two areas,
characterized by the type of error bounds that arise: soft (probab1hst1c) or hard (worst
|case) error bounds. The two different approaches are simply shown to be the result
of different priors on the data generating process, see e.g. Ljung et al. [112] and Hjal-

: marsson [83]. Thus, the type of uncertainty quantification that is obtained originates
| from the way in which the experimental data is assumed to be embedded in the data
| generating process, as was also discussed in section 2.1.

In view of robust control design, one would like to have available a model together

with a hard bound on the model error, measured in e.g. the Ho, norm of the additive
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model error. Employing system identification methods, the provision of such an error
bound is achieved by using the prior that the available experimental data is contami-
nated by 'hard bounded’ disturbance signals, as e.g. an £., bounded time or frequency
domain signal. This type of prior implies that the identification procedure has to allow
a worst case disturbance on the data at any time instant. As a result the error bounds
that are obtained will be highly conservative if this worst case disturbance on the data
is not actually present. Examples of approaches to this problem set-up which use the
prior that the noise is bounded in the frequency domain can be found e.g. in Helmicki
et al. [75], LaMaire et al. [98], and Gu and Khargonekar [62]. For an extensive discus-
sion on these approaches we refer to section 2.6. Examples of approaches to which use
the prior that the noise is bounded in the time domain are e.g. Wahlberg and Ljung
(182], Hakvoort [68], and many works in the area of bounded error and set membership
identification, as e.g. Fogel and Huang [45], Norton [132], Milanese and Vicino [125].
A further discussion of these approaches is given in section 2.5. The demerits of using

haru pllUl UUuIlub on lzllﬂ noise are (llb(,ubbe(l section 3.4 dIlCl section 3.3.

Experiences with real-life measurements show that quite often it can be motivat-
ed very well to describe disturbance signals on experimental data as realizations of
stochastic processes, see also and Goodwin et al. [54] and Ninness [130]. One of the
typical advantages of this description is that it allows the disturbance signal to be
characterized as a random (indifferent) signal, which is contaminating the data but
which is not worst case at all time instants, i.e. it is not ’playing against’ the exper-
imenter, see Hjalmarsson [83] and Kosut [93]. For an extensive discussion on these
issues we refer to section 3.4. The assumption of stochastic noise disturbances on the

data leads to identification procedures that provide soft (probabilistic) bounds on the
model errar, see e.g. Zhu [192], Zhu and Backx [194], Goodwin et al. [54], and Bayard

cIrol, sec C L2802 d4), 4008 allQ DaChX (1J%), FO00AWl €0 Q. joqy, allQ

[8]. This line of research is surveyed in section 2.2, sectlon 2.3 and section 2.4.

Clearly, the presence of noise disturbance on the experimental data is not the only
cause of model uncertainty, as uncertainty is also implied by undermodelling and the
effect of unknown past inputs (initial conditions) on the data. This has led to a further
diversification of the field of model uncertainty estimation, see section 3.5.

Also, when discussing the suitability of models as a basis for control system design,
the availability of reliable error bounds certainly is important in order to obtain robust
stability, and possibly also robust performance. However, it is the model that is used
as a basis for the design, and a bad model will not give rise to a good controller. As

a result, fhp 1r]Pn tification of suitable I‘nnﬂn]e anart from fho nnnnhﬁnahnn of their

nodels, apa, quantifi
uncertainty, is an important issue in identification for control design, see e.g. [11, 155,
175, 103, 48] and the concise overview given in section 2.8. A further discussion of the
requirements imposed on model uncertainty estimation schemes when the intended
use is high performance robust control design is given in section 3.7, emphasizing that
both the model as well as the model error bound should be suitable for robust control
design, and that the user should be provided with tools to shape the error bound to
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be in accordance with robust control design specifications.

Our problem formulation will be the following. Let the data generating system be
linear and time invariant, generating data sequences according to

y(t) = Go(q)u(t) +v(t)

®,(w), G, an exponentlally stable proper transfer functlon, and ¢ the forward shift

operator. Identify, on the basis of an experimental data sequence of input u(t) and

output y(t), a finite dimensional linear time invariant model, together with a bound

on the additive model error, where the model is suitable for control design, and where

the error bound is frequency specific and distinguishes between the three sources of
/uncezt,@igty: (1) undermodelling, (2) noise disturbance and (3) unknown past inputs
| affecting the data.

The distinction between the different sources of uncertainty is necessary in order to
obtain information a posteriori about how to improve the identification result and the
error bound in order to meet required performance specifications. When evaluating
the estimated error bounds, different decisions now may be made so as to effectively
improve the bounds, e.g. adjusting experimental conditions, adjusting model orders,
and adjusting the basis generating system (see below).

Our approach to provide a solution to the problem mentioned above contains three
characteristic features. The first one is that we will consider the model errors due to
unmodelled dynamics and unknown past input signals as deterministic unknown-but-

Losodad [woonat aoca) a1 Lo tha
pounaea \WULob case) qua.umuca, whereas the noise disturbance is considered to be

stochastic (averaging). The rationale behind these choices is discussed extensively in
section 3.4, section 3.5, section 3.6 and section 3.3. As a result, the error bounds that
we_ will derive will have both soft and hard components. That is, the error bounds

is that we will employ a perlodlc input signal and data Segmentatlon, yy(h,l,_c.hm,allows
us to clearly distinguish between disturbance effects which are supposed to average

out, and structural effects as unmodelled dynamics which remain unchanged when
experiments are repeated. The third feature is that the error bound can be specified
almost directly with respect to a low order control relevant model specified by the
user. That is, system based orthonormal basis functions, introduced by Heuberger [80]
and discussed in appendix E, are used for the parametric estimate. A control relevant
model now can be used to generate the basis functions. When this basis generating
model indeed provides good description of the measurement data, the model resulting
from the model error estimation procedure will be close to the basis generating model
specified by the user. Additionally, the basis generator can be used to incorporate
prior knowledge about the system, which may be uncertain or approximative. For the
importance of a model which is suitable for control design we refer to section 3.7.
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The combination of hard and soft components in the model error bounds constitutes

i the main deviation from existing methods, where either a worst case approach is taken,
leadlng to the before mentioned conservativeness, or a stochastic approach is taken,

Aw}gg_h‘__‘m@kes it complex to handle bias due to undermodelling. The deterministic
embedding of undermodelling errors and the stochastic embedding of noise errors is

however well-established in the classical identification literature, see e.g. [105, 106, 20].

The use of system based orthonormal basis functions should ensure that the iden-
tification procedure yields an accurate model which is suitable for its intended use. In
the literature regarding model error estimation, see chapter 2, there is without excep-
tion a strong connection between the identification of the model and the quantification
of its uncertainty. Thus, only identification methods can be selected for which error
bounds indeed can be derived, which often means that error bounds are established at
the expense of the accuracy of the estimate.

y The approach that we take consi 1e following three steps. First we wi
Bartlett’s procedure of periodogram averaging (see e.g. [136]). Employing a periodic
input signal and data segmentation, we will estimate an empirical transfer function
estimate (ETFE) on each data segment. This set of estimates is used to obtain an
averaged estimate, which is only defined in a finite number of frequency points, together
with an estimate of its variance. An asymptotic error bound, which reflects the effects
of unknown initial conditions and noise disturbances, while accounting for the fact

¢ that the variance is estimated, is established for the averaged estimate. In the second
step of the procedure we will fit a parametric model to the frequency domain estimates
obtained in the first step. System based orthonormal basis functions (see appendix E)
are used to construct the model set. In this second step a_bias contribution due to
undermodelling is introduced, but we can reduce the variance contribution (due to the
noise) by a reduction in the number of parameters that has to be estimated from the
data. For the merits of such a procedure to tradeoff bias and variance errors we refer

(Y to section 3.8. In the third step, the set of parameter estimates is used to specify a set
of transfer function estimates. An frequency specific asymptotic bound on the error in
the averaged transfer function estimate will be established. This error bound is defined
for each frequency w € [0,27), and can be separated into components which account
for the different sources of uncertainty. Alternatively, the third step can be used to
transform the set of parameter estimates to a set of undisturbed output signals which
arise in response to an arbitrary input signal specified by the user, and an asymptotic
bound on the estimation error mram can be established. ,q_lmll?_ﬂ" an error bound on
the discrete Fourier transform (DFT) of the disturbed output signal is obtained. The
Jconstruction of these error bound requires only minor a priori information concerning

{the data generating process. An upper bound on past values of the input signal, on
'the system’s impulse response, and on the generalized expansion coefficients is required

\a priori. However, procedures will be provided to accurately estlmate the latter two
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Comparing the above results to closely related previous work, we have the following
remarks. The classical results, see e.g. Ljung [105, 104, 106], Ljung and Yuan [113]
and Brillinger [20], specify the asymptotic distribution of the error for parametric
identification methods and spectral analysis. Although these results are excellent for

quantification of the bias due to undermodelling c.q. windowing, while the bias can be
considerable. Only an implicit expression for the bias are available c.q. the expression
for the bias contains the unknown first and second derivative of the system with respect
to frequency, and the variance contribution contains the unknown spectrum of the
noise. For a further discussion we refer to section 2.2 and section 2.3.

The results given in Zhu [192] and Zhu and Backx [194] are in line with the clas-
sical results as stated above. The error bounds are obtained by neglecting the bias
contribution and the fact that the variance is estimated.

In Bayard [8] the noise is assumed to be normally distributed, the noise filter is
assumed to be known, and the deviation from a steady-state situation is not taken into
account. However, the results of [8] are nonasymptotic.

noise as well as for the error due to undermodelling. Both the distribution of the noise
and the distribution of the undermodelling error are assumed to be known, up to a
number of free parameters which are estimated from the data. The fact that these
parameters are estimates of the true values is neglected. This leads to nonasymptotic
error bounds. For a further discussion we refer to section 2.4 and section 3.5.

The work on hard error bounds is reviewed in section 2.6 and section 2.5. Hard
prior bounds on the noise in the time or frequency domain are required as prior infor-
j| .mation, and the resulting models and/or model error bounds are not suitable for high
performance robust control design.

For a further and more extensive discussion on the above topics we refer to chapter 2
and chapter 3.

The remainder of this chapter is organized as follows. Section 5.2 contains the
assumptions and a priori information. In section 5.3 an error bound for the nonpara-
metric empirical transfer function estimate (ETFE) is formulated. Subsequently, in
section 5.4, a reduced order parametric model is fitted to the ETFE using system
based orthonormal basis functions, and an error bound is established for the transfer
function of this model using the results of section 5.3. This error bound constitutes
the main result of this chapter. In section 5.4.5 and section 5.4.6 error bounds for the
response of the system to an arbitrary input signal are derived. A simulation example
is presented in section 5.7. A Monte Carlo analysis of the results in nonasymptot-
ic situations is performed in section 5.8. The behaviour of the error bounds under
mild violations of the assumptions is studied on a simulation level in section 5.9 and
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section 5.10. Finally, section 5.11 contains the conclusions.

A simplified version (section 5.3 and section 5.4 specialized to FIR models) of the
procedure presented in this chapter has been accepted for publication as [36].

5.2 Assumptions and prior information

plant, allow a description
y(t) = Go(q)u(t) +v(t) (5.1)

with y(t) the output signal, u(t) a bounded deterministic input signal, v(t) an additive
noise, ¢ the shift operator, and G, the proper transfer function of the system, being
finite dimensional, time invariant and exponentially stable. The transfer function can
be written as

Go(2) = Y go(k)z™* (5.2)
k=0
= D+ LVi(2) (5.3)

k=0

with g,(k) the impulse response of the plant, and L the generalized expansion coef-
ficients, see (E.6). We will consider scalar (single input, single output) systems. The
output disturbance v(t) is represented as ‘

o(t) = Ho(@e(t) 7 7T (54

where ¢(t) is a sequence of independent identically distributed random variables, with
zero mean values, variance o2, and bounded moments of all orders, and where H, is a
stable proper transfer function.

We will denote the discrete time intervals for input and output signals by the integer
intervals TV = Zn[0,N — 1], T{, = ZN[Ns, N + N, — 1] with N and N, appropriate
integers. We will frequently partition the time interval TI{}’s with N = rN, in r time
intervals of length N,, denoting T; = ngl)NﬁN&, 1 =1,---,7. The subscript ¢ will
indicate a variable that originates from the i-th time interval T;, e.g.

zi(t):=z(t+ (i —1)N, + N;) where teT" (5.5)

For a signal z;(t), defined on T;, we will denote the discrete Fourier transform (DFT)
by

No—1 2k

S mi(t)e? W' for keTM (5.6)

j21rk: 1
Xi(e No ) =




ii.

iii.
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For a signal a(¢) being defined on T, we will denote

4

1

RV
t

s ey -2k N
X*(e ): z(t+ Ns)e? N*' for keT (5.7)

=

A%

1l
o

Some specific sets of frequencies that arise in the DFT are denoted as

QNO = {2NLk?k=0$1y"'aNo_1} (58)
Oy, = {wr €Qn, | [Ui(e*)] > 0} (5.9)
Finally we will denote
%:= max |u(t)| (5.10)
teTN+Ns

Throughout this paper we will assume to have available the following a prior informa-
tion on the past input signal and the system. Note that Ly € IR'*™ for all £ € N,
where n, is the McMillan degree of the basis generating system, see appendix E.1.

Assumption 5.2.1 We have as a priori information that

. there exists a finite and known @P € IR, such that |[u(t)| < @P fort <0

there ezist finite and known M € R and p € R, with p > 1, such that |g,(k)] < Mp~*
for k € IN.

there ezist finite and known K € R'™ and 5 € R, with n < 1, such that |Li| < Kn*
for k € IN.

i The a priori information on M, p, K and 7 need not be tight in first instance. These_

| priors can be estimated or improved using the measurement data, as will be discussed
in section 5.4.2 and section 5.4.5. The a priori information on @” is given by the
actuator constraints.

5.3 Error bound for ETFE

5.3.1 Introduction

In_this section we will construct a nonparametric estimate G of the system’s transfer
function G,, by averaging over a set of empirical transfer function estimates (ETFE’s).
For this estimate, which is only defined at a finite number of frequency points, we will
establish a confidence interval a(wy) such that |G,(e’*) — é(ejwk)l < a(wy) with a
prespecified probability. In order to achieve this, we will pursue the following strategy.
Experimental data is available over a time set of length N; + N. This time set is
composed of a first interval of length N, not used for identification, and consecutively
r intervals of length N,. We consider an input signal that is periodic with period N,, so
that in each of the r intervals the same input signal is applied. Subsequently, an ETFE
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is made over each interval, and @ is obtained by averaging over these ETFE’s. This
procedure is similar to_Bartlett’s procedure of periodogram averaging, see [136, 20],
and is also proposed by [105]. The choice to use a periodic input signal and averaging,
and the significance of Ny, will be clarified at the end of section 5.3.2.

Because of the periodicity of the input signal u(t) it follows that

Qy =Qy, forall i=1,---,r (5.11)

5.3.2 Nonparametric transfer function estimate

Define the following estimates

R . Y; Jwik ]
Gi(evr) = E’E—Zﬁ for i=1,2,---,r wp €0, (5.12)
A 1em ~ , .
JWk = = i JWk 5.13
Glers) 1= T3 Gi(e) (5.13)
Employing the system’s equations, similar as [106], results in
A Wk jw JWi Vvi(ejwk )
Gi(e79F) = Go(e7“F) + S;(eI“r) + W (5.14)
where (&)
. Rl eJvk
S, (edwr) = =2 2 5.15
() = 5 o) (5.15)

with R;(e’“*) a component which is due to unknown past inputs, i.e. input samples
preceding the time interval under consideration. We will split the analysis into two
parts, separating bias and variance issues, by defining the auxiliary variables C:'Z-(ej“”c)
and their average G;(e/“*) as

Gi(e7x) = Gy(e?*) — Si(e7*) = Go(e?™*) + Us(er) (5.16)
G(efwr) = %;Gi(ej“”c) for wp € QY (5.17)
Using the triangle inequality we find
|Go(e?r) = G(e4)] < |Go(e?r) = G(e7*%)| + |S(e+)] (5.18)
with .
S(e9) 1= Gle™h) = Ge™) = = 37 8i(e) (5.19)

=1
Considering the inequality (5.18), the first term on the right hand side is the variance
contribution to the error, which is due to the noise disturbance on the data. The



5.3 ERROR BOUND FOR ETFE 81

second term on the right hand side of (5.18) is a_bias contribution, which is due to
unknown past inputs. A confidence interval for the first (stochastic) term has to be
determined on the basis of its distribution, whereas a hard bound will be derived for
the second (deterministic) term.

For the bias contributions S(e’*) and S;(e’“*), which will be of interest in the
sequel of the paper, we have the following results.

Lemma 5.3.1 Consider the variables S;(e?“*), S(e“*) as defined in (5.15), (5.19).
Let the input signal be periodic with period N, for t € TN+Ns with N =rN,, r € IN,
r2 1. Then, for allw, € Qf, andi=1,---,r

1 a"+a Mp(l—p~™) _iiyn,-n,

Sie?x : 5.20
SIS IR Te (=17 (5.20)
. 1 a?+a Mp(1-p~N)
[S(e7*x)] < » p~Ne (5.21)
/N, [Ui(e*)]  (p— 1)
Proof: See appendix B.1. O

Upper bounds on the bias contribution S(e’“*) in situations of general nonperiodic
input signals can be found in Ljung [106] and LaMaire et al. [98].

Establishing the distribution of the variance contribution |G,(e/“*) — G(e/**)] is
more involved, and only results are available which are asymptotic in N,. Because the
difference G, (e7**) — G(e7“*) is entirely due to the noise, see (5.17) and (5.16), a first
essential step is to find the asymptotic distribution of the DFT of the noise. This has
been achieved by Brillinger [20].

Theorem 5.3.2 Brillinger [20]
Consider vi(t) as defined in (5.4), (5.5), and let V;(e?**) be the DFT of v(t) as defined
in (5.6) with wy € Qp,. Let

Re{Vi(e’**)} |
Im{V;(e?*)}
o | Re{Vi(ei*e)}
’ Im{V;(e’*¢)}
Re{Vm(ej““-’)}

| I {Viu(e™0)} |

where wi,we € Qn,, wk # we, and 1,m=1,---,7, i #m. Then, as N, — 0o
‘V/No i)'/\[(OaA)

meaning that Vy, converges in_distribution to the normal distribution with zero mean
and_covariance matriz A, where A is a diagonal matriz with diagonal elements given
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by
var[Re{V,(e’*»)}] = var[lm{V,(e/*r)}] = JoZ|Ho(e’*r)|*  for  w, #0,7
var[Re{V,(e?“r)}] = o2|H,(e*r)|? for  w,=0,7
var[Im{V,(e’*»)}] = 0 for  w,=0,7

forw, € Qn, andg=1,---,r

Theorem 5.3.2 states that the elements of the vector VND are asymptotically uncor-
related and jointly normally distributed, which implies that they are asymptotically
independent, see e.g. [147]. Because U; is independent of ¢ due to the periodic input,
it follows from theorem 5.3.2 that asymptotically the auxiliary variables G;(e/“*) are
independent and identically normally distributed. Considering (5.16) it now follows
that G(e’“*) is asymptotically normally distributed with expectation G,(e’“*). How-
ever, the variance Qf_é(e?‘f’k) is still unknown. We will quantify this variance on the
;b_asis,of measurement data. To this end we define the estimate

62(G(eiwr)) = oD Z[G elor) — Gy(edwr)|? (5.22)

Although this estimate is not available from the data, as the auxiliary variables G(edr)
and G;(e’“*) are unknown, we can bound its difference with the estimate

57(G(e7x)) ZIG (e7%) = Gi(e?)|? (5.23)

ACHL A,

Lemma 5.3.3 Consider the estimates 62(G(e?**)), 62(G(e7*)) as defined in (5.23),
(5.22). Let u(t) be a periodic input signal with period N, fort € TN+Ns with N = rN,,
r € IN and r > 1, and let wy € Q. Then

|67(G(e7+)) = 67(G(e7))| < S(wk)

with

T

LS (@A) || B3| + [Bi(en)[?) (5.24)

S(Ld}c) = m -

and
A =10 = Gier)

|Bi(e?x)| = ———|5( O+~ Z | Sm (€7%)

where S;(e7%), Sy (e7“%) are bounded by (5.20).
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Proof: See appendix B.2. a

Note that the difference between the random variables (5.23) and (5.22
o

c
realizations of random variables only, i.e realizations of G;, G, and therefore ca

hounded with a hard error bound.

Using theorem 5.3.2 and the auxiliary estimate &2(G(e’“*)), the distribution of the
difference between the auxiliary transfer function G(e’“*) and the system’s transfer
function G,(e’ *) now can be completely specified asymptotically in N,.

Lemma 5.3.4 Consider the auziliary transfer function G(e?**), (5.17), (5.16), and
the estimate of its variance (5.22). Let the input signal be periodic with period N, for
t € TN+Ns with N=rN,,r € N and r > 1, and let wy € Q% . Then, as N, — 0o

|Go(e79%) — G(ed“*)? d F(2,2(r-1)) wg#0,7
52(G(ei*r)) F(1,r-1) w =0,

where F(n,d) denotes the F distribution with n degrees of freedom in the numerator
and d degrees of freedom in the denominator.

Proof: See appendix B.3. a

Combining lemma’s 5.3.1, 5.3.3 and 5.3.4 and (5.18) leads to an error bound in terms
of a confidence interval, that can be calculated on the basis of measurement data. In
formulating this confidence interval, we will adopt the following notation

Fy(m,n) ={Plz < a], z € F(m,n)} (5.25)

meaning that a random variable z which is distributed as F'(m,n) is smaller than «
with probability (w.p.) given by Fo(m,n).

Theorem 5.3.5 Consider the transfer function G(e7“*), (5.13), (5.12), and the es-
timate of its variance (5.23). Let the input signal be periodic with period N, for
t € TN*Ns with N = rN,, r € IN and r > 1, and let wi, € V. . Then, asymp-

totically in N, S
Loes \,..-.4.?\(_” ¢ T
) N ) § ~ F,(2,2(r -1 0,
|Go(e™) = G(e™)] < [S(e™*)[ + Yalwi)  wp. 2 { "‘E (r X )) wk #0,7
LFa\l,T——l} wp = 0,7
where S(e7*) is bounded by (5.21), PR

and S(wy) 1s given by (5.24). df
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Proof: See appendix B.4. O

Further analysis of the properties of the estimates being used gives rise to the following
remarks.

e The estimate é(ej“k) is a consistent estimate of G,(e’“*); its bias decays as
p~N:/\/rN, see (5.21), and its variance decays as 1/r, see (5.28).
Asymptotically in N, the estimate 62(G(e’**)) is a consistent estimate of
var[G(e/*)]; asymptotically in N, the_estimate is unbiased and its variance
decays as 1/(r — 1), see (B.6) and (B.5) in appendix B.3.

Thus, for the components of the error bound given in theorem 5.3.5 there holds

|S(e?*¥)] — 0 as p~Ne/VrN
S(wy) — 0 as p~Ne/(rVrN)
[ 62(G(edr)) — var[G(e?“*)] as 1/(r—1) asymptotically in N, (5.27)

var[G(e?“*)] — 0 as 1/r

e The variance of G(ej‘“k) is given as the noise to signal ratio in the frequency
domain

var[é(ejwk )] _ V&I‘[Vs(ejwk )] _ 1 var[Vs(ej“"c )]

T |Us(e7r) 2 = r [U:(e7%)[? (5.28)

see (5.13), (5.12), (5.7), (B.1), where
var[V*(e7r)] — ®,(wy) = o2|H,(e?*)[2 as 1/N
see [105].

e The estimate,,é(ej‘”k) is only defined at the finite number of frequency points in
aQy .

Summarizing, the periodic input yields an estimate having a variance that quickly
decays with the number of averages, and enables a considerable reduction of the bias
¥~ due to unknown past input signals by using N,. Furthermore, the periodic input offers
the opportunity to completely characterize the asymptotic distribution of the estimate,

i.e. including the fact that an estimate of the variance is used, without heavily relying

on a priori knowledge of the noise, see lemma 5.3.4.

The advantage of the averaging (5.13), in conjunction with a periodic input signal,
over windowing techniques which average over neighbouring frequency points, is that
jan estimate of the true transfer function with decaying variance is obtained without in-

| troducing bias due to windowing. However, averaging reduces the frequency resolution:
an estimate is obtained at only IV, instead of N frequency points.
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5.3.3 Input design

In view of experiment design, the error bound of theorem 5.3.5 has the following
implications. The bias contributions [S(e?“*)| and S(wk) can be reduced most effec-
tively by increasing Nj, see (5.21), (5.24), (5.20). Considering the estimated variance
52(G(e?*)) it follows from (5.27) and (5.28) that |U;i(e?“*)| should not be too small at
any frequency wy, € V. To arrive at an error bound which is less than some prespeci-
fied frequency domain bound K (ws), resulting e.g. from the robustness properties of a_
controller that has been designed for the system, the input |U;(e’“* )| should be chosen
ta_be proportional to

/var[Ve(e?*)] /K (w) for all wy € Q% . Such an input, having

a small time domain magnitude @ in addition, can be designed using the results of

- are not adequate input signals: |U;(e’“*)|? will be an erratic function of frequency, see
(106, lemma 6.2], resulting in an erratic estimate and error bound.

5.4.1 Introduction

In the previous section we have obtained a sequence of nonparametric estimates G;(e’*),
wg € Qy_, 4 =1,---,7, together with a bound on the error in the averaged estimate
G(e’*). This implies that we only have information in a finite number of points on
the frequency axis. In this section we will use the frequency domain data, as obtained
in the previous section, to provide a reduced order parametric model together with
a_model error bound that is defined on the whole frequency interval w € [0,27). In
view of robust control design, based on an estimated model of the system, a model
error bound that is defined for all w € [0, 27) is essential in order to be able to reliably
predict stability and performance properties of the closed loop consisting of the true
system and the designed controller.

The parametric identification introduces bias due to undermodelling. However, the
variance can be reduced by restricting the number of estimated parameters. Hence,
by choosing the model order, bias can be traded against variance, allowing for a lower
error bound. We will derive explicit bounds for the bias and variance errors, enabling
a clear tradeoff between these terms.

We focus on parametric methods instead of spectral analysis techniques (window-
ing) to improve our results since Ljung [105] has shown that parametric methods allow
for a faster convergence to zero of the mean square model error, due to the fact that
specifically tailored model sets can be chosen when using parametric identification
techniques.

For the parametric identification we will use system based orthonormal basis func-
tions, which were introduced by [80]. That is, we will employ a linear combination of
a finite number of these generalized orthonormal basis functions to model the system.
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We will refer to such a model as a generalized FIR model. These generalized basis
functions include the well-known pulse functions (resulting in a FIR model), Laguerre
functions and Kautz functions (see [180]). System based orthonormal basis functions
have a number of very valuable properties. In appendix E the theory and the merits
of system based orthonormal basis functions are discussed, and two examples are giv-
len. The main advantage is that the basis generator can be used to incorporate prior
linformation about the system. This information may be uncertain or approximative.
However, the more accurate the basis generating system, the more simple the system
representation will be. To be more precise, a basis generator whose poles are closer to
those of the system yields a higher rate of convergence of the parameters Ly to zero,
i.e. a higher n in |Lx| < Kn*. The basis generator can e.g. be a nominal model of the
system, obtained by any identification technique or by physical modelling. A control
relevant nominal model therefore can be used as the basis generating system. Control
relevant identification procedures are discussed in [11, 155, 175, 103, 48], see also the
concise overview given in section 2.8.

_First, in section 5.4.2, we will estimate the parameters of a generahzed FIR model,
by using the set of nonparametric frequency domain estimates Gz(eﬂ“’k), and an error
bound for the estimated parameters will be derived. Based on these results, in sec-
tion 5.4.3 an error bound will be established for the transfer function corresponding to
the estimated generalized FIR model. Additionally, in section 5.4.5 and section 5.4.6
the estimated generalized FIR model will be used to obtain an estimate, together with
an error bound, of the undisturbed and disturbed output of the system in response to
an arbitrary input signal, respectively.

The presentation will be short; the methods used are similar to those of section 5.3.

5.4.2 Parameter estimate

We will consider a generalized FIR model structure, of order n, — 1, determined by

Aip—1
G(e',0) = D+ Z LiVi(e?*) (5.29)
k=0
= 9(e’*)f
with
_ np —1
np = pnb
§ = [D Lo -+ La,1]" (5.30)
9(e™) = [L Vg (e?) - Vi _y(e7)] (5.31)

where the superscript 7 denotes the transpose, and n;_is the McMillan degree of the
basis generating system, see appendix E.1. Define

U = 7)) 9T(e56) - 9T (7))
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G = [Gi(e™) Gi(e™?) --- Gi(ePMn)T (5.32)

where éi(ejCk) is defined in (5.12), and where the frequency points (x, k =1,---, Np,
constitute a set 0P C Q% | satisfying that the e/ come in complex conjugate pairs.

generalized FIR model (5.29) is obtained by the following weighted least squares cri-
terion
f; = arg min |W (G; — UO)||3 (5.33)

where 6 ranges over an appropriate parameter space © C R™?, and W € CNe>*Ne g g
weighting matrix. This weighting matrix, which will be discussed in more detail at the

Similar to the previous section, the final estimate is obtained by averaging over the
different sections of the data

U R
= - 0,; .34
0 - ;:1 (5.34)

We will now set out to find an expression for the difference 6 — 0,. As an alternative
expression for (5.33) we can write

b; = TG, (5.35)

with
¥ = (O*'W*WOU) ' O*W*W (5.36)

where the superscript * denotes the complex conjugate transpose. From (5.14) it
follows that

Gi(e?wr) = 9(e7F )0, + Z(e7%) + Si(e?k) + Fi(elwr) (5.37)

for wy, € Q}t,o, with

0, = [D Lo -+ Ln,—1]" (5.38)

Z(eMr) = > LVa(e*) (5.39)
L=np

R = e (5.40)

‘L( ) - Ui(ejwk) ( . )

where Z(e’*) is the error due to undermodelling, S;(e’“*) is the error due to the

unknown past inputs (5.14), and F;(e’“*) is the error due to the noise. Using (5.37)
and (5.35) we now find that

0; — 0, = VZ + TS; + TF,; (5.41)
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with
Z = [Z(e7) Z(e52) - Z(e3M)]T (5.42)
S, = [Si(e’) Si(e7¢?) .. Si(e?me )T (5.43)
Fi = [F(e0) F(?) - R (5.44)

Hence, using (5.34) and (5.19), it follows that

. 1 —
-0, = VZ+US+=> UF, .
6-6 + +T; , (5.45)
- zp+sp+12r:\1,;:.
r 1=1 I
with
S = [S(e”) S(e7¢2) - S(e7Nr)]T (5.46)
2P = ¥Z
sP = W¥S

To separate bias and variance issues, similar to the technique presented in the previous
section, see (5.16), we introduce the auxiliary variables 8; and 6

0; = 0, + UF;
- 1 —— -~

= - 01_
6 T;

Furthermore, we will use an estimate of the variance of the estimated parameters,
analogous to (5.23). To be able to formulate this estimate, we have to introduce some
additional notation.

Let z(m) denote the m-th element of a vector  and X (m, 1) the m,i-th element of a
matrix X.

The estimated variance of §(k) now is defined for k € Z N [1,n,)] as

T
~ 1 R .
~2 — Ak
52(B(k)) = S 16(k) — 6tk (5.47)
r(r—1) 4

1=1
In line with lemma, 5.3.3, we can bound the difference between the estimated variances
nf tha naramaotar agtimaton Zj and tho mnknown anviliarv variahla 5 ac formmnlatad in
AllAUT UV Uil U1V UlliDliuvuyywil auadiios VALIQAUIU VUV, GO 1viiiiuidvvou 1ii

Ul vl palalliCuCl ©oul

the following lemma.

Lemma 5.4.1 Consider the estimates 62(0(k)), 62(8(k)) as defined in (5.47). Let the
input signal be periodic with period N, for t € TN*Ns with N = rN,, r € IN and
r>1, and let k € Z N [1,n,]. Then
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with

> (2 |A(k)| [BI (k)| + |BE (k)[*) (5.48)

= o ]

and

| AZ()| = 16(k) — i(k)]

BB < = 3 Ist (k) + T2
m=1
NP

(SO < Y NGk m)] [y
m=1

where S;(e7¢m) is bounded by (5.20).

Proof: The proof follows along exactly the same lines as the proof of lemma 5.3.3. O

We are now ready to formulate an error bound on the estimated parameters.

shp,etoned vrrefinl,

Theorem 5.4.2 Conszder the estimated parameters 8, (5.34), (5.35), and the estimat-
ed variance (5.47). Let the input signal be periodic with period N, fort € TN+Ns  with
N =7rNy,,r € Nandr > 1, let n, < N, < N,, and let m € Z N [1,np]. Then,
asymptotically in N,

60(m) — B(m)| < | (m)| +]2P(m)] +2(m)  wp. > Fa(l,r —1)

e ~
iv’rr’ cowr ~d oyt

with

Np
|sP(m)| < Zl‘ﬂm’@)llS(e“‘)l

Ap—1 N N
|7(m)| < K Y |3 Wk V(e + KT — " Zmu (k, 0)]|Vo (7))
k=mp £=1 E 1

1

(m) < Va (62(B(m)) +57(m))”

for any np € N, fip, > @,, while SP(m) is given by (5.48), and S(e’*t) is bounded by
(5.21).

Proof: See appendix B.5. (]

The bound on the parameter error formulated in theorem 5.4.2 consists of three sepa-
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A standard result from statistics is that the variance of the estimated parameters
0 is minimized by choosing the matrix W*W to be proportional to the inverse co-

variance matrix of the estimate é(ej‘”k). Asymptotically in IV this covariance matrix
is proportional to a diagonal matrix with diagonal elements var[V;(e?“*)]/|U;(e?*)|?,
we = G, *,CN,, see (5.28) and theorem 5.3.2. A good choice for W therefore is
W = diag(1/6,(G(e7)) --- 1/6,(G(e’*¥))). The weighting matrix W of course also
can be used to affect the bias distribution over frequency of the estimated generalized
FIR model, see [105].

Comparing the above result with the results for parametric identification as ob-
tained by [105] and [106, appendix II.2] we have the following four remarks. Firstly,
we have established an expression for the distribution of the error that can be calculat-
ed from the data, also if the noise is colored. Secondly, the bias due to undermodelling
has been explicitly bounded. Thirdly, we have obtained an estimate of the variance of
the estimated parameters (5.47) that is consistent in the presence of undermodelling.
That is, the estimated variance converges to the true variance as IV, and r go to infin-
ity. Recently, consistent estimates for the variance of a parameter estimate have also
been established by Hjalmarsson [85, 83], considering time domain prediction error
methods. Finally, a consistent estimate of the covariance matrix of the nonparametric
estimate G(e/“*) is available, and this estimate is independent of the parametric mod-
el. A good approximation of the best linear unbiased estimate (BLUE) therefore can
be obtained by choosing W as mentioned above.

Because the a_priori information K and n on the generalized expansion coefficients of
the system largely determines the bound on the error due to undermodelling zP(m), a
correct and not overly conservative choice for K and 7 is of major importance. This also
holds for the frequency domain error bound on the transfer function of the estimated
generalized FIR model as given in theorem 5.4.4 and theorem 5.4.5 in the next section.
However, obtaining the a priori information K and 7 is largely an open issue in model
uncertainty estimation. Helmicki et al. [79] state that in practical applications such a
priori information typically is obtained through some ’engineering leap of faith’. An
important contribution of theorem 5.4.2 is that it provideus a simple and. effective way

with the resulting error bound on the estunated coefficients (the estimated parameters).
This implies that the prior information X and 7 can be improved iteratively by adapting
K and 7 to match the resulting error bounds on the estimated coefficients. Clearly,

such a nrocedure cives no cuarantee that the nrior information (nvt:n hv K and n 1c

sulil @ paLLOUalT BIVOD 11U SUudrauiuvDh viidy viiT pliUl JLIULILGLIVEL iVl @il

correct, but it significantly reduces the ’engineering leap of faith’ involved.

When evaluating the prior information, one should consider the following. The
true parameters 6,(k) (generalized expansion coefficients) will converge to_zero with k
when the system and basis generator are exponentially stable. However, the estimated
parameters will only converge to a zero mean stochastic process, due to noise distur-
bances. Thus, the size of the confidence interval will not converge to zero, but the
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confidence interval will become centered around zero. Therefore, the prior information
should be required to encompass the confidence interval for k < k. only, while allowing
it to cross the confidence interval for k > k., where k. is such that zero is contained
in the confidence interval for & > k.. Also, we would like to stress that it is important
that the tails of the confidence intervals indeed contain zero. When this is not the
case, it is not possible to estimate the prior information reliably, since it is not known
where the prior information is allowed to cross the confidence interval.

The above observations emphasize the fact that a confidence interval is indispens-
able to reliably estimate values for K and . When a confidence interval is not available,
it is not known whether the deviations of the estimated parameters from zero are due
to undermodelling or are likely to be due to the noise.

A procedure similar to the procedure proposed above to estimate K and 7, can be
applied to estimate M and p, using the results of section 5.4.5.

(see assumptlon 5.2.1.i). This bound can be obtamed from the_ agtua_t_or‘_cg_rwlsfc,ral,n_t_s.
If the error due to past inputs is indeed very small with respect to the other error
components (as should be the case), the error bounds are not at all sensitive to the
actual value of 4? (or the values of M and p). Thus, an incorrect or very conservative
choice for @P will hardly affect the error bounds in this case. .

5.4.3 Parametric transfer function estimate

Using the estimated parameters of the generalized FIR model an estimate of the trans-
fer function with an error bound can bﬂ obtained for ar fw:nnpn v W clo 9'71'\ The

1CL 1uliLuivil vv;uu anl error bouna can < Dtained 1or 11 CY S (V& 4 10

estimate of the transfer function at w is, for any [O ) efined

Gf(e%) := P(e?) (W 0] 6 (5.49)

where
P(e™®) =1 V§(e*) - Vi _i(e)]

and W € €™ *"™ is a weighting matrix, with ny = 7if ny + 1, where n; is the McMillan
degree of the basis generating system. This weighting matrix, which will be discussed
in.more detail later at the end of this section (page 95), can be seen as a regularization
of the estimated parameters towards agreement with a prior knowledge such as e.g. an
exponentially decaying sequence.

Similar to the previous sections, the final estimate is obtained by averaging over
the different sections of the data

Fe?w) = = ZGf (e?) (5.50)
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We will now set out to find an expression for the difference G, — GY. From (5.41) we

find that
Go— Gl =T+A-2 -5/ —7F, (5.51)

with
r =PI-W)4,

A = iLka

k=nj
zl =1z
s/ = 75
T(e’*) = P(e?*) [W 0] ¥ (5.52)
We will denote
P={Pp Py Pa,o1]:i=P(I-W) (5.53)

with the appropriate dimensions for Pp and Py, i.e. Pp € € and P, € C*™ for
k=0,---,75—1.
From (5.51), (5.50) and (5.19) it now follows that

A 1 o
s —Gf =T +A-2zf -8/ —Y= :
G,—G +A-27 -5 TZF,

with
1 T
f—v2 .=
§T=1-3%5=1s
=1
To separate bias and variance issues, similar to the technique presented in the previous
sections, we introduce the auxiliary variables

Gl(e7) = G,(e) + TF; (5.54)

Gf(e*) = %ic}{(em (5.55)

Furthermore, we will use an estimate of the variance of the transfer function estimate
G' (&%), defined as

62(G (7)) = ———— S |G (ev) — G (e (5.56)

Because the real and imaginary part of the averaged auxiliary variable G/ (e7“) are not
independent (as was the case for the nonparametric auxiliary G(e’“*) in section 5.3.2),
we will give separate confidence intervals for the real and imaginary part of the error.
Subsequently, we will show that these separate confidence intervals can be combined
to_specify a rectangular confidence interval in the complex plane.




5.4 ERROR BOUND FOR GENERALIZED FIR ESTIMATE 93

Lemma 5.4.3 Consider the estimates 52(G/ (%)), 62(G7 (e7%)) as defined in (5.56).
Let the input signal be periodic with period N, for t € TN+tNs with N = rN,, r € IN
and r > 1. Then, for allw € [0, 27)

157 (Re{G (e7°)}) — 67 (Re{G/ (e7)})| < S (w)

with

T

>_214] ()| 1B] ()] + B (7)) (5.57)

§'w) = r(r—1) P

and
|Af ()] = Iéf(ej“)—éf(ej“)l

|B] ()] < —lef eJ‘”)I+—I$‘f(e’“’)l

/()] < ZIT ) 18i(e7)]

where S;(e*m) is bounded by (5.20).

Proof: Similar to the proof of lemma 5.3.3. a
enctovetered urcetinety
CBTheorem 5.4. 4 C’onszder the estimated transfer function G¥ (e7*), (5.50), (5. 49), and
the estimated variance 52(G¥ (e7*)), (5.56). Let the input signal be periodic with period
N, fort € TNtV with N = rN,, r € N and r > 1, and let ny < np < N, < N,.
Then, asymptotically in N,, for all w € [0, 2T)

|R€{Go(ejw)}_Re{éf(ejw)}, S |Sf(ejw)|+|Re{A(e]w)_Zf(ejw)}l
+Re{T(e™)} +9f(w) wp. >Fa(l,r—1)

with

Np
ST ()] < Y10 1S(e7%)]

fip—1

[Re{A(e?) = Z7(e™)}| < K ) n*[Re{Vi(e’)}|
k=g
np—1 Np
+K Y 0 Re{Vi(e™) = 3 T(O)Vi(e7)}
k=7, =1

=1

Np
+1c— (wo &) + er |Vo(€]<’)|>
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Af—1
[Re{T'(e’)}| < M|Re{Pp}|+K > |Re{Pn}Tn™

m=0
1

Va (62(Re{G/ (e)}) + 8/ (@)

for any 7p, € N, Ay, > Ay, while S¥(w) is given by (5.57), and S(e’%t) is bounded by
(5.21).

IN

V()

Proof: See appendix B.6. |

Replacing Re{-} in lemma 5.4.3 and theorem 5.4.4 with Im{-} gives a confidence in-
terval for the imaginary part of the error.

The result given in theorem 5.4.4 does not directly provide a specification of a re-
gion in the complex plane that, with a certain probability, contains the true transfer

function. A straichtforward solution to this nroblem of specifving the simultaneous

110 vV, A SuidapiaiuiUl Wad G SUIULiUNL viils plORECll OL SpOLIlyiily vl SilllUlivalicl

probability of two dependent random variables follows from the Bonferroni inequality
which reduces a simultaneous probability statement to individual probability state-

ments
m

Plai<ai,i=1,,m >1=Y (1 - Plz; <ai) (5.58)
=1
see e.g. [87]. Thus we can specify a lower bound on the probability that the true
transfer function lies in a rectangle in the complex plane by using theorem 5.4.4. That
is, the rectangle in the complex plane, specified by using theorem 5.4.4 for the real and
imaginary part of the error, has at least probability

1—-(1—=F,(1,7r=1)) = (1= Fs(1,r — 1)) = Fao(l,r — 1) + Fa(l,r —1) — 1

to contain G,(e’*), where F,(1,7 — 1) and Fg(1,7 — 1) denote the probability level for
the real part and the imaginary part, respectively. Note that if the probability levels
are high, then the Bonferroni inequality (5.58) yields values that are very close to the
probability level that would arise if the real and imaginary part were independent. For
individual probability levels of 99.5 % the Bonferroni inequality gives a simultaneous
probability of 99 %, whereas the simultaneous probability would be 99.0025 % if the
real and imaginary part were independent.

Alternatively, a joint confidence interval for the real and imaginary part of the error
can be derived, using Hotellings T? statistic (see e.g. [87, page 171]). Define the
estimated covariance matrix Y2(Gf(e’*)) as

se)]”
()}
(5.59)

Re{G!(e7*) —

S2 Af (i) Re{G] (¢’ ) G7 (&)}

G
< | Im{G{(e?) — G¥ (e7*)} G
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The confidence region now becomes the sum of a rectangular region due to the deter-
ministic error terms (bias), and an ellipsoidal region due to the noise (variance), as

formulated in the following theorem.
(‘“"‘SM setened vncesdent

Theorem 5.4.5 Consider the estimated transfer function G¥ (€7*), (5.50), (5.49), and
the estimated variance S2(G7(e7%)), (5.59). Let the input signal be periodic with period
N, fort € TN*Ns with N =rN,,r € N andr > 1, and let ny < np, < N, < No.
Then, asymptotically in N,, for all w € [0,27)

Go(e7?) — GI (e7%) € A(e?)  w.p. Fa(2,7 —2)

where the set A(e?*) is given by all A € C, A(e’) = A1(e7) + Ag(e??), Ay € C,
Aq € C, satisfying

[Re{Al (ejw)}] Triméffejnj\\ + 251‘/&}.\[1 -1 I-Re{Al(ejw)}-l < 2(T — l)a (E &N\
Im{Al(ej“’)} I_ 7€) \wit] I_Im{Al(ej“’)}J ) (9.0U)
[Re{As(e7)}| < |87(e7)] + [Re{A(e?) = Z7(e7*)}] + [Re{T(e’)}| (5.61)
Im{Az(e’)}] < [S7(e)] + [Im{A(e?) — Z7(e7*)}] + [Im{T' ()} (5.62)

where S is given in (5.57), while bounds on ST and the real and imaginary parts of
A —Zf and T are given in theorem 5.4.4.

Proof: See appendix B.7. |
In theorem 5.4.5 the inequality (5.60) specifies an ellipsoidal region in the complex

plane, while the combination of (5.61) and (5.62) specifies a rectangular region in the
complex plane. The size of the confidence regions specified in theorem 5.4.5 does not
differ much from the size of the rectangular confidence intervals which result from
the Bonferroni inequality (5.58) and theorem 5.4.4, but the ellipsoidal regions provide
more information as to the direction of the error.

In theorem 5.4.4 and theorem 5.4.5 S and S are the errors due to the unknown

to yye;_ght,mg w1th W. For these error components hard bounds are prov1ded A
probabilistic bound is given for the error due to the noise fyc{ or Aq.

Since P = P (I — W), see (5.53), it follows that I'(e’*) and the upper bound
on F(ej“’) as given in theorem 5.4.4 are zero when W = I ‘A good choice for the

By choosmg the point at which the elements start to decay appropriately, Eh,@JC@Q@QC@__
can be reduced significantly, while relatively little bias is introduced. Usually, a good
choice for this point is the point at which the confidence interval for the estimated
generalized expansion coefficients (theorem 5.4.2) becomes larger than the interval
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given by the prior information K and 7. For such a choice, the influence of W can be
seen as a regularization of the estimated parameters towards zero, thus using the prior
knowledge that the generalized expansion coefficients converge to zero, which reduces
the sensitivity to the actual choice for the order ny, see [109)].

Choosing W as a diagonal matrix having its first (say n.,) diagonal elements equal
to one, and exponentially decreasing thereafter, all deterministic error components in

Ny, respectively). Since the relative size of the bias (deterministic error components)
and variance (probabilistic error component) contributions to the error in general will
change with frequency, the optimal choice (yielding the smallest error bound) for the
model order ns in general also will change with frequency.

Note that we have obtained explicit and separate bounds for the errors due to noise,
undermodelling, weighting and unknown past inputs, providing valuable insight in the
effective ways to reduce and shape the error bound by input design and by choosing
the orders, the weighting functions, and N,. Therefore, together with the freedom
to choose the basis generating system, these design choices can be used to effectively
tune both the model and the error bound to robust control design specifications. As
mentioned before, this is of decisive importance to indeed achieve models and error
bounds which are suitable for high performance robust control design. Further insight
into these choices will be provided in chapter 7, where transparent asymptotic bias and
variance expressions are established for frequency domain least squares identification
using system based orthonormal basis functions, as employed in this section. Final-
ly, considering input design, note that the procedure allows for nonuniformly spaced

frequency points (x € QP.

Comparing the result of theorem 5.4.4 to the frequency domain results given in Ljung
[105, 104, 106] for the asymptotic bias and variance of parametric transfer function

; estimates, we have the following three remarks. Firstly, in contrast to the results of

{ [105, 104, 106], theorem 5.4.4 holds for finite model orders n, and n;, and we have

" explicit expressions for the various bias contributions. Secondly, we use an estimate of
the variance, rather than the unknown true spectrum of the noise. Thirdly, we have
obtained an estimate of the variance of the estimated transfer function (5.56) that is
consistent in the presence of undermodelling. That is, the estimated variance converges
to the true variance as N, and r go to infinity. Recently, consistent estimates for the
variance of a transfer function estimate have also been established by Hjalmarsson
[85, 83], considering time domain prediction error methods, when the model is linear
in the parameters.

Additionally, we have derived explicit bounds for the bias and variance errors,
enabling a clear tradeoff between these terms by e.g. selecting the model order. If bias
errors are not taken into account, as in Zhu [192, 194], or if no explicit error bounds are
available, as in Ljung [105, 106] and Brillinger [20], such a tradeoff cannot be made.
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5.4.4 Mixed parametric-nonparametric uncertainty

In the previous sections we have specified the uncertainty either as parametric (struc-
,tured) or nonparametric (unstructured) uncertainty. That is, theorem 5.4.2 specifies
the uncertainty as structured uncertainty, whereas theorem 5.4.4 or theorem 5.4.5
specify the uncertainty as unstructured uncertainty. Now, on the one hand, the uncer-
tainty specified by theorem 5.4.2 does not capture the complete uncertainty about the
system G,, since it only addresses the uncertainty on the finite number of estimated
parameters, while the series expansion of G, contains an infinite number of parameters
(compare (5.29) with (5 3)) On the other hand the error bounds provided by theo-

the system is known to be a smooth functlon of frequency, as reflected by the prior
information K and n or M and p (see e.g. proposition 4.4.1), thus allowing the true

transfer function to be a very very erratic function of frequency. Therefore, we will
now try to combine both uncertainty descriptions.

First, note that the results of theorem 5.4.4 or theorem 5.4.5 can easily be extended to
an estimate of a transfer function G, given by the tail of the generalized expansion
coefficients of G,

Gos(2) = Z LiVi(z (5.63)

k=%,

with ©; > 0. Now, using (5.3), G, can be written as

fg—1

Go(2) =D+ > LiVi(2) + Gos(2)
k=0

i Thus, considering (5.29), theorem 5.4.2 can be used to specify the uncertainty in the
estimated parameters D, Lo, --,7s — 1, whereas theorem 5.4.4 or theorem 5.4.5 can
L be used to specify the uncertainty in G,y.

In proposition E.1.4 a procedure is given to transform the uncertainty in the es-
timated parameters D, L, to uncertainty in the output and feedthrough matrices of
a state-space description of the estimated model. Thus, the uncertainty can be di-
vided into parametric uncertainty in a low order state-space description, due to the
first n, = figny + 1 estimated parameters, and unstructured uncertainty caused by the
remaining parameters. Note that choosing i, to be small, does not imply that 7, in
(5.29) should be chosen to be small, when determining the uncertainty in the estimated
parameters as this may induce too much bias see theorem 5.4.2. Especially, taking

the_lgpgtul_gg}@pggd ,rigahzatlon of the ba_,sm generatmg system, see proposmon E.1l4. If
the basis generating system is given by a (control-relevant) nominal model with input
balanced state-space realization (A, B, C,D), then a mixed parametric-nonparametric
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uncertainty description is obtained for the nominal model as follows. Let ALg, AD,
denote the uncertainty in the estimated parameters Lo, ﬁ, respectively. Then the
uncertainty with respect to the prespecified nominal model can be specified as para-
metric uncertainty |C — ﬁ0| + ALg and D — f)[ + AD in, respectively, the output and
feedthrough matrices C and D of the nominal model, and an unstructured uncertainty
description representing G, (e’*) of (5.63) with 7, = 1. Note that if the nominal
model is redefined to be (A,B,ﬁo,D), then the parametric uncertainty just becomes
the uncertainty in Lo and D.

The structured error bounds arising from the procedure described above can be used
in a p analysis or synthesis approach to robust control, see [38, 40, 7, 91, 138, 27]. The
uncertainty then can be specified as structured uncertainty in the form of a diagonal
matrix with n, real valued diagonal elements representing the parametric uncertainty,
and one complex valued diagonal element representing the nonparametric uncertainty.

5.4.5 Undisturbed output signal

In many cases it is important to have a clear idea of the true (noise free) response
of the system to a certain input signal u,(7), and to what extent an estimate of this
response can be trusted. In other words, it is often important to be able to assess
the prediction accuracy of a model. Of course u,(7) can be chosen as the input u(¢)
used during identification, but any other input is allowed also. Let the known input
u4(7) be applied to the system in a time interval 7 € T+, Because the new origin of
the time axis (7 = 0) can be different from the one in the previous sections, we need
additional prior information on the past values of the input to the system.

Assumption 5.4.6 We have as a priori information that there exists a finite and
known 4f € IR, such that |uq(7)| < @P for 7 < 0.

In the following we will provide expressions for the undisturbed output signal, and the
estimate of this signal that we will use. Using (E.8) and (E.9) the undisturbed output
can be written as

1 0 0 D
0 ¢ (0) ¢1(0) Ly
Yo(7) = [ua(r) wa(r=1) -1 | ¢§§1) o ’ (5.64)
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For ¢ < 7 the estimated output now can be calculated as

[1 0o .- 0 " ( D ]
A 0 ¢T0) - 4L _,(0) it
9(7) = [ua(7) -+ ua(T —q)] Wy (5.65)
0 ¢5(a—1) - éi,1a-1] [L5,4
= Q(1)W,0 (5.66)
where W, € R™*"™ is a weighting matrix, n, = fi,n; + 1. We can write
9i(r) = Q(r)W,b; (5.67)
N 1,
g(r) = =3 4i7) (5.68)
=1

From (5.64) and (5.65) it follows that the true undisturbed output and its estimate
can be rewritten as

Yo(T) = Dug(r) + Z Ue(T —1—m) ZLk¢k(m) (5.69)
m=0 k=0
q—1 Ay —1

§7) = Dua(m)+ 3 walr —1-m) 3 Ludu(m)
m=0 k=0

where

There holds

with
TY = Q(r)W, ¥

where Gi is given in (5.32), and where ¥ is given in (5.36). To separate bias and
variance issues, we introduce the auxiliary variables §;(7) and §(7)

7:(1) = yo(r) + YF, (5.70)
i 1~
gr) = =)
=1
Finally, we will denote
PY=[Ph Py o PYa]i= Q) Wy = )

with the appropriate dimensions for P}, and Py, ie. P} € € and P} € C'*™ for
k=0,---,7, — 1.

With the usual expressions for the estimated variances, see (5.47), we now have the
following results.
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Lemma 5.4.7 Consider the estimates 62(§(7)), 62(4(7)), as defined in (5.47). Let
the input signal u(t) used for identification of the model (5.34) be periodic with period
N, for t € TN*Ns with N =rN,, r € N and v > 1, and let T € TN=. Then

162(5(r)) — 62(4(r))| < S¥(r)

with .
Y — 1 Yy Yy Y 2
SY(r) = 1) 2(2 [A7 ()] 1B ()] + | B (7)[*) (5.71)
=1
and
[A{(m) = la(r ) gi(7)|
y 1 y —2\y
BYO| < - 3 Ist(n)] + ==1s ()
m=1
N,
ls{(r)] < Z m)| |Si(e?*m)]
where S;(e7¢m) is bounded by (5.20).
Proof: Similar to the proof of lemma, 5.3.3. a

Theorem 5.4.8 Consider the estimated undisturbed output §(7), (5.68), (5.67), and
the estimated variance 62(4(7)), (5.47). Let the input signal u(t) used for identification
of the model (5.34) be periodic with period N, for t € TN*Ns with N = rN,, r € N
and r > 1, and let ny < n, < N < N,. Let the input signal u.(r) be known, let
0<gq<T, and let T € TNa. Then, asymptotically in N,

yo(T) = 4(7)| < [s*(7)] + [2¥(D)] + |sL(7)] + |22 ()] + [TV (7)] + 78 (7)
w.p. > Fo(l,7—1)

with
NP
sY ()l < ST ()] [S(e)]
=1
Ap—1 Np Tin Np
129 < £ 0k S TUOV(E) | + K= 3 [T ()| Vo(eite)]
P s 1=
U < MY fua(r —m)lp™™ + @M L
= p—
m=q+1
Tig—1 q
2 < KX 74| walr = m)gi(m — 1)
k=7, m=1
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B 1 q Mg —1
™\ 7= D ualr =m)ly| 1= 3 llge(m — D3
m=1 k=0

fiy—1
IT¥(r)| < MIPYI+K D [PLITy™

m=0

Yi(r) < Va (2((r) +8¥(r)?

for any fip,ny € N, Aip, Ny > Ay, while SY(T) is given by (5.71), and S(e7) is bounded
by (5.21). ’

Proof: See appendix B.8. a

In theorem 5.4.8 s¥(7) is the error due to unknown past inputs u(t), 2%(7) is the
error due to undermodelling during the estimation of §,, s§(7) is the error due to the
unknown past of u,(7), z¢(7) is the error due to undermodelling during the estimation
of the output y,(7), I'Y(7) is the error due to weighting with W,, and v¥%(7) is the
error due to the noise. Hard error bounds are given for s¥(7), 2¥(7), s¥(7), 2%(7), and
I'¥(7). A confidence interval is given for the error due to the noise.

| Theorem 5.4.8 provides a direct means to evaluate the prediction accuracy of the
%111_9491»(_5.34). Note that the capability of a model to reproduce the measured output
c.q. to predict future outputs is an important tool to judge the quality of a model,
see e.g. Ljung [106, 107]. A good prediction accuracy often even is the prime goal of
a model. Additionally, the result of theorem 5.4.8 appears to be valuable for robust

predictive control and robust feedforward control purposes. The control action should
yield both a satisfactory predicted output trajectory as well as sufficiently small pos-
sible deviations between the predicted and the true output, i.e. a small confidence
interval.

Finally, we have the following remarks.

e Theorem 5.4.8 provides a confidence interval for the impulse response g,(7) of
the system when u,(7) is chosen as the impulse: u,(7) = (7). Hence, the prior
information on M and p can be improved iteratively by adapting M and p to
match the resulting error bounds on the impulse response, similar to choosing K
and 7 as discussed at the end of section 5.4.2.

o When possible, ¢ must be chosen large, so that the error due to the fact that
q is less than infinity is relatively small. Note that ¢ can not be larger than 7,
so that large errors can occur at the beginning of the response (if @? is not very
small). If ¢ is large (and N; is large) the prior information on M, p and @? need
not be tight to obtain satisfactory error bounds.
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o If W, is block-diagonal with first diagonal block equal to the identity matrix
with dimension n., = fi,n, + 1, then
fy—1
@ <k Y Py

5.4.6 Disturbed output signal

In the context of model validation, the availability of reliable error bounds is desirable,
since they directly attach a quality tag to the model. However, also the error bound
itself should be validated. This can be done if a bound on the disturbed output can be

specified. This error bound then can be compared directly to a new set of experimental
data. Thus, the availability of a confidence interval for the disturbed output is of
major importance for model validation purposes, see section 3.10 and Ljung [106, 107].
When comparing the measured output with such a confidence interval, one can check
immediately whether they are compatible, and thus whether the model (including the
prior information, the assumptions and the error bounds) could be a valid one. To be

able to specify a confidence interval for the disturbed output in the time domain

y(7) = Duo(r) + Z U (T —1—m) ZLkgbk (m) + v(7) (5.72)
m=0 k=0

we need the additional assumption that the noise v(7) is normally distributed. The
plausibility of this assumption can be checked using the techniques described in e.g.
[87, pages 13-25 and 146-162], and a confidence interval for y(7) can be derived. How-
ever, the assumption that the noise v(7) is normally distributed clearly will make this
confidence interval questionable in many practical applications. Therefore we will use
a frequency domain formulation, so that we can use the result of theorem 5.3.2 which
states that the DFT of the noise is asymptotically normally distributed, and derive a
confidence interval for the DFT of the disturbed output y(7). This also provides a far
better indication as to the frequency ranges in which the model is correct or at fault.
First we will derive confidence intervals for the DFT of the noise and the DET of the
undisturbed output. Next these intervals will be combined into a confidence interval
for the DFT of the disturbed output.

We will split up the time interval TN« into the two intervals 7"V and TAA,L", where
Ny = Ny — Ny and 0 < Ny < N,. The first interval TNe will serve to diminish the
effects of the unknown past input signals u,(7), 7 < 0, on the DFT of the predicted
undisturbed output over the second interval T]QL“ Denote

Np—1

mZ

V(i) = o(r + Npe 37 ¢ € Qp, (5.73)

V(eier) = ;Zy;«(ejwk) wy € Y (5.74)
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P(Hle)) = —= I[P (i) - Yi(ern)? (575)
=1

where Y;(e’*) is defined in (5.6). Note that the estimated variance (5.75) is inde-
pendent of i. A confidence interval for the DFT of the noise is given in the
theorem.

Theorem 5.4.9 Consider the DFT of the noise Va(eit), (5.73), (5.72), and the es-
timated variance 2(Y;(e7*)), (5.75). Let the input signal u(t) used for identification
of the model (5.34) be periodic with period N, for t € TN+Ns with N = rN,, r € N
andr > 1, and let {; € Q.. Then, asymptotically in N, and N,

Re{V(e’)} <2(&)  wp. > Fa(l,r—1)
with

Va (6*(Re{¥i(e)}) + 5°(¢)) *
P |Us(e3) 25 (¢e)

Yo (Ce)
S”(Ce)

IN

where S((¢) is given by (5.24).

Proof: Follows directly from theorem 5.3.5. O

Alternatively, we could formulate a confidence interval for [V9(ei¢e)| similar to theo-
rem 5.3.5.

A confidence interval for the real and imaginary part of the DFT of the undisturbed
output can be obtained from the results of section 5.4.5 as follows. Denote for (e € Qp,

Ny—1

N . 1 .
Vi(efe) = Wi D il + NyJe e (5.76)
b 7=0
L le~n .
Vi(eitt) = - Y(e7%) (5.77)
=1
;] M1 '
Yi(eS) = i Yo(T + Ny)e 767 (5.78)
b =0
1 R :
Yi(elS) = TN y(1 + Ny)e=I¢r (5.79)
7=0

where §;(7) is given by (5.67), y,(7) by (5.69), and y(7) by (5.72). There holds

Vi(edle) = ‘I"’Gi
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with
37 = PIW,T (5.80)
= L[l e eI QT(N,) QT(N, +1) - @T(Na = )T

VN
where G is given by (5.32), Q(7) by (5.65), (5.66), and ¥ by (5.36). To separate bias
and variance issues, we introduce the auxiliary variables Y;(e’¢¢)) and Y9(e’¢¢))

1 Np—1

Y;](ej(e) — = Z ﬂi(T+Nq)e—j<”
A J—"}

?q(ejé'e) -

I
S| =
o

=)

—~
o

)

ey

~

—

where §;(7) is given in (5.70).
A reduction of the time needed to compute the error due to the unknown past
inputs u,(7) can be obtained by using
U = max |ua(7)|

instead of the exact values |uq(7)| for 7 € TN+, see theorem 5.4.11. If ¢ is chosen large
enough in theorem 5.4.11 this approximation will not significantly increase the error
bound. Finally, we will denote

=[Ph P o PLali= POV, =)

with the appropriate dimensions for P}, and P{, ie. P} € € and P{ € C*™ for

k=0 ---n,6—1.
v ~ Y

Lemma 5.4.10 Consider the estimates 62(Y1(e7¢t)), 62(Y 9(e7¢¢)), as defined in (5.47).
Let the input signal u(t) used for identification of the model (5.34) be periodic with pe-
riod N, for t € TN*Ns with N =rN,, 7 € N and r > 1, and let {; € Qn,. Then

|62(Y9(e7)) — 62(V(e7%))| < S9(Ce)
with

SU(Ce) = Y (2[4l |Bf ()] + [Bf (7)) (5.81)
=1

1
r(r—1)
and

Af(ere)] = [Vo(er) = Vi(er)]

‘ 1 — . r—2 .
B(eiSe < = q (o€ — Z|189(eice
BN < 1 3 IS+ ESIE)

|57 (e7¢)] < ZI‘I’*’ ) 18i(e7)]
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where S;(e7¢) is bounded by (5.20).

Proof: Similar to the proof of lemma, 5.3.3. a

Theorem 5.4.11 Consider the estimate Y9, (5. 77), (5.76), and the estimated variance
“2(Y‘1(67<“)) (5.47). Let the input signal u(t) used for identification of the model
(5.34) be periodic with period N, for t € TN*Ns with N = TNy, 7 € N and r > 1,
and let ny < n, < N, < N,. Let the nput signal ua(r) be known for T € TNa, et
0 < Ng <N,, and let {;, € Qn,. Then, asymptotically in N,

[Re{Y(e74) = Fo(e0)}] < |S7(e5)] + [Re{Z%(e3%0)}) + [Re{S2(e5%0))
+IRe{Z2(e7%)}| + |Re{T9(e7¢*)}| + 42 (¢e)
wp. > Fo(l,7-1)

with
Ny
|S9(e7)] < ZI‘F’M)! |S(e7%)]
Tp— 1 n,ﬁh Np
9(ei¢ < q JCz < q JCe
IRe{Z%(e¥*)}| < K ;pn Re{Zq» Wi(e +/c1_n;;<1> (0)]|Vo(e?%)]
Np—1 T+Nq
[Re{SZ(e7*)}| < —M Z [Re{e™ 7} D" Jua(7 + Ny = m)|p~™
m=Ng+1
1 uPM P —Nyy —N,
1 M q _ ubp - -
< UgNy — —2—(1 — p~Mot1y 4 Zall (g _ Nb) Ng
< r-_,\,bp_l<u b p—l( P )+p_1( p=) | p
Mg —1
[Re{Z{(e*)}| < -1) Z Ua(T + Ny —m)e 7T}
k Ty
[ P R R
2 ‘ —j
+ — ua(T 4+ Ny —m)e ¢ |1 — lpx(m —1)||2
e 1_172;:1;0 (T+N, ; 3
fiy—1
[Re{l"(e7*)}| < MIRe{Pp}|+K Y [Re{PL}Tn™
m=0

WG < va (G2Re{T ()} +57(¢))

for any fip, 7y € IN, Ry, iy > 7y, while S1((y) is given by (5.81), and S(e’¢) is bounded
by (5.21).
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Proof: Follows directly from theorem 5.4.8. 0O

Similar as in section 5.4.3 we can now specify a rectangular confidence region in the
complex plane for Y7(e’t) using the Bonferroni inequality. Alternatively, we can
specify an ellipsoidal confidence region usmgHgtelhggs_ T2 statistic.

Combining the confidence interval of theorem 5.4.9 with the confidence interval
of theorem 5.4.11 provides a confidence interval for the DFT of the disturbed output
Y9(e’St), by noting that VI(e’St) = Y(e’%) — YI(ei¢t), see (5.69) and (5.72). To
obtain the probability level of this combined confidence interval we have to use the
Bonferroni inequality (5.58) because the two confidence statements theorem 5.4.9 and
theorem 5.4.11 are dependent.

Corollary 5.4.12 Consider the situation of theorem 5.4.11 and theorem 5.4.9, but
with ¢ € QF_ N Qn,. Then

[Re(Y1(50) ~ F9()}] < 159(e)| + [Re{ Z%(e%)}] + [Re{ 37}
+[Re{ZZ(e’)} + [Re{T?(e7**) }| + 74(Ce) + (o)
wp. >1—2(1—F,(1,7—1))

where S9(e°), Re{Z%(e’**)}, Re{Si(e’*)}, Re{Z{(e?%)}, Re{T'(e7*)}, and v§(Ce)
are bounded in theorem 5.4.11, and where v2((;) is bounded in theorem 5.4.9.

Replacing Re{} in theorem 5.4.9, theorem 5.4.11, and corollary 5.4.12 with Im{-} gives
a confidence interval for the imaginary part of the error.

A comparison of the confidence interval for the DE'T of the disturbed output, as
{given by corollary 5.4.12, with the DFT of the measured output can very well be
‘used for validation of the model, the assumptions, the prior information, and the
| error bounds. That is, the combination of the model, the error bound and the noise

description should be able to capture new data. The ability of a model to reproduce
measured data is stressed by Ljung [107] who states that the prime validation tool
is to test how well the model is able to reproduce new data. The need to test the
prior information and the assumptions is emphasized by Wahlberg and Ljung [182],
stating that it is in fact the prior that must be scrutinized, since the posterior model
is a direct mathematical consequence of the prior information, the assumptions and
the data. Alternatively, the confidence interval for the DF'T of the disturbed output
can be used for fault detection purposes with a prespecified probability level for a false
alarm.

5.5 Remarks

With respect to the results described in the previous sections we have a number of
general remarks.
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o As regards the sensitivity of the confidence intervals to the asymptotic normality
of the individual estimates, Johnson and Wichern [87, page 146] state that ”in
situations where the sample size is large and the techniques depend solely on
the behaviour of the estimated mean Z, or distances involving T of the form

r(Z—p)T S~ (Z—p) the assumption of normality for the individual observations is
less crucial”, where 1 is the true mean and S is the estimated covariance matrix.
This sﬁuat;gnmls the situation that is addressed in the current contribution. A
similar remark is made by Kendall and Stuart [90, Chapter 31].

e Because the bias terms have exponential convergence, whereas the variance has
linear convergence, the optimal model order (with respect to the size of the con-
fidence regions) yields a considerable lower bias than variance contribution, but
the bias contribution should certainly not be neglectable with respect to the vari-

3 1 + lina writh +ha Alacainal »aonls
ance contribution. This is only to some extent in line with the classical results,

which state that the bias and variance contributions should be approximately
of the same size. Note that the variance contribution, and hence the optimal
model order, changes with the probability level. Similarly, considering the trans-
fer function estimate, the optimal model order changes with frequency, since the
bias and variance contributions change with frequency.

e [The confidence intervals derived in this chapter can be easily extended to mul-
tivariable systems. That is, confidence intervals for each element of a transfer
'function matrix can be provided. For estimates of an element of a transfer func-
tion matrix only the error due to unknown past inputs changes, since the pasts_
of the other inputs.also influence the output. An upper bound for the error
due to past inputs for multivariable systems has already been derived in sec-
tion 4.3.3 when the DFT’s over one period of the input signals are orthogonal,

see theorem 4.3.5.

e The extension to situations where the system operates in closed loop, so that only
the external reference signal can be choosen to be periodic, is given in chapter 6.

o3
e

o
0

At this point, the theoretical part of this chapter (finally) comes to an end. This section
provides an overview of the main results, their mutual relations and their application
areas, in the form of table 5.1.

This chapter will continue by providing several simulation studies, followed by the
conclusions.
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Error bound for

Basis for

Application

theorem
5.3.5

nonparametric transfer
function estimate G(e?“*),
only defined for wi € QY

theorem 5.4.2
corollary 5.4.12

theorem
5.4.2

estimated parameters 6
(generalized expansion
coefficients)

theorem 5.4.5
theorem 5.4.8

estimate the a priori infor-
mation K and 7, specifying
the undermodelling error in
theorems 5.4.2, 5.4.5, 5.4.8
and corollary 5.4.12

theorem
5.4.5

parametric transfer function
estimate G¥ (e7*), defined
for all w € [0, 2m)

_robust control design

theorem

5.4.8

estimated undisturbed
output F(1)

corollary 5.4.12

prediction of future outputs,

simulation, also can be used
to_estimated the a priori in-
formation M and p, speci-
fying the error due to un-
known past inputs in theo-
rems 5.4.2, 5.4.5, 5.4.8 and
corollary 5.4.12

corollary
5.4.12

estimated DFT of the dis-
turbed output Y9(e’¢t)

model validation

Table 5.1: Overview of the main theoretical results of this chapter.
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5.7 Example

To illustrate the results of this chapter a simulation is made of a fifth order system

AAAAAAAAAAAAA

0.7027 — 0.89262~1 + 0.24272 4 0.5243273 — 0.90232* + 0.40092 5

5.8
1—2.4741271 +2.8913272 — 1.9813273 + 0.83372~% — 0.18132~5 (5:82)

Go(z) =

whose impulse response g,(k) satisfies a bound given by M, = 2 and p, = 1.23. The
input signal obeys @” = 2 and is required to satisfy « < 1. There is 10 percent (in
standard deviation) colored noise v(t) = H,(g)e(t) on the output, where the noise filter
is a third order highpass filter

0.7184 — 0.2206z~! + 0.2390z~2 — 0.0060z 3

H,(z) =
(2) 1+011772-1 + 0.32082-2 — 0.01822—3

(5.83)

and e(t) is a uniformly distributed random sequence. The probability level, as given
by Fa, is specified to be 99 % for all confidence regions that will be shown.

The input signal is chosen as a random-phased multi-sine, with phases uniformly
distributed in the interval [0,27), @ = 1, N, = 64, Ny = 76 and N = 1024. Thus,
1100 data points are used. The magnitude of the DFT of the input signal over one
period is given in figure 5.1. Note that the frequency points where |U;(e?“*)| > 0 are
not_equidistant. The magnitude and frequency grid of U; (eJ“”“) express that we are

particularly interested in the behaviour of the system around 0.9 rad/s, and that we
do not expect the behaviour of the system to change rapidly with frequency for the
higher frequencies.

First a fourth order model is identiﬁed using an output error (OE) model structure

functions. With respect to thlS basis generator K, = [1.0 0.8 0.3 0.9] and 75, = 0.38.
The values for M, p, IC and 7 are. estimated from the data iteratively Starting from

1nterva1. This results in M = 2.5, p = 1.16, K = [1.1 0.8 0.7 1.5, and 7 = 0.2.
These estimated values now are taken as the prior information of assumption 5.2.1.ii
and assumption 5.2.1.iii.

Figure 5.2 depicts the true generalized expansion coeflicients, the prior information
given by K and n, and the confidence interval of theorem 5.4.2, using n, = 21 and
W = dlag(l/artb(e“’“))) Since Ly € JK the expansion coemCIents are deplcted in
four plots, each referring to a specific component of Lk, k= 0, (npw— 1) /m7 - 1.

Figure 5.2 shows that the prior information given by K and 7 is consistent with the
resultlng conﬁdence 1ntervals for the estimated generalized expansion coeﬁicients The

asa d;a_tgonal‘m_@tr“;,_;c‘_yv__;_,t_hﬂd;@ggn_@_lw‘e«l_ements as given in figure 5.3. Comparlng the prior
bound and the confidence interval for the generalized expansion coefficients, as given in
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Figure 5.1: Magnitude of the DFT over one period of the input signal, |U;(e’“*)|.

figure 5.2, it can be seen that W is chosen as indicated on page 95. Figure 5.4 depicts
the confidence interval for the nonparametric estimate G (e7“*) of theorem 5.3.5, which
is only defined at wx € Q} , and the confidence interval for a parametric estimate
G’ (&%) of theorem 5.4.5, using ng =21 and W as described above, together with the

true errors. Note that very good estimates are nhfmnpd for those frequencies where

|U;(e?**)| was chosen to be large. Comparing the parametric estimate G7(e7*) with
the nonparametric estimate G(eﬂ“’k) it follows that the parametric estimate achieves a
large reduction of the variance where the signal to noise ratio in the frequency domain
is relatlvely small while only little bias is introduced, so that the confidence interval
becomes only slightly larger for those frequenc1es where the signal to noise ratio is large.
Figure 5.5 gives the Nyquist plot of the true system, together with the confidence region
according to the estimate G! (e’*). Figure 5.6 depicts the true impulse response, the
prior information given by M and 5, and the confidence interval of theorem 5.4.8, using
ny = 17 and a weighting matrix W, having a similar form as the one used for GI (e7+)
(i.e. W, see figure 5.3). Figure 5.6 shows that the prior information given by M and p
is consistent with the resulting confidence interval for the estimated impulse response.
Finally, figure 5.7 depicts the undisturbed output that arises in response to a_random
input signal, and the confidence interval of theorem 5.4.8, using the same n, and W,
as for the impulse response estimate, and ¢ = 60.

Note that in all cases the error bounds are tight, i.e. in each case the actual error
is at some points close to the upper bound.
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Figure 5.2: True parameters 6,(k) (—), confidence interval of 6(k) (- -), and esti-
mated prior information Ki* (- ).
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Figure 5.3: Diagonal elements of the diagonal weighting function W used for the para-
metric transfer function estimate G/ (e7%).
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Figure 5.4: Confidence interval of the nonparametric estimate G(e?“*) (x), defined at
wi € QF , true error |G(e7*) — Go(e?**)| (o), confidence interval of the

parametric estimate Gf(e’*) (—), defined for all w € [0,27), and true
error |G (e7%) — Go(e7)] (- -).

Figure 5.5: Nyquist plot of true system and confidence region of the parametric trans-
fer function estimate G (e’).
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Figure 5.6: True impulse response g,(k) (—), confidence interval of (1) (- -), and
estimated prior information Mp~* (- ).
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Figure 5.7: True undisturbed response yo(7) (—), and confidence interval of §(7)
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5.8 Monte Carlo analysis

5.8.1 Introduction

In this section we will give the results of a Monte Carlo analysis of the model error
estimation procedure which has been presented in this chapter. That is, given a de-
sired error probability (specified by the confidence level F,), we calculated the actual.
error_percentages, being the number of trespasses of an error bound divided by the
total number of trials. We performed this analysis for the nonparametric transfer

function estimate of theorem 5.3.5, the estimated generalized expansion coefficients of
theorem 5.4.2, the estimated impulse response of theorem 5.4.8, and the parametric
transfer function estimate of theorem 5.4.4.

5.8.2 Description

The system and (if the noise is colored) the noise filter that we used are the same as
the ones that were used in the example of section 5.7, see (5.82) and (5.83). The basis
generating system and the values for M, p, K and n were estimated from a data set
with filtered uniformly distributed noise on the output, resulting in

Gy(2) = 0.7—0.362"! — 0.0427% 4+ 0.4927° — 0.53z~*
P T T 17271 £ 16272 — 0.827% + 0.252 4

M =3, p =12, K = [1.5 0.8 0.7 1] and 7 = 0.25. These estimated values for
M, p, K and n now are taken as the prior information of assumption 5.2.1.ii and
assumption 5.2.1.iii. The values for K and 7 differ from the ones of section 5.7 because
the basis generating system is different.

We investigated the behaviour of our model error estimation procedures for five noise
cases:

1. Colored normally distributed noise (noise filter H, of (5.83)) with zero mean.

2. Noise that has been constructed by taking the sign of a zero mean normally
distributed random sequence (not filtered), which results in a random binary
sequence (RBS).

3. Noise that has been constructed by dividing two zero mean normally distributed
random variables (not filtered) with variance one, and bounding the amplitude
at 10, which results in near Cauchy noise.

4. Colored uniformly distributed noise (noise filter H, of (5.83)) with zero mean.

5. First, zero mean uniformly distributed noise (not filtered) has been added to
the output. Subsequently the disturbed output signal has been rounded to one
decimal, which introduces discretization ”noise”.
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~ ~

G 6 § Gf

colored normal noise 4.942 | 4,924 | 1.422 | 2.209
RBS noise 5.115 | 5.300 | 2.000 | 3.863
near Cauchy noise 4.621 | 4.719 | 1.412 | 2.273
colored uniform noise 4.982 | 4.957 | 1.460 | 2.333

uniform & discretization noise | 4.927 | 5.333 | 2.240 | 4.165

Table 5.2: Actual averaged error percentages for the different estimates and noise
distributions. In each case the specified error percentage was 5 %.

realization of the noise was added to the undisturbed output. The noise level was
10 percent (in standard deviation) in each trial. The input signal was a random-
phased multi-sine with the same amplitude for each wy € Qn,. We had n, = 21 in
theorem 5.4.2, ny = 21 in theorem 5.4.4, and n, = 21 in theorem 5.4.8. The weighting
matrix W for the generalized expansion coefficients of theorem 5.4.2 was chosen to be
W = diag(1/6,(G(e?*))). The weighting matrix W for the transfer function estimate
of theorem 5.4.4, and the weighting matrix W, for the impulse response estimate
of theorem 5.4.8, were chosen as diagonal matrices with diagonal elements as given in
figure 5.3. For the parametric transfer function estimate we used rectangular confidence
regions instead of ellipsoidal confidence regions, because for a rectangular region it is
much easier to detect automatically whether a point is inside or outside the region.
For each trial 1100 data points were used with N = 1024, N, = 64 and N, = 76. The
probability level for all confidence regions was specified to be 95 %, i.e. the specified
error percentage is 5 %.

5.8.3 Results

Figure 5.8 gives the actual error percentages for the nonparametric transfer function
estimate G (e7“*) of theorem 5.3.5, figure 5.9 gives the actual error percentages for the
estimated generalized expansion coefficients 6(k) of theorem 5.4.2, figure 5.10 gives
the actual error percentages for the estimated impulse response (k) of theorem 5.4.8,
and figure 5.11 gives the actual error percentages for the parametric transfer function
estimate G/ (e7) of theorem 5.4.4. The somewhat peculiar frequency grid of figure 5.11
arises because the frequency grid is chosen such that an equidistant gridding of the
Nyquist plot of the system results. The mean error percentages for each estimate and
noise distribution are given in table 5.2.

The fact that the error percentages are sometimes significantly lower than the spec-
ified ones, is due to the influence of the undermodelling error. For the undermodelling
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Figure 5.8: Actual error percentages for the nonparametric transfer function estimate
G(e?**), (—) colored normal noise, (- -)RBS noise, (- - -)near Cauchy
noise, (— -) colored uniform noise, (--) uniform & discretization noise.
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Figure 5.9: Actual error percentages for the estimated generalized expansion coeffi-
cients §(k), (—) colored normal noise, (- -) RBS noise, (- - -) near Cauchy
noise, (— -) colored uniform noise, (=) uniform & discretization noise.
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Actual error percentages for the estimated impulse response g(k),
(—) colored normal noise, (- -)RBS noise, (- - -)near Cauchy noise,
(— -) colored uniform noise, (=) uniform & discretization noise.
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Actual error percentages for the parametric transfer function estimate
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error a hard error bound is used, which certainly can be too large in a number of points,
so that the resulting error bound actually has a higher probability level in these points.
This is also expressed by the statement ”with probability larger than or equal to” in
the theorems concerned (theorem 5.3.5, theorem 5.4.2, theorem 5.4.4, theorem 5.4.8).

5.8.4 Discussion

{ The results of the Monte Carlo analysis can be summarized as follows. When the
| deterministic error terms (errors due to undermodelling, weighting, and unknown past
/inputs) are small in comparison to the probabilistic error term (error due to the noise),
;w'then the actual error percentages are very close to the specified ones. When the
| deterministic error terms are not small relative to the probabilistic error term, then the
i‘a_g_yual error percentages can be considerably smaller than the specified ones. However,
i this should be the case, because the deterministic error terms are bounded with hard
i(lOO % guaranteed) error bounds, so that the probability level of the error bounds is
' bounded from below.

‘; It should be noted that the Monte Carlo analysis was performed in a nonasymptotic

|situation, and that the a priori information M, p, K and 7 was estimated from the
data.

5.9 Application to a nonlinear simulation system

5.9.1 Introduction

In chapter 8 the model error estimation procedure introduced in this chapter is ap-
plied to a laboratory set-up of a wind turbine system (and its nonlinear simulation
model), and to the pick-up mechanism of a compact disk player. In anticipation of
these application to real life systems, we will in this section and the following two sec-
tions (section 5.10.1 and section 5.10.2), investigate the behaviour of the model error
estimation techniques under mild deviations from the assumptions that the system is
linear and time invariant c.q. that the noise is stochastic and independent of the input
signal, on the basis of a number of simulation studies. That is, what are the simula-
tion results of the algorithms if the system is slightly nonlinear or time varying ? An
indication of the behaviour under these conditions is of course very important; if the
behaviour severely deteriorates than the procedure cannot be expected to give realistic
error bounds in practice.

5.9.2 The nonlinear simulation system

The structure of the nonlinear simulation system is given in figure 5.12. The first
block in figure 5.12 can be seen as a finite word length digital-analog converter (DAC),
the second block as a limiter, the fourth block as a threshold and the last block as
a analog-digital converter (ADC) with again a finite word length. There is no noise
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Figure 5.12: The nonlinear dynamical simulation system.

disturbance acting on the system. The MATLAB™ code of the nonlinear system is
given by

u(t) = round(u(t)*256/umax)/256; % DAC
u(t) = sign(u(t))*min(abs(u(t)),umax*0.9); % limiter
x(t) = 0.7*u(t-1) - 0.36%u(t-2) - 0.04*u(t-3) + 0.49*u(t-4)

.53*u(t-5)

.01*xu(t-1)"2 - 0.01*sign(u(t-1)-u(t-2))*umax/20
.01*cos(u(t-2)) - 0.01 + 0.01*u(t-3)"3

LT2%x(t-1) - 1.59%x(t-2) + 0.79*x(t-3) - 0.25*x(t-4)
.02*x(t-1)*cos (50*x(t-4))

.01*sin(100*x (t-2) *x(t-5));

+ + + +
ocor oo o

y(t) = sign(x(t))*max(abs(x(t))-umax/10,0); 7% threshold
y(t) round (y(t)*256/umax) /256; % ADC

where umax = %. The term sign(u(t-1)-u(t-2))*umax/20 in the code symbolizes
dry friction. Terms similar to the sine and cosine terms in the code can appear in
rotating mechanical systems (robots, electrical drives, wind turbines, et cetera).

5.9.3 Results

For the basis generating system we used the linear part of the nonlinear simulation

system
0.7z71 —0.36272 — 0.0427% + 0.492=* — 0.532~°

G = =
o(2) 1—-1.722"14+1.592=2 - 0.79273 + 0.252—4

We used 400 data points with N = 256, N, = 64 and N, = 80. The input signal was
chosen to be a random-phased multi-sine with the same amplitude for each wy € Qn,,
and with @ = @” = 1. The probability level for all confidence regions was specified to
be 99 %, i.e. the specified error percentage is 1 %.

The values for M, p, K, and 7 are obtained from the data iteratively. Starting from
zero, we iterate till the estimated prior information is in accordance with the matching
confidence intervals, i.e. till the bounds given by the estimates of the prior information
cross the matching confidence intervals only where zero is contained in the confidence
interval. This results in M = 1.5, p =11, K = 2 1.5 0.3 0.8 1], and /) = 0.3.

(5.84)
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Figure 5.13: Confidence interval of §(k) and estimated prior information K4¥, for
N = 256.

These estimated values now are taken as the prior information of assumption 5.2.1.ii
and assumption 5.2.1.iii.

We had n, = 21 in theorem 5.4.2, ny = 21 in theorem 5.4.5, and n, = 21 in
theorem 5.4.8. The weighting matrix W for the generalized expansion coefficients of
theorem 5.4.2 was chosen to be W = diag(1/4,(G(e’“*))). The weighting matrix W for
the transfer function estimate of theorem 5.4.5, and the weighting matrix W, for the
undisturbed time domain (impulse) response estimate of theorem 5.4.8, were chosen
as diagonal matrices with diagonal elements as given in figure 5.3.

Figure 5.13 gives the confidence interval of the estimated generalized expansion
coefficients (k) of theorem 5.4.2, together with the estimated prior information given
by K and 4. The parametric transfer function estimate Gf(e7*) and the matching
confidence interval of theorem 5.4.5 are given in figure 5.14, together with the transfer
function of the linear part of the nonlinear system as given in (5.84). Note that this
linear part is contained in the confidence interval. The fact that the estimated transfer
function G/ (e7*) tends to have a lower gain is explained by the influence of the limiter
and the threshold in the nonlinear system.

To further test the validity of the above results, we will use the test of theorem 5.4.8
over new data (data which has not been used to estimate the confidence intervals).
Figure 5.15 gives the output of the nonlinear system, together with the confidence
interval of ¢(t). Although there are a number of outliers, the confidence interval
accounts for the observed data fairly reasonable.
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Figure 5.14: Gf (e’*) with confidence interval, and transfer function of “the linear part
(5.84) of the nonlinear system, for N = 256.
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Figure 5.15: Confidence interval of §(t) and output of the nonlinear system, for N =
256.
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_An important question now is: will the error bounds still be ”correct” if we increase
the number of averages c.q. the period length of the input signal, or will they become
much too small ?

We will study the results of doubling both the number of averages r, and the period
length of the input signal N,. That is, we will use 1104 data points with NV = 1024,
N, = 128 and N, = 80. Estimating the prior information from the data, we again
find M = 1.5, p = 1.1, but K = [1.5 0.8 0.7 1 0.7], and fj = 0.6. It should
be noted that we had some difficulty in finding priors K and # which are consistent
with the resulting error bounds. At first sight the values obtained for K and 7 appear
to_be rather conservative. However, a slight decrease in K and # results in smaller
error bounds so that zero is no longer contained in the confidence intervals for the
tails of the estimated parameter sequences. Also, since the variance error is relatively
small when compared to the undermodelling error, one would expect that estimating a
higher order model will reduce the error bounds. This is however not the case. Using
the same prior information K and % smaller confidence intervals are indeed obtained
when the model order is increased since the undermodelling error decreases, but the
confidence intervals on the estimated generalized expansion coefficients also show that
the prior information K and 7] is no longer consistent with these conﬁdence intervals,

undermodelhng €rror.

As usual, the estimated values K and 7) now are taken as the prior information
of assumption 5.2.1.ii and assumption 5.2.1.iii. We now use n, = ny = n, = 36,
and the resulting confidence intervals for é(k) and G7(e7*) are depicted in figure 5.16
and figure 5.17. Comparing figure 5.14 and figure 5.17, it follows that increasing
the number of data points with a factor four, does not significantly reduce the error
| bound for parametric transfer function estimate G/ (e7*). The confidence interval still
contains the transfer function of the linear part of the nonlinear system. However,
the variance error has reduced considerably, whereas the undermodelling error has
increased considerably. This can be seen by noting that a variance error gives rise
| to an ellipsoidal confidence interval, whereas undermodelling and weighting result in
\Lectang_ular error bounds, see theorem 5.4.5.

To test the validity of the above results, we will again use the test of theorem 5.4.8
over new data. The result is given in figure 5.18, from which it follows that the
estimated error bound indeed captures the output of the nonlinear system (there are
no outliers at all).

5.9.4 Discussion

The above observed behaviour of our model error estimation procedure can be ex-
plained as follows.

Firstly, the nonlinear system, when excited with a periodic input signal, gives rise to
an output signal of which only a part tends to become periodic. That is, the nonlinear
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Figure 5.16: Confidence interval of (k) and estimated prior information, for N =

1024.
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Figure 5.17: Gf (e’*) with confidence interval, and transfer function of the linear part
(5.84) of the nonlinear system, for N = 1024.
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Figure 5.18: Confidence interval of §(t) and output of the nonlinear system, for N =
1024.

system can — conceptually — be divided into a part that has a vanishing memory, which
will give rise to an output that tends to become periodic in response to a periodic input,
even when excited with a periodic input. Hence, using the model error estimation
techniques proposed, the part with nonvanishing memory will give rise to a variance
(probabilistic) error, whereas the part with vanishing memory should result in a bias
(deterministic) error.

Secondly, since the system is nonlinear, we cannot find a linear model which de-
scribes the observed data, even when the data is not noise disturbed (which is the

s situation which we are currently considering). Certainly this implies that the sequence
/ of generalized expansion coefficients actually will not converge to zero.

It now follows that increasing the number of data points N will reduce the variance
of the estimates, and hence the confidence intervals. However, this will also reveal that

the estimated generalized expansion coefficients do no longer contain the value zero.
This in turn implies that we should estimate a higher order model, which will result in
an increase in the variance that will partly cancel the decrease in the variance due to the
larger number of data points. Now, if the basis generating system is chosen properly
(provides a good approximation of the linear part of the behaviour of the system),
then the higher order generalized expansion coefficients will become small, so that
zero again will lie inside the confidence interval for the tail of the higher order model.
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However, there is no longer a clear convergence to zero of the generalized expansion
coefficients. This is due to the nonlinear part of the system that is structurally present
in the data (the part with vanishing memory), which is no longer obscured by the
variance due to the nonstructural nonlinear effects in the data (due to the part of the
nonlinear system with nonvanishing memory). The result is that the data indicates, by
means of the fact that zero is not contained in the tails of the confidence intervals on
the estimated generalized expansion coefficients, that there are structural effects left
in the data (not captured by the model). These effects however cannot be adequately

but as a consequence will also yield only small values for the estimated generalized
expansion coefficients. We now just increase the order of the model or the values of
K and 7 till the matching increase in the variance or bias of the estimated coefficients
is such that_zero lies again in the tails of the confidence intervals. It should be noted
that when the model order now is again increased a smaller confidence interval may be
obtained (when the decrease in the undermodelling error is larger than the increase in
the variance error). This confidence interval may again invalidate the prior information
K and 7} (zero no longer lies in the confidence interval where formerly it did, or the
confidence interval for the estimated additional coefficients does not contain zero).
This may of course also happen for a linear time invariant system when the prior
information is not correct, but for a nonlinear system this seems to be intrinsic since
the sequence of generalized expansion coefficients will not converge to zero. Thus, the
'correct’ values of K and 7 also depend on the model order used.

ror, but will lead to an increase in the error due to undermodelling, when the prior
information X, n is estimated from the data.

The mechanism described above is rather complex, but important when applying the
model error estimation procedure in practice, see section 8.2.3. A similar mechanism
occurs when a periodic disturbance which has approximately the same period length as
the input signal is acting on the system, or when the system is periodically time varying
with a period length which is approximately equal to the period length of the input

| effect is present in the data which cannot be captured by a linear time invariant model
‘ with a stochastic noise disturbance.

We would like to stress that estirhating the prior information from the data is in this

case decisive to obtain good results, and that the ’correct’ prior information changes

arise. Indeed, when the number of averages r is large, the resulting error bounds for
the nonparametric estimate are far too small. A similar situation arises when periodic
disturbances, which have approximately the same period length as the input signal,
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act on the system. This also implies that one should not rely too much on the results
obtained with a spectrum analyzer, although they often seem to be very accurate !

5.10 Application to time varying simulation systems

5.10.1 Simulation system 1

In this example we will study the behaviour of our model error estimation techniques
for a time varying system. We will follow the simulation example that was presented
in [83, Example 8.4], where a variance estimator for time varying systems is studied.
The time varying system is given as

by (t)Z_l

olz,t) =
Go(2:t) 1+ ai(t)z~! +azz—2

where a;(t) and a2 (t) vary so that the poles move linearly forth and back on the arc
0.9¢’*% o € [r/4,1.035], with a period length of 2000 points. The parameter by (t) is
such that the static gain is always unity. There is no noise acting on the system.

We will estimate a confidence interval for the transfer function of this system,
using data over one complete period of the time varying dynamics. That is, we will
use N = 2048, N, = 256 and N5 = 200. The input signal was a chosen to be random-
phased multi-sine with the same amplitude for each wy € Qy,, and with @ = @? = 1.
The probability level for all confidence regions is specified to be 99 %.

The basis generating system was estimated from the data, resulting in

B 0.722271
T 1-112"1 407522

Gy(2) (5.85)
The values for M, p, K, and 75 are as usual obtained from the data iteratively, which
resulted in M =2, p =1.07, K = [3 2], and /j = 0.3. These estimated values now are
taken as the prior information of assumption 5.2.1.ii and assumption 5.2.1.iii.

We had n, = 9 in theorem 5.4.2, ny = 9 in theorem 5.4.5, and ny, = 9 in the-
orem 5.4.8. The weighting matrix W for the generalized expansion coefficients of
theorem 5.4.2 was chosen to be W = diag(1/6,(G(e’“*))). The weighting matrix W
for the transfer function estimate of theorem 5.4.5, and weighting matrix W, for the
undisturbed time domain (impulse) response estimate of theorem 5.4.8, were chosen as
diagonal matrices where the diagonal has a similar form as the one that was depicted
in figure 5.3.

Figure 5.19 shows the parametric transfer function estimate G/ (¢7*) and the match-
ing confidence interval of theorem 5.4.5, together with a set of transfer functions which
are samples of the time varying system at different time instants. These transfer
functions are contained within the confidence interval. At first sight, the confidence
intervals may seem to be far too large. This is however not the case, since the frequen-
cy axis changes radically over the different Nyquist plots. Figure 5.20 gives the error
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Figure 5.19: Gf(e?*) with confidence interval (—), and Nyquist plots of the time
varying system at different time instants (- -).

bound of the estimated impulse response according to theorem 5.4.8, together with a
set of impulse responses which are samples of the time varying system at different time
instants. It follows that the error bound is fairly accurate, and certainly not far too
large.

We will further test whether the error hound of figure 5.19 is realistic by designing
two controllers for the system: a first controller that does not robustly stabilize the
nominal model given by (5.85), and a second controller that does robustly stabilize the
nominal model. We will check whether the first controller indeed does destabilize the
true system, and whether the second controller does not. We design the two controllers

using pole-placement, i.e. the controllers have the structure
Cr(@)u(t) = Cr(q)r(t) — Cs(9)y(t)

where 7(t) is the reference signal, and where Cr(q), Cr(q), Cs(q) are polynomials. We
also include an integrator to achieve tracking of a step in the reference signal. The
first controller C) is given by

CrR=1-q¢' Cr=11219 Cg=2.6316—2.5485¢~" +1.0388¢ 2

and is designed to achieve a high closed loop bandwidth on the nominal model (both
closed loop poles in 0.1). The second controller C; is given by

Cr=(1-¢')? Cpr=00528 Cg5=0.9723-2.3935¢"" +2.5092¢"% — 1.0388¢ >
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Figure 5.20: Confidence interval of estimated impulse response (—), and impulse
responses of the time varying system at different time instants (- -).

where we included a second integrator to achieve sufficient robustness.

For a linear time invariant system G,(z), the Nyquist criterion states the follow-
ing. Given that the nominal closed loop (consisting of the nominal model G,(z) and
the controller C(z)) is stable, then a sufficient condition for the actual closed loop
(consisting of the system G,(z) and the controller C(z)) to be stable is

G (7) — Gy ()] < Gb(ejw)C(ej“’)-l-].,

= C(e?*)
Hence, we should have
‘ jw
A(e?) G,,(efwc;(g(ei)w) - 1\ <1 (5.86)
where A(e’) must be such that
(Cale?) = Gufe)] < Ale)

Although this criterion is true only for time invariant systems, it should be approx-
imately valid in this example since the time variations are very slow. Therefore we
will use this criterion to obtain an indication of the robustness properties of the de-
signed controllers. For A(e’) we will use the magnitude of the confidence intervals of
GY(e7*), plus |Gy(e?) — G (e7*)|, which is known and relatively rather small.
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To study the actual robustness properties of the time varying system G,(z,t) with
respect to the nominal model G(z) and the controller C(z), we will use the criterion

C(e™) <1
Gy(e?)C(e?) + 1|

|Go(e?, 1) — Gy(e7*)]

at the time instants ¢ = [0 100 --- 1000].

Figure 5.21 now depicts the behaviour of the left hand side of (5.86) for the con-
troller C, together with the robustness properties of the time varying system. Similar-
ly, figure 5.22 depicts the results for the controller C. Using only the estimated error
bound, figure 5.21 indicates that the controller C; may violate the Nyquist criterion,
so that we may expect this controller to have a bad performance on the true system,
if the error bounds are indeed tight. Using only the estimated error bound, figure 5.22
indicates that the controller Cy should stabilize the true system. Using the ”transfer
functions” of the time varying system, figure 5.21 and figure 5.22 also show that our
error bounds are fairly realistic. The actual robustness properties may be a bit worse
than indicated by the error bounds, but this is only the case over a short time interval.
This time interval is only of minor importance in the data, so that we cannot expect
it to be completely reflected in the error bound. For completeness, we note that the
indication of figure 5.22 that the actual closed loop may become unstable turns out to
be too pessimistic; for all time samples of the time varying system the loop is stable.

The responses of the actual closed loop systems to a square wave input are given
in figure 5.23 for C;, and in figure 5.24 for C3. The performance achieved with C;
indeed is very bad, whereas C5 indeed is robust.

In conclusion, the confidence intervals which we obtained do provide realistic infor-
mation as to the allowable uncertainty for control design in this case. If the number of
data points used for identification would be increased, then the estimates G‘f clearly
will become highly correlated, since the time variations in the system are periodic. In
this case the assumption that the "noise” on the different estimates is independent
will be violated, which can be detected easily from the high ”correlation” between
deviations of the Nyquist plots of the different estimates from the average.

Finally it should be noted that it is dangerous to extrapolate the error bounds
to conditions that differ considerably from the conditions under which the data was
obtained. Figure 5.22 shows that the actual closed loop system could have been un-
stable, but only over a short time interval. In open loop this time interval clearly has
no particularly strong influence on data, whereas in closed loop this can be radically
different, if the closed loop becomes (almost) unstable over this time interval. The
proper way to handle such a situation is to use cautious controller enhancement, so
that specific features of the system slowly become more prominent in the data.
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Figure 5.21: Robustness analyses for C; using the estimated confidence interval (—),
and robustness analyses for C; using the time varying system at different
time instants (- -).
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Figure 5.22: Robustness analyses for Cy using the estimated confidence interval (—),
and robustness analyses for Cy using the time varying system at different
time instants (- -).
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Figure 5.23: Closed loop response to a square wave input under Cj.
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Figure 5.24: Closed loop response to a square wave input under Cs.
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5.10.2 Simulation system 2

After the success story of the previous two sections (section 5.10.1 and section 5.9)
regarding the performance of the proposed model error estimation method under de-
viations from the assumed linear time invariant case, we will now give a simulation
example in which our method fails to give an accurate description of the behaviour of
the system, although we will also argue that in view of (robust) control design this
may be rather harmless. We will follow the simulation example that was presented in
[83, Example 8.3], where a variance estimator for time varying systems is studied. The

data is generated as

y(t) = G(q,8,)u(t) + 6(t)G (g, 00)u(t) + Ho(q)e(t)

with
G0 = o
Gla,00) = E%G(q’ %) vo,  1- 1.4;9.131_;.49(1—2
Ho(q) = T_(;T
It+1) = [0(')9 0?9]5(t)+w(t)

E[w(t)w?(t+7)] = 107* [0'6 0'2] 8(T)
02 1

where 6(7) is the Kronecker delta function. The noise sequence e(t) is normally dis-
tributed white noise with zero mean and variance 0.002. The random vector sequence
w(t) also is normally distributed white noise with zero mean. The variance of the time
varying term is approximately one fourth of the variance of the noise. To provide some
more feeling for the nature of the time variations, the behaviour of 6, + é(t) is depicted
in figure 5.25.

The input signal is chosen to be periodic, by repeating a normally distributed white
noise sequence with zero mean and unit variance. We choose N = 512, N, = 64 and
N, = 61. The basis generating system was estimated from the data, resulting in

0.009 + 0.308z~1
1-0.7162"1

The values for M, p, K, and 7 are as usual obtained from the data iteratively, which
resulted in M = 0.5, p = 1.25, K = 0.5, and 7 = 0.1. These estimated values now are
taken as the prior information of assumption 5.2.1.ii and assumption 5.2.1.iii.

We had n, = 4 in theorem 5.4.2, ny = 4 in theorem 5.4.5 and ny = 4 in the-
orem 5.4.8. The weighting matrix W for the generalized expansion coefficients of

AN
Ub\<)



5.10 APPLICATION TO TIME VARYING SIMULATION SYSTEMS 133

0.4 : : ’ . . .
A b A S o o N

02f ]

0 -

02t

0.4}

0.6 J
MMW’“WM

4)'80 100 200 300 300 500 600 700

time [s]

Figure 5.25: Behaviour of 8, + 6(t) as a function of time.

theorem 5.4.2 was chosen to be W = diag(1/8,(G(e’*))). The weighting matrix W
for the transfer function estimate of theorem 5.4.5, and the weighting matrix W, for
impulse response estimate of theorem 5.4.8 was chosen as a diagonal matrix where the
diagonal has a similar form as the one that was depicted in figure 5.3. The probability
level for the confidence regions is specified to be 99 %.

Thagirae K 98 ahaora +h 2143 w
Figure 5.26 shows the resulting confidence interval of G/ (e?), together with the

Nyquist plot of the time invariant term G(g,6,) of the system. Included also are
the Nyquist plots of the time varying system at a number of time instants, and the
confidence intervals for the true frozen frequency function'. It follows that the esti-
mated confidence intervals provide a reasonable indication of the variations in the time
varying system, although they are too small for the higher frequencies.

When the number of data points used for identification is increased to N = 2048,
the result becomes less acceptable. Figure 5.27 gives the resulting confidence interval
of Gf (&), together with the Nyquist plot of the time invariant term G(g,6,) of the
system, and the confidence intervals for the true frozen frequency function. Clearly, the
estimated confidence intervals have deteriorated considerably, and no longer capture
the behaviour of the true system. When the number of data points N goes to infinity,
the estimated confidence intervals even will converge to zero. In contrast, the model
variance estimator for time varying systems that is proposed in [83] does not exhibit
this undesirable behaviour, and provides an accurate estimate of the variability in the
true system, see [83, Example 8.3].

IThe transfer function obtained when keeping the time variable fixed
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D+

Figure 5.26: Confidence interval of Gf(e/*) (—)for N = 512, Nyquist plots of the
time varying system at ¢ = 100, 200, - - -, 500 (- -), true 99 % confidence
intervals (- -), and Nyquist plot of time invariant term (—).

Figure 5.27: Confidence interval of Gf(e?) (—)for N = 2048, true 99 % confidence
intervals (- -), and Nyquist plot of time invariant term (—).
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In conclusion, for long data sequences, our model error estimation procedure will
no longer capture the random variations in the dynamics of the system. However,
for control design this may be rather harmless. The output of the time varying term
is only marginally correlated with the input signal, so that the random variations in
the system are, for control design, more an issue of noise attenuation than robustness.
Situations where the system differs in more structural ways from a linear time invariant
system have been discussed in section 5.10.1 and section 5.9.

5.11 Conclusions

By applying a procedure similar to Bartlett’s procedure of periodogram averaging in
conjunction with a periodic input signal, a reliable and tight error bound has been
established for a parametric transfer function estimate of a system for any frequen-
cy w € [0,27), while using only minor a priori information (an upper bound on the
generalized expansion coefficients, on the impulse response, and on the past values of
the input signal). The system is assumed to be linear and time invariant, and the
additive noise on the output is assumed to be stochastic. System based orthonormal
basis functions are employed to construct the parametric models. By means of these
basis functions, prior information which is allowed to be inaccurate or approximative
can_be incorporated in the estimation procedures, so that an accurate low order de-
scription of the system, which is tuned to robust control design requirements, can be
obtained. Additionally, we have obtained an error bound on the generalized expansion
coefficients of the transfer function estimate, and on its response to an arbitrary input
signal. These error bounds can be used to validate and improve the prior information

‘engineering leap of faith’ involved in choosing this prior information. Moreover, the
error bound on the response of the system to an arbitrary input signal can also be
used to validate this a posteriori information, by comparing the predicted output and
its error bounds to the measured output signal.

The results are based on the asymptotic normality of the DF'T of a filtered sequence
of independent identically distributed random variables, the use of a periodic input sig-
nal, and data segmentation. The error bounds are formulated in terms of confidence
intervals which are valid asymptotically in the period length of the input signal. Sim-
ulations however display an excellent nonasymptotic performance (as demonstrated
among others by a Monte Carlo study). By means of a number of simulation examples
the procedure also is shown to be robust to mild violations of the assumptions on the
system (linear and time invariant) and the noise (stochastic). The results of the mod-
el error estimation procedure proposed in this chapter additionally will be verified in
practice in chapter 8, corroborating the robustness and practical value of the method.

In the derivation an averaging (stochastic) setting for the noise was chosen, whereas
the input signal outside the measurement interval and the effects of undermodelling
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were considered as being unknown-but-bounded (worst case). The fact that the vari-
ance of the noise is estimated from the data is accounted for in the asymptotic error

i distribution, and the estimate of the variance is consistent in the face of undermod-

elling. .

In all cases, explicit and separate bounds are obtained for the different sources
of uncertainty. This allows for an explicit tradeoff between the bias and variance
contributions to the error by selecting the model order, and provides valuable insight
in the effective ways to improve the error bound, when the error bound is too large in
view of the robust control design requirements.

The main contributions of this chapter are that the error bounds obtained indeed
appear to be reliable and tight, that the model to which the error bounds refer can
be chosen to be control-relevant by choosing a suitable basis generating system to
construct the orthonormal basis functions, and that the error bounds can be tuned
accurately to robust control design specifications by input design. As a consequence,
the models and model error bounds are suitable for high performance robust control
design purposes. Hence, we conclude that the mixed averaging — structural embedding
of the modelling errors is successful, and that data segmentation provides a powerful
means to estimate the error components.




Chapter 6

Quantification of uncertainty in closed loop

Summary

Using a coprime factor identification framework, approximative identifica-
tion and model uncertainty estimation can be performed. in closed loop
and for unstable systems. An additional error due to unknown past inputs
arises, and an upper bound on this error is established.

6.1 Framework

In this chapter we focus on the problem of approximative identification and model
uncertainty estimation in closed loop. The motivation to address this problem is
twofold. Firstly, we note that in practice many systems must operate in closed loop
during the measurements, for economic or safety reasons, or because the open loop
system is_unstable, or because the open loop system is nonlinear and must be kept
in_a working point. Secondly, in [11, 12, 3, 155, 156, 69, 101, 5, 48] it is motivated
that identification for control design requires identification in closed loop. To solve the
problem of model uncertainty estimation in closed loop we will use a coprime factor
description of the system.

For the classical theory (identification techniques and identifiability conditions)
concerning identification of systems in closed loop we refer to [165, 66, 106, 166, 173].
For the theory of coprime factor descriptions, and their use in control design, see e.g.
(178, 179, 120, 121, 52, 47, 17, 13, 16]. The use of coprime factor representations of the
system for identification was introduced by [72, 71, 73], and elaborated extensively by
Schrama, see [154, 153, 157, 155, 156]. This framework is also used for system iden-
tification by [169]. The specific_advantages of identifying normalized coprime factors
of the system are exploited in [175]. The reasons for choosing this framework are the
following.

e The closed loop identification problem can be recasted into two open loop identi-
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fication problems, see [154]. For these two open loop identification problems the
theory of uncertainty quantification developed in chapter 4 and chapter 5 can be
used directly.

in robus control de51gn and is falrly general and nonconservative (encompasses
additive and multiplicative uncertainty), see [179 52, 120, 47, 17, 13, 16]. The
more usual ”standard plant” approach to robust control design, see [39, 38, 40,
138, 27], can of course also be used.

Further useful properties of the coprime factor framework are the following.

e An iterative scheme for control-relevant identification of coprime plant factors
has been elaborated extensively in [157, 155, 156, 175].

e The coprime factor framework results in an errors-in-variables framework (noise
on input and output), and has a clear relation with spectral analysis (numer-
ator and denominator are estimated separately) and the instrumental variable
approach (a filtered version of the reference signals is used as instrumental vari-
able). The coprime factor framework also provides a generalization of the indirect
identification approach where the transfer functions from the reference signal to
the output and to the input signal of the system are estimated separately first,
and next the quotient is taken to obtain an estimate of the system.

e The identification and model uncertainty estimation of unstable systems does
not pose any problem when using the coprime factor framework.

e The coprime factor framework can handle unstable perturbations of the system

in robustness analysis and robust control design.

o Convergence of the estimated coprime factors to the true factors (an open loop
property) implies convergence with respect to closed loop properties (convergence
in the graph metric, see [178, 179]).

The coprime factor framework can also be used for identification in open loop (just
substitute C = 0 for the controller C).

6.2 Coprime factor representation

We consider the feedback configuration of figure 6.1. The possibly unstable system
P, is assumed to be LTIFD (linear time invariant and finite dimensional). The noise
filter H, is assumed to be stable and LTI. The noise e(t) is assumed to be a sequence
of independent identically distributed random variables that is uncorrelated with the
external signals r1(t) and ro(t). At least one of the external signals 71(t) and ra(t)
is required to be an excitation signal that can be specified by the user, the other one
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Figure 6.2: Extended dual Youla parameterization.

(if applicable) can be a disturbance signal or zero. The (possibly unstable) controller
C should be LTIFD. The feedback system is required to be stable, and the controller
should be known.

The feedback system is said to be stable if its transfer function mapping [e T2 T
into [y u]” belongs to RMoo.

Let P be a LTIFD nominal model that is stabilized by the controller C. The
system, the nominal model and the controller admit right coprime factorizations over
the ring RH o, see [179],

]T

P, = N,D;*
P = ND!
C = N.D;!

Using the extended Youla parameterization of all systems that are stabilized by the
controller C, the feedback system of figure 6.1 can be redrawn to figure 6.2, as was
shown by [154, 156]. There holds, see [154, 156],

N; YDz —u) = Rz + Se (6.1)

c

D;'(y— Nz) = Rz +Se (6.2)
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where R, S € RH, and where z(t) is a known intermediate signal

(D+CN) Y(u+ Cy)
= (D+CN)_1(’I‘1 + Crs) (6.3)

x

Note that z(t) is not affected by the noise e(t), while u(t) and y(t) are. Equivalently

u = D,x — N.Se \r omae loon sdestifian (64)
y = Nox+D,Se -~ 7 (6.5)

where

D, = D—-N.R
N, = N+ D.R

Because z(t) is uncorrelated with the noise e(t) it is now possible to estimate R or D,

and N, in an open loop fashion from z(), u(t) and y(¢), using the known controller

C.

6.3 Error quantification

The aim of this section is to find a complete error quantification for the closed loop
approximate identification problem. Using the coprime factor description introduced
above, this turns out not to be too difficult. It can be seen easily that all components
of the error bounds of chapter 4 and chapter 5 remain unchanged, but that additional
error_terms arise because the input z(¢) is no longer exactly periodic for ¢ > 0 when
the excitation signals are periodic only for ¢ > 0.

Note that the unknown past of the external excitation signals gives rise to two kinds
of errors: the usual errors due to the unknown past (¢ < 0) of the input z(¢) to the
system, which is already accounted for in the error bounds of chapter 4 and chapter 5,
and errors due to the fact that the input z(t) is no longer exactly periodic for ¢t > 0
when the excitation signals are periodic only for ¢t > 0. In this section we will derive an
upper bound on the error due to the unknown past of the external excitation signal,
which should replace the error terms due to the unknown past of the input signal in
chapter 4 and chapter 5.

We will consider only scalar (single input, single output), linear time invariant,
discrete time systems. The problem that we need to solve now can be formulated as
follows. The signals are generated as, see (6.3), (6.1), (6.2), (6.4), (6.5),

z(t) = F(q)r(t) (6.6)
z(t) = Go(q)z(t) (6.7)

where F(q) is known, 7(t) is periodic for ¢t > 0, and G,(¢q) unknown. The signal 7(t) can
be 71(t) or r2(t). If both r1(t) and ro(t) are used as excitation signals, upper bounds
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for the errors due to 71(t) and ry(t) should be calculated separately, and combined.
Define

N-1
Re(e?r) = Z r(t + No)e 3t W, € Qn,
t=0
X;(e?r) = F(e™*)R*(e™*)  wr € Qn,

Ay, = {wr = gzr—k ,k=0,1,---,N, — 1}
N,
Note that X3(e/“*¥) # X*(e“*). We want to use X3(e?“*) to estimate the system
G,(q), and not X *(e’“*), in order to be able to employ the results of chapter 5, which
assumes the input signal to be periodic.
We now want to find an upper bound on |E*(e/“*)|, where E*(ei**) is the error
term in the expression

Z°(e9%) = Go(e7%) X5 (7% ) + E°(e7%) (6.8)
given that z(t) = G, (q)z(t).
Assumption 6.3.1 We have as a priori information that

. there ezists a finite and known 7P € R such that |r(t)| < 7P for all t <O0.

. there ezist finite and known M,p € R, with p > 1, such that |g,(k)| < Mp~* for
k € IN.

Define

— 1 a2\
r = max |r(T
max [r(¢)]

and let f(k) denote the impulse response of the filter F'(g).

Assumption 6.3.2 The following conditions are assumed to be satisfied

1. |f(k)| < Bu~* with B,p € R, B finite and p > 1.
2. 1(t) is periodic for t € TNTN+ with period No.
3. N =kN,, k € IN.

When F(q) € RHoo, which implies that F(q) is exponentially stable, a B and pu exists
and can be found easily from the impulse response |f(k)| and the spectral radius of
the system matrix of the known filter F(g).

Theorem 6.3.3 Let assumption 6.3.1 and assumption 6.3.2 hold, and let wy € Qn,.
Then the error term E*(e?“*) in (6.8) can be bounded as

MBu [ U* —N. 1
p +(1=p )P 4P )
p—1|p-1 p—1\p—-1 p-1

|E* (%) < (7P +7)
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where
s = { (Ns + 1)p=Ne = (Ng + N + 1) Ve~V forp=np
| =g Mp= Nt — (1= p~N)p=Ne1| forpt g
Proof: See appendix C.1. O

Note that the upper bound on |E*(e’“*)| given in theorem 6.3.3 converges to zero
exponentially in Nj.

We can retrieve the open loop situation by substituting N.(q) =0 and D.(q) = 1,
yielding C(g) = 0. Note that in this situation we have u(t) = D,(q)z(t), with D,(q) =
D(q).

The open loop situation with u(t) = z(¢) = r1(¢) can be retrieved by substituting
Nc(q) =0, Dc(q) =1 and D,(g) = 1, yielding C(q) =0, P,(q) = N,(q), F(g) =1 and
u(t) = z(t) = r1(¢). Hence the open loop situation with u(t) = z(t) = r1(t) is obtained
by substituting the discrete impulse for f(m), i.e. B =1 and taking the limit u — oo,

which results in
1—p~ N

WP_N’ (6.9)

|E*(e7*)] < (aP +@)Mp

compare (A.11) in appendix A.1.



Chapter 7

Asymptotic bias and variance expressions

7.1

The aim of this chapter is to establish asymptotic (in the number of data points) bias
and variance expressions for frequency domain least squares identification using system
based orthonormal basis functions. Such asymptotic expressions are valuable for input
design, model order selection, and the selection of the basis generating system, in the

Summary

An asymptotic analysis is provided for least squares frequency domain
transfer function estimation using system based orthonormal basis func-
tions, as employed in the model error estimation procedure of chapter 5.
That is, the statistical properties of the estimated parameters and the esti-
mated transfer function are analyzed, asymptotically in the number of data
points. The estimates are shown to be consistent when no weighting is used
in the least squares parameter estimate. That is, consistent estimates of
the parameterized parts of the system are obtained. Explicit and transpar-
ent bias and variance expressions are established, which are not asymptotic
in the model order. These expressions provide insight in the properties of
the transfer function estimation method employed in chapter 5, and can be
used to make effective choices for the basis functions and the input signal.

Introduction

model error estimation procedure presented in chapter 5.

To be more specific, from chapter 5 we have available a nonparametric frequency
domain estimate G of the system G,, defined as an average over a number (r) of
empirical transfer function estimates (ETFE’s) G; over subsequent data segments (of

length N,)

¥i(e)

éi(ejwk) = m

wg € Ql](lo
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Glere) = 23 Gile)  wi e, (7.1)
1=1

see (5.13), (5.12). Using the nonparametric frequency domain estimate G (e7**), a least
squares parameter estimate is obtained in chapter 5 as
. 1&
0 .= in —
arg min p ];

G(e) - sl (7.2)

where
dle ) = [1 VI(ex) - VI, (&%)

is a vector of frequency domain basis functions, see (7.8). Subsequently, using the
estimated parameters 6, a transfer function estimate is obtained as

G (e7%) == p(e*)h (7.3)

The parameter estimate (7.2) and transfer function estimate (7.3) are used in the model
uncertainty estimation procedures of chapter 5. In this chapter we will investigate the
asymptotic behaviour of these estimates. That is, we will establish asymptotic bias
and variance expressions for these estimates.

We will show that, even in the presence of undermodelling, the estimated parame-
ters are asymptotically unbiased. That is, the estimate of that part of the system which
is parameterized is asymptotically unbiased. A simple expression for the asymptotic
bias in the transfer function estimate is given, which shows that the bias converges
exponentially to zero. Requiring the input signal u(t) to be periodic for t € TN+Ns,
we obtain tractable and transparent expressions for the asymptotic variance of the
estimated parameters and the estimated transfer function, for finite model orders.

The remainder of this chapter is organized as follows. First, we will list the as-
sumptions. Subsequently we will address the asymptotic properties of the parameter
estimate, and finally we will discuss the asymptotic behaviour of the transfer function
estimate.

7.2 Assumptions

It is assumed that the system, and the measurement data that is obtained from this
system, allow a description

y(t) = Go(qu(t) +v(t) (7.4)

Golz) = Y aolk)= (7.5)
k=0

v(t) = Ho(q)e(t) (7.6)

®,(w) = of|Ho(e™)? (7.7)
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where G, is the transfer function of the system, being proper, exponentially stable,
and finite dimensional, where e(t) is a sequence of independent identically distributed
random variables, having zero mean, variance 02, and bounded moments of all orders,
where H, is a stable proper transfer function, and where ®, denotes the spectrum of
the noise v(t).

Using the system based orthonormal basis functions introduced by [80, 81], see ap-
pendix E, we can also write

y(t) = Dul(t) + f: L Ve(@)u(t) + v(t) = Du(t) + Z Ly Xk (t) + v(t)

k=0 k=0
Go(2) = D+ Y LiVi(2) (7.8)
k=0
Ve(2) = Vo(2)GE( Zbk(t (7.9)
bo(0) bo(1) ---
B =

b1(0) b1(1) - (7.10)

where G, € R'H; is a scalar inner function with McMillan degree ny, Vi € H”"“,
Ly € R™™, and by € £,™**'[0,00) is a basis function. The basis generating system
Gl is required to be finite dimensional and exponentially stable, implying that Vi(z)
is continuous when k is finite, and is assumed to be given a priori, implying that n; is
fixed and finite.

Let TV denote the integer interval Z N [0, N — 1]. For a signal z(¢) being defined on
TJ{}’S , we will denote

N-1
. 1 .
Xs(edr) == —= Y az(t+ Ny)e 7  wp € Qn (7.11)
7F =
1 Nett
Xo(edwr) = x(t + Ny)e 9t wp € Qp, (7.12)
VR =
1 Nezl '
X;(e3wr) = z(t+ (i —1)N, + Ny)e 7“**  wr € Qy,  (7.13)
VN, ; °
where 1 = 1,2,---,r. Specific sets of frequency points that arise are denoted as
27k
QN = {T,kIO,l,"',N—l}

QY = {wp € QO | |U(e%)] > 0} (7.14)

The input signal u(t) is assumed to be periodic for t € TV +V+ with period length N,,
where N =rN,, r € IN, r > 1. Note that N, = N and N, = 0 are allowed. The data
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set used for identification has length N, being the last N points of the time interval
TN+N.  The first N, points of this time interval serve to let decay out the effects of
the unknown past of the input signal (input for ¢ < 0).

Additionally, to ensure that our limit expressions are well-defined, we will assume that
the input signal is such that

lim |Uy(e?*)? <o0 V wi€Qp,

No—o0

Finally, we need the following assumption on the input signal, to be able to arrive at
more elegant expressions (i.e. to be able to use integral expressions in the limit as
N, — oo for sum expressions over k that contain |U,(e’“*)|~2, see e.g. theorem 7.3.5).

Assumption 7.2.1 It is assumed that the input signal within one period is such that
there exists a function ®,(w) such that

A [Uo(e?¥)]> = @y (wy) VYV wik €Q%, (7.15)
where ®;1(w), w € [0,27), is continuous, except for at most a finite number of points,
and bounded.

This situation arises e.g. when the excitation signal u(t) is designed as a filtered sum

of N, sinewaves with the same amplitude, given that the filter is inversely stable.

7.3 Asymptotic analysis of parameter estimates

This section is organized as follows. We will first establish expressions for the bias and
covariance of the estimated parameters, starting from the nonparametric frequency
domain estimate G. Subsequently, we will study the asymptotic behaviour of these
expressions, where we will first address the covariance, and next the bias.

Because the input signal is assumed to be periodic, it follows that
Ui(ejwk):UO(ejwk) v ’i=1,2,"',7‘

compare (7.13) and (7.12). Straightforward calculation shows that

U (edn) VTU,(e79%) for wi € Op, (7.16)
e = .
0 for wi € QN \QNO

so that Q% (7.14) equals

N =%, ={w € Qn, | |[Us(e”*)] >0} (7.17)
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Hence, since the input signal is assumed to be periodic, the nonparametric frequency
domain estimate G (7.1) equals

. . .
G(edwr) = Lo Y(er) _ Yo(e™) o (7.18)
L GO I o

see (B.1), (7.16) and (7.17). Similar to (5.14) of chapter 5 we now can express G as

G(e?“r) = G,(e7F) + S(e7r) + F(e?*) (7.19)
with ——
F(edor) = ﬁ% (7.20)

and S(e/**) a term due to the past of the input signal (see (5.14)). The true transfer
function G, can be written as

Go(e™*) = D+ Y LiVi(e™*)

k=0
= D+ ni LiVi(e7%) + i LiVi(e7%)
= ¢(ejwkk=)(;o+Z(ejwk) . (7.21)
with
p(eir) = [1 VT (edwr) - VI_ (e7“%)] (7.22)
9, = [D Lo -+ Ln_1]" (7.23)
Z(er) = iLka(ej“”“) (7.24)
k=n

Let the set QY , as given by (7.17), consist of the following p elements
QR’O = {UJl,U)2, e 7wp}
Combining (7.19) and (7.21), we now can write in vector-matrix notation

G = G,+S+F
B0, +Z+S+F (7.25)

with
G = [G(e‘jwl) é(e‘j“"’)]T
Go = [Gole™) -+ Gole™n)]"
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S = [S(e791) ... S(e=rwr)]T
F o= [Fle) o Fe™n)]"
Z = [2(e) - 2]
L Vg(err) - Vi_y(e)

A
l

: : (7.26)
1 VE(eir) oo VI (eder)
where Z reflects the error due to undermodelling, S represents the error due to unknown

past inputs, and F reflects the error due to the noise. The least squares parameter
estimate now can be formulated as follows.

Fact 7.3.1 The least squares parameter estimate is defined as

= D -
A 1« a . 2
0= argmin > ‘G’(e]“’k) — (eI r)9 (7.27)
k=1
where 6 ranges over an appropriate parameter space © C IR"»,
. . . T
§ = [D fo - Ln_l] (7.28)
Ny 1= dim(@) = nyn+1
and n < n, < p < N,. Alternatively, this estimate can be written as
=106 (7.29)
where
U= (9*®) 1o* (7.30)
Remarks

1. The least squares criterion (7.27) implies that more attention is paid to those
frequency regions which have a relatively denser frequency grid w;, € Q.

2. The estimate @ exists and is unique if ® is ’persistently exciting of order dim(é)’,
i.e. when ®*® is nonsingular. Note that for frequency domain parameter esti-
mation the notion of ’'persistence of excitation’ is a property of the set of basis
functions that is used, and of Q% (the frequency contents of the input signal).
Clearly, n, < p is necessary for ® to be ’persistently exciting of order n,’.

From (7.29), (7.25) and (7.30) it follows that the least squares parameter estimate

(7.27) can be expressed as
0=0,+TZ+ TS+ TF
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Since we assumed that IE[e(t)] = 0 it follows from (7.20), (7.11) and (7.6) that

N-1
B ’U—(;T)'l—N Efv(t + N)le 7'
t=0
1 1 N-1 ‘
T Us(e*) VN E[H,(q)e(t + N,)Je 7+
t=0

=0 V w€Qy,
Hence, for the bias and covariance of the estimated parameters (7.27) we find
E[f] = 6, +%Z+ 7S (7.31)
covld] := E[(0 —EG)@ —BE)T] = VEFFE" (7.32)

We now will first study the asymptotic behaviour of the covariance matrix (7.32), and
next the the asymptotic behaviour of the bias (7.31).

Lemma 7.3.2 For the covariance matriz of F(e?“*) (7.20) there holds that

P,y (w1) . 0
N [Uo(e71)I?
F]E[FF*] - Q= : : as N — o (7.33)
° 0 ... Zelen)
[Uo(e?)|?

where the rate of convergence is 1/N element wise.
Additionally, there exists a constant ¢; € R such that

I3 BIFF] - Qll < o

Proof: See appendix D.1. O

Using lemma 7.3.2 we can state the following preliminary result for the covariance
of the estimated parameters, where we will address the i-th element of the vector of
estimated parameters 6 (7.28) as 6;

b; = 0(3)
Theorem 7.3.3 For the covariance matric ofé (7.27) there holds that

N P P 2 (%)
N—COV[oi,Ok] — (‘I’Q\I’*)ik = Z‘I’ilq/kzl—lf—(céﬁ))? as % — 0 (7.34)
o =1 o

if |¥||2 is uniformly bounded.



150 ASYMPTOTIC BIAS AND VARIANCE EXPRESSIONS

Proof: See appendix D.2. 0

Theorem 7.3.3 provides an asymptotic expression for the covariance of the estimated
parameters which can be calculated. However, (7.34) does not provide much insight
in the underlying mechanisms, and we do not know the conditions under which ||¥||,
is uniformly bounded (i.e. bounded independent of N, and n,).

To improve upon the result of theorem 7.3.3 we clearly have to find an expression
for the behaviour of ¥ = (®*®)~1®* as N goes to infinity. To find such an expression
we will first focus on the behaviour of &*&

Lemma 7.3.4 For ® (7.26) there holds for Q% = Q, that

1 n

—®*® ] as ——0

N, o N,
where the rate of convergence is n/N, element wise.
Additionally, for Oy, = Qn, there exists a constant ¢4 € R such that

1 n
—o*® —J P
5 2"® — Il <

Proof: See appendix D.3. 0O

We now come to our final theorem regarding the covariance of the estimated param-
eters, where we will denote the grouped elements (block elements) of the vector of
estimated parameters (7.28) as

>
> S

= L:;F_1 1=1,---,n

1

Theorem 7.3.5 For the estimated parameters (7.27) there holds for Qf = Qu, and
e 0 that for i,k > 1

No
—_ w, w, i—k we ((UZ)
Iil?:goNcov[B,,()k] = Nh_rPooN ZVo(e] YVE (e )Gi k(e )W
1 (7 . . ik iy Pu(w)
- Jw ¥ (oiw (@ i—k (pjw) 2V
o ) Vo(e7) V5 (e7°)Gy " (e )tﬁu(w)dw (7.35)
that fori > 1 and k=0
1 rm
Nh;:go N covlfy, fx] = o /_Wvo(ew)c;z L(e) uz ;d (7.36)
and that fori =0 and k=0
1 (™ &,(w)
7.
NhinooNcov[Bl,Bk] ey /_7r @u(w)dw (7.37)

T— 00
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Proof: See appendix D .4. m
Regarding (7.35) one should note that Gb‘1 = G}, since Gy is a scalar inner function,
see (E.4).
Remarks
1. We explicitly used the fact that the input signal is periodic to obtain theo-
rem 7.3.5.
2. The variance of an estimated parameter depends on the matching element of the
vector |Vp(e?**)|2.
3. If the weighted (weighting function ®,(w)/®,(w)) integral over frequency of an

element of |Vp(e?“)|? is small then the variance of the matching estimated pa-
rameter is small. Hence, considering the variance of the estimated parameters,
Vo(e?*) should be small where the noise to signal ratio in the frequency domain
is large. Note that, see (D.5),

1 ™

= | V(@i (e)dw =1

-

The asymptotic variance of the estimated parameters does not depend on the
number of estimated parameters n, = nyn + 1.

If ®,(w)/®u(w) is constant over frequency then the estimated parameters are
uncorrelated, see (D.5).

For the pulse basis (FIR model) it follows that [Vo(e?“)| = 1 so that all parame-
ters have the same variance.

From (7.35), (7.36) and (7.37) it follows that the asymptotic covariance of the
estimated parameters does not depend on r = N/N,.
The parameter estimate is numerically very well conditioned if QF% = Qn,:

asymptotically the condition number (quotient of maximum and minimum sin-
gular value) of ®*® becomes one, which is optimal.

The following theorem addresses the asymptotic bias of the estimated parameters.

Theorem 7.3.6 For the estimated parameters (7.27) there holds for Q% = Qn, and

N

P—P—} — 0 that

lim IE[§) =6,

Ny—o0

Proof: See appendix D.5. O
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Remarks

1. Theorem 7.3.6 requires that QY. = Qn, and that N, — oo. Theorem 7.3.6
therefore addresses the situation that the input is not periodic and the number
of data points goes to infinity.

2. The estimated parameters are asymptotically in N, unbiased. Also the variance
converges to zero as N, and r go to infinity, and the estimated parameters are
asymptotically normally distributed. Hence, the parameter estimate is consis-
tent, also in the case of undermodelling. For time domain parameter estimation
using a FIR model structure an uncorrelated (white noise) input signal is neces-
sary to obtain this result, see [174].

3. S(e?*), the error due to past inputs, can be made relatively very small using
input design, see (D.26).

Finally, we will take a closer look at the parameter estimation criterion, including a
continuous weighting function W (e’“*). Using (7.19) and (7.20) we find

P
0 = axgmin >3 [G(e™) = el 0P| (e
k=1

Ve (edwr)

T (&%) + S(e7R) 2 |W (e7%) |2

1< ) )

= argmin - Z |Go(e79F) — p(e?¥*)8 +

To be able to make some more explicit statements we will focus on the parameter
values 6* that minimize the expectation of the criterion in the limit as p — oo.

p
¢° = argmin lim ;1) I [|G(ei) - g™ )] W )P (7.38)
pee k=1

We have the following theorem.

Theorem 7.3.7 For the estimated parameters (7.27) there holds that

P
6" = argmin lim = 3 [Go(e7*) — p(eF* )2 W (e% )2

§ pmoop k=1

= argmin = [ Go(e) — p(e)OPIW () Pdw  for O, =D,

& 21 J_ .

When W (e?“*) = 1 there holds for Q% = Qy, that

. _ 1" 2
0" = argmin — _W|¢>(00 0)|*dw

= 0,
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Proof: See appendix D.6. 0

Remarks

1. Considering (7.27) it follows that the parameter estimate is a direct, nonasymp-
totic weighted fit in the frequency domain. Considering (D.29) and (D.30) we
find that asymptotically the parameter estimate is a weighted fit on the true
transfer function, where the weighting function is directly chosen by the user.
The direct choice of the weighting function is an advantage when considering the
problem of identification for control design.

2. The result given in (D.30) is the frequency domain identification analog of the

time domain prediction error identification result given by [106, Equation (8.66)].

7.4 Asymptotic analysis of transfer function estimates
The nonweighted (W = 1) estimated transfer function is obtained as
GI(e?*) = P(e?)h = P(e7)(®*3) 1 8*G (7.39)
P(e) = [1 V5(e) - Vi (e™)] (7.40)

Again, we will first address the asymptotic behaviour of the variance, and next the
asymptotic behaviour of the bias of this transfer function estimate.

Theorem 7.4.1 For the estimated transfer function (7.39) there holds for Q% = Qn,,
w € [0,27), and = — 0 that

N g 1 ZNO . (we)
Alggon—pvar[Gf(eJ )] = Nllinw—]-\[_oe=lpn(w’we)m (741)
_ 1/ @.,(¢)

= 3= _,P"(w’C)@u(C)dC (7.42)

where )
Gue™) ) _4
G.b(eJC)
Gbgej""!

Gb(‘-’-jc)

(7.43)

Polw;¢) = ;ll; 1+ VI (*)Vo(e =)
|

If in addition ®,(¢)/®.(¢) =1 for all { € [0,27) then

N , "" Jjw 1|2
in_ X vari@s(ei) = = [ Pa, i = AN

No—oo My ™ J—n Ny

T— 00

Proof: See appendix D.7. O
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Note that for any x € C there holds that

lim Zn—_ 11 =" (7.44)

x;__f' = Zw Sn i o] = (7.45)
k=0

:z;“:lli = Iﬂnjl; = |x31| if |z = (7.46)

x—:;i—? =" i:_— 11 (7.47)

which, together with (7.4.1), provides a reasonable indication of the behaviour of
Pn(w, ) in (7.43).

Remarks

1.

We explicitly used the fact that the input signal is periodic to obtain theo-
rem 7.4.1.

. Note that (7.41) and (7.43) provide an accessible expression for the variance for

finite n, as opposed to the expressions established for time domain prediction
error methods, see e.g. [189, 105, 104, 113, 106, 192, 180]. At first sight (7.41) or
(7.42) and (7.43) may seem a bit complicated, but when given a basis generating
system and a model order, then P, (w, {) can be calculated directly, and the effect
of adding (or subtracting) a model order is given by (7.47).

The variance will be relatively large where ||Vo(e?)||2 is large (near the poles
of the basis generating system), provided that ®,(w)/|U,(e’“)|? is not relatively
small for those frequencies. This implies that a large amount of noise for the
higher frequencies (as is rather common in practical applications) usually is rel-
atively harmless, because the true system, and hence a properly chosen basis
generating system, usually will have a lowpass character.

. The frequency region (with regard to ¢ and a fixed w) where P, (w, ¢) is relatively

large becomes more concentrated around ¢ = w when n increases. Considering
the variance error it is therefore advantageous to have a high model order n
where &, (w)/|U,(e?)|?, the noise on G, is small, and vice versa. Hence, a high
order model can have a lower variance in certain frequency regions (the frequency
regions where @, (w)/|U,(e’*)|? is small) than a low order model. It follows that,
up to a certain model order, variance considerations do not conflict with bias
considerations for those frequency regions where ®,(w)/|U,(e’*)|? is relatively
small.

Considering (D.9), if follows that the conditions stated in theorem 7.4.1, namely
Q. = O, and F= — 0, are not only theoretical: simulations show that if the
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gap between two adjacent frequency points is large, relative to the smoothness of
the basis functions that are used and the number of basis functions that is used,
then the bias and variance can increase considerably between these frequency
points.

6. If an estimate of ®,(wy) is known, then the asymptotic variance expression (7.41)
can be estimated easily, which is important for model order selection. An esti-
mate of ®,(wyx) is given by 2(G(e“*))|U*(e7“*)|?, see (5.23).

7. From (7.42) it follows that the asymptotic variance of the estimated transfer
function does not depend on r = N/N,.

The model order n will, for a basis generating system that is chosen properly, typically
lie between 3 and 6. Asymptotic results in the model order are therefore of little
practical significance, and we will not pursue them. We will only give the asymptotic
result in the model order n for the pulse basis Vi(e?*) = e7(*+1) o be able to
compare our results with the time domain results of [113], and because in this case
asymptotic results in the model order may be useful.

Corollary 7.4.2 Let Vi be the pulse basis Vi(e?*) = e~ 3@ +1) Then, for the esti-

2
mated transfer function (7.39) there holds for QY = Qn,, w € [0,27) and %’: -0
that

2
N ) 2 wp—w in(n<-2
lim Evar[Gf(ej“’)] = lim __LZL 1+e]—%(n+1)slfl(n z ) ‘Ih;(‘f)z)
No—o0 Tip No—oo No 2= mp sin(26=2) | |Uo(e?¥)|?
. |2
Y A S T L (G oo | I (O
21 J_x mp sin(gg—“’) ®,(¢)
If in addition ®,(w)/®.(w) is Lipschitz continuous of order 1 then
N Ao s o,
lim lim — var[G¥(e’¥)] = (@)
Nnp— 00 Nrfogo np @u(w)
Proof: See appendix D.8. a

Remark
From theorem 5.3.2, (7.19), (7.20), (7.39), and the fact that the input signal is consid-
ered as deterministic, it follows that the estimated transfer function is asymptotically
in N normally distributed. Additionally, theorem 7.4.3 states that asymptotically in
n the transfer function estimate is unbiased. For the pulse basis Vj(e/*) = e~7w(k+1)
we now find from corollary 7.4.2 that (in suggestive but sloppy notation)

np ®y(w)

3 ; Af (W —_p Zv\")
n,l,lgloo NllinooG (e )EN(GO, N <I>u(w)) (7.48)
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Note the complete similarity of (7.48) with the time domain prediction error results of
[113]. However, we need a periodic input signal.
The following theorem addresses the asymptotic bias of the estimated transfer

function.

Theorem 7.4.3 For the estimated transfer function (7.39) there holds for Q% = Qn,,
w € [0,27) and “E= — 0 that

lim (Go(e™) ~ BIG!(e7)]) = Go(e) = P(e2)8,

No—oo0
= iLka(ej“’)
k=n
Jim_[Go(e) =BG ()] < Ko(e) =
Proof: See appendix D.9. 0O
Remarks

1. Theorem 7.4.3 requires that Q% = Qu, and that N, — oco. Theorem 7.4.3
therefore addresses the situation that the input is not periodic and the number
of data points goes to infinity.

2. The optimal model order n can be found approximately by employing a numerical
search using the asymptotic bias and variance expressions: find the minimum over
n of |Bias(e’) + y/aVar(e’*)|, where « is given by the confidence level. The
exact optimal model order can be found by just calculating and comparing the
error bounds given by theorem 5.4.4 or theorem 5.4.5 for different model orders,
where the approximate optimal model order can be used to indicate where to
look for the optimal model order.

7.5 Conclusions

We have obtained asymptotic bias and variance expressions for the estimated parame-
ters and transfer function. The bias expressions are asymptotic in the period length of
the input signal, whereas the variance expressions are asymptotic in both the period
length of the input signal and the number of periods.

Evaluating the results which we have obtained with respect to input design, model
order selection, and the selection of the basis generating system we can summarize as
follows.

1. Given a basis generating system, a model order n, and an estimate of ®,(wy),
then theorem 7.4.1 provides valuable information for input design.
Note that theorem 7.4.3 can be helpful to select a model order n in this situation,
and that an estimate of ®,(w;) is given by §2(G(e7*))|U*(e7%)|?, see (5.23).
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2. Given a basis generating system, ®,(wy), an estimate of ®,(wi), and an estimate
of K and 7 of (D.16), then the model order » which minimizes the mean square
error error in the estimated transfer function can be found by a numerical search
over n using theorem 7.4.1 and theorem 7.4.3.

3. Given ®,(ws), an estimate of ®,(wx), and estimates of K and 7 of (D.16), then
theorem 7.4.1 and theorem 7.4.3 can be used to make a selection between a set
of candidate basis generating systems.

Additionally, theorem 7.3.6 shows that, even in the case of undermodelling, the estimat-
ed parameters are asymptotically unbiased. Fact 7.3.1 shows that a direct, nonasymp-
totic, fit in the frequency domain is obtained, which is advantageous because the H,
robust control design methodology is frequency domain oriented. For time domain
prediction error identification thé frequency domain fit can only be described asymp-
totically in the number of data points, see [106]. Theorem 7.3.7 provides an expression
for the expectation of the least squares criterion as the period length of the input signal
goes to infinity. This expression shows how the weighting function W (e’*) can be used
to distribute the bias in the transfer function estimate over frequency. Alternatively,
the weighting function W(e’*) can also be used to obtain (an approximation of) the
minimum variance estimate, by choosing W (e?“*) to be equal to (an estimate of) the
inverse variance of G(e7“*).



Chapter 8

Applications

Summary

In this chapter the model error estimation procedure of chapter 5 is applied
to a laboratory set-up of a variable speed wind turbine system, and to the
pick-up mechanism of a compact disk player which operates in closed loop.

For the wind turbine system, the estimated error bounds are validated in
two ways. Firstly, the error bounds are used to verify the robustness of a de-
signed controller, indicating that the controller should stabilize the system.
Implementing the controller shows that the controller indeed stabilizes the
system, and achieves the same amount of performance improvement for the
true closed loop as for the designed closed loop. Secondly, the procedure is
applied to a nonlinear simulation model of the wind turbine system. The
estimated error bounds turn out to be correct. That is, the error bounds
are able to capture the undisturbed output of the nonlinear system.

Experiments on the pick-up mechanism of a compact disk player can only
loop situation we use the coprime factor framework of [153], and the results
of chapter 6. High order models are necessary to accurately describe the
coprime factors of the system, and it turns out that the noise contains a
periodic component. To obtain values for K and 7 which are consistent
with the data, we have to allow for a considerable contribution due to
undermodelling to the error bound (relative to the variance contribution).
This structural contribution in the error bound should account for the
error due to the periodic disturbances, in addition to the error due to
undermodelling. The resulting error bounds are validated over new data.
The estimated model error bounds, together with the estimated bounds on
the DFT of the noise, turn out to give a reliable and tight bound for the
difference between the DFT of the output of the model and the DFT of the
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measured output. Finally, a new robust controller has been designed for
the system, while using the estimated uncertainty bounds on the coprime
factors in the design phase. This new controller achieves a substantially
better performance than the existing one.

Based on these results, we conclude that fairly realistic error bounds are ob-

and that the estimated error bounds indeed do provide a valuable basis for
high performance robust control design.

8.1 Application to a wind turbine system

8.1.1 Introduction

In this section we will apply the model error estimation technique of chapter 5 to
a laboratory set-up of a wind turbine system. For this system a high performance_
controller was designed in [14], see also [18, 16]. Using the estimated error bounds we
will check whether the controller stabilizes the system, to verify whether the controller
can be implemented safely.

Clearly, the test-rig is not linear, not time invariant, and not finite dimensional, and
therefore does not satisfy the assumptions under which the error bounds of chapter 5
are derived. However, in the small area around the operating condition in which the
experiments were performed, the test-rig approximately behaves linearly. Therefore,
based on the results of section 5.9, section 5.10.1, section 5.10.2, we are fairly confident
that the estimated error bounds will provide a realistic indication of the model error
for control system design around the operating condition. We will further check this
conviction in the following two ways.

system, the controller will be implemented so that we can verify whether the
closed loop is indeed stable.

e We will repeat the model error estimation procedure on a nonlinear simulation
model of the system, where the undisturbed output is available for verification
of the results.

8.1.2 The wind turbine system

We consider the IRFLET test-rig, see [176], which is a laboratory set-up of a variable
speed wind turbine system. The layout of the test-rig is given in figure 8.1. The
controlled DC-machine on the left part of figure 8.1 and the flywheel emulate the
rotor part of a small wind turbine, enabling experimentation under user definable
conditions. The other components in figure 8.1 (from left to right) are the transmission,
the generator (a variable speed synchronous machine), and the link with the public
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grid (a DC-link to establish a decoupling between the varying generator speed and the
constant grid frequency). These latter components also appear in a true wind turbine.

DC - machine

WIND TURBINE
— . -
ROTOR SIMULATOR INTEGRAL CONTROL SYSTEM

Figure 8.1: The IRFLET test-rig [176].

V

Oy  —— Po — Ig

Figure 8.2: Wind turbine.

The test-rig of figure 8.1 is schematically represented in figure 8.2, including the
input and output variables, with

Vw V,  wind velocity [m/s]
alf o,  delay angle rectifier [rad]
Mas M, rotor shaft torque [Nm]
Ig I, direct current [ A]

omg W, generator speed [rpm]

where the symbols in the first column refer to the labels which we will use in the
figures.

Experiments are carried out in one operating condition (full load) of the test-rig,
where
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wind velocity 12 m/s
field excitation voltage 22 A%
delay angle rectifier 0.47 rad

Appropriate anti-aliasing filters are used to measure the data, and a sampling frequency
of 100 Hz has been chosen.

The chosen wind disturbance V,, has a flat spectrum up to 10 Hz, and there is
no frequency content above 10 Hz. The delay angle «, is excited by a 5 Hz (clock
frequency) pseudo random binary sequence (PRBS). This means that at multiples of
5Hz the spectrum of the input signal is zero, so that the empirical transfer function
estimate (ETFE, see [106]) is unreliable at those frequencies. This excitation signal
was repeated every 2000 points, resulting in a periodic input signal.

Employing standard least squares prediction error system identification techniques
(see e.g. [110, 106]) parametric models for the test-rig were obtained from the measured
data in [18], see also [16]. In figure 8.3, figure 8.4 and figure 8.5 the transfer functions
of the individual channels are shown. For each channel the empirical transfer function
estimate (ETFE, see [106]) and the estimated parametric model is given. It can be seen
that there exists a close resemblance between the parametric models and the ETFE.
This holds for both the amplitude as well as the phase.

102 Vw -> Mas 104 alf -> Mas
g i g f E
£ 10 I B
Q F 1 =z F ]
ERU 4 o 102 4
T I :
S 10ME g £ 10
E 3 S E 3
10.2 PRI AN N R TT T E A W RTINS W T 100 PRI S W T R R W AT T R S WA AT
102 10-1 100 10! 102 102 101 100 101 102
200 e M 200 e
__ 100} 4 _ 100 4
g g
= 0 = ok ]
z L
S 100} 4 %100k .
200w v v 2200~ o o 1
102 101 100 10! 102 102 10! 100 10! 102
frequency [Hz] frequency [Hz]

Figure 8.3: Transfer functions rotor shaft torque, (—) parametric model, (- -) ETFE.
The titles of the plots refer to the specific inputs and outputs of the ele-
ments of the transfer function matrix.

To increase the damping of the mechanical resonance frequencies in the transmission
while maintaining a reasonably constant amount of produced electrical energy, a high
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Figure 8.4: Transfer functions DC-current, (—) parametric model, (- -) ETFE. The
titles of the plots refer to the specific inputs and outputs.

performance robust controller was designed in [14] (see also [18, 16]) using the identified
parametric models. An H, control design method (see [39, 38]) and Hankel norm
reduction (see [50]) of the order of the controller were used, resulting in a 25" order
controller C.

The feedback configuration is given in figure 8.6, where

w  exogenous inputs = Ve
z controlled outputs = Mg,
u  control inputs = ar
I,
y measured outputs =
Wsm

As an example of the designed closed loop, the rotor shaft torque reduction is given in
figure 8.7. It can be seen that the control objective has been met on the model.

8.1.3 Model error estimation

To check whether the controller at least will stabilize the true system, figure 8.6 shows
that we have to have available a model and a model error bound for the transfer
function from a, to (I, wsm)T, where V,, acts as a disturbance.

The aim of this section is to find an accurate model, together with a model un-
certainty description which provides a realistic reflection of the uncertainty about the
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Figure 8.5: Transfer functions generator speed, (—) parametric model, (- -) ETFE.
The titles of the plots refer to the specific inputs and outputs.

system which is present in the data, considering the situation where the available data
about the system is incomplete and corrupt. That is, we want to find a description
of the set of all models which are not highly unlikely to have generated the measured
data. In order to achieve this, we will use the model error estimation procedure of
chapter 5.

Clearly, the test-rig is not linear, time invariant, and finite dimensional, and there-
fore does not satisfy the assumptions under which the error bounds of chapter 5 are
derived. However, in a small area around one operating condition, as used for the
experiments, the test-rig approximately behaves linearly. Therefore, in combination
with the results of section 5.9, section 5.10.1, section 5.10.2, we are fairly confident
that the estimated error bounds will provide a realistic indication of the model error
for control system design.

The model uncertainty estimation procedure of chapter 5 only addresses scalar
systems. For the SIMO test-rig we will therefore estimate individual error bounds for
the transfer function from a, to I, and the transfer function from o, to Wem.

To estimate the error bounds we used the same experimental conditions (wind
disturbance, operating point, sampling frequency) as were used to identify the nominal
models, see section 8.1.2. We did however use another excitation signal: a 25 Hz (clock
frequency) PRBS instead of a 5 Hz PRBS. This excitation signal is more suitable to
estimate the error bounds, since the spectrum of this signal contains less frequency
regions in which it is very small. This input signal does yield the same nominal models
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Figure 8.6: Feedback configuration.
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Figure 8.7: Transfer functions, (—) open loop, (- -) designed closed loop, for the feed-
back configuration of figure 8.6. The titles of the plots refer to the specific
inputs and outputs.

as the ones of section 8.1.2.

More specifically, the input signal was chosen to be periodic, using a 25 Hz (clock
frequency) PRBS over 2000 points to construct one period. Data was measured over
8 periods. The magnitude of the DFT of the input signal over one period is given in
figure 8.8. Note that at multiples of 25Hz the spectrum of the input signal is zero.

To estimate the error bounds we had N = 16000, N, = 2000 and N, = 2400.
The probability level (as given by Fy,) for all confidence regions that will be shown is
specified to be 99 %.

The nominal models of [18] as given in section 8.1.2 turned out not to be suitable as
basis generating systems. The matching estimated generalized expansion coefficients
did not converge to zero at a satisfactory rate. We therefore did try to estimate more
accurate models from the measured data in the following way. Firstly, for each of
the two transfer functions separately, we used the nominal model of [18] as a basis
generating system. The resulting orthonormal basis functions were used to estimate
a high order model from the data. This high order model is compared to the ETFE
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Figure 8.8: Magnitude of the DFT over one period of the input signal, |U;(e?“*)|.

to check whether all significant dynamics are modelled. If not, the model order is
increased. To again obtain a low order model, we used model reduction by balancing
and truncation (see [128]) or by fitting a low order model on the high order one in the
frequency domain using weighted least squares, trying to minimize the infinity norm
of the error by adapting the weighting function (i.e. Whew(wk) = Woia(wi)|G(e?*) —
G(e#+)] for fitting G on G, and visual inspection of the fit in a Nyquist plot to decide
when the fit is satisfactory). This lower order model in turn was used as a basis
generating system. Iterating in this way we obtained basis generating systems which
were satisfactory.

The values for M, p, K, and 7 are obtained from the data iteratively. Starting from
zero, we iterate till the estimated prior information is in accordance with the matching
confidence intervals, i.e. till the bounds given by the estimates of the prior information
cross the matching confidence intervals only where zero is contained in the confidence
interval. This results in M = 100, = 1.0085, K= [150 60 65 60 30 115 55 50],
and 7 = 0.3 for the transfer function from a, to I;, and M = 70, p = 1.008, K =
[100 140 110 180}, and 7 = 0.55 for the transfer function from a, to wsm. These
estimated values now are taken as the prior information of assumption 5.2.1.ii and
assumption 5.2.1.iii.

We will now first give the results for the transfer function from «, to Iy, and next
the results for the transfer function from o, to wsm,. Figure 8.9 shows the estimated
generalized expansion coefficients and the confidence interval of theorem 5.4.2, using
np = 33 and W = diag(1 /6-(G(e7+))), together with the prior information given by
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Figure 8.9: Estimated generalized expansion coefficients (—), confidence interval
(- =), and estimated prior information (— -), for the transfer function
from o, to I,.

K and 4. The solid vertical lines in the plots indicate that zero lies in the confidence
interval from thereon, the dashed vertical lines indicate that the prior information
crosses the estimate. Experience shows that, for the prior information to be realistic,
the latter should come at least two coefficients later than the former, and that the
tail of the confidence interval which contains zeros should be at least two or three
(depending on the preceding behaviour of the confidence interval) coefficients long.
Figure 8.10 shows the true impulse response, the prior information given by M and
p, and the confidence interval of theorem 5.4.8 using n, = 33 and W, = 1. Finally,
figure 8.11 gives the Nyquist plot of the estimated parametric transfer function from
a, to I, together with the confidence region of theorem 5.4.5, using ny = 33 and
wW=1.

The results for the transfer function from «, to ws., are given in figure 8.12, fig-
ure 8.13 and figure 8.14. We used W = diag(1/6,(G(e’*))), np, = 29, n, = 29,
ny = 29, and W, and W diagonal matrices with diagonal elements as given in fig-
ure 8.15.

To illustrate the procedure of estimating the prior information from the data, in
figure 8.16 values for K and 7 are shown which are not consistent with the resulting
confidence interval on the estimated generalized expansion coefficients, as indicated by
the upper left and lower right plots.
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Figure 8.10: Estimated impulse response (—), confidence interval (- -) , and estimat-
ed prior information (— -), for the transfer function from a. to I,.
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Figure 8.11: Nyquist plot of the parametric transfer function estimate, and confidence
region, for the transfer function from a. to I,.
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Figure 8.12: Estimated generalized expansion coefficients (—), confidence interval
(- -), and estimated prior information (— -), for the transfer function
from a, to wep,.
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Figure 8.13: Estimated impulse response (—), confidence interval (- -), and estimat-
ed prior information (— -), for the transfer function from a, to wsny,.
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Figure 8.14: Nyquist plot of the parametric transfer function estimate, and confidence
region, for the transfer function from ., to wsm.
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Figure 8.15: Diagonal elements of the diagonal weighting functions W, and W used
for the impulse response estimate and the parametric transfer function
estimate, respectively, for the transfer function from a, to wsm.
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Figure 8.16: Example of estimated prior information being inconsistent with the re-
sulting confidence intervals on the estimated parameters for the transfer
function from @, to wsy,. Estimated generalized expansion coefficients
(—), confidence interval (- -), and estimated prior information (- -).

Remarks

e Due to the very large significant length of the impulse responses, see figure 8.13
and figure 8.10, FIR models yield very bad estimates and hence large error bounds
for these transfer functions. A specifically tailored set of basis functions are
imperative to obtain satisfactory results in such cases.

o It should be noted that the input signal used (a PRBS) is not the best input
signal with regard to the uncertainty estimation procedure used, see section 5.3.3
and chapter 7, especially theorem 7.4.1.

8.1.4 Robust stability

««««« . T o hom cmmmcmdad Lo man o A AT
t cail be represented by an additive

o hasinda actitnatoad in +ha nrasriniige cartin
Tht: Cliul vouulus cstuud,tcu 11 LEe previous SCLtlU

1
uncertainty model A, around the estimated wind turbine model P:

P,=P+A,

Omitting the external signals w and z of figure 8.6 and adding the uncertainty descrip-
tion, the feedback configuration is drawn in figure 8.17.
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i+

Figure 8.17: Additive uncertainty representation.

According to the small gain theorem (see [190]), the closed loop of figure 8.17 is
stable provided that
g ((I-CcP)'CA,) <1

where & denotes the maximum singular value. For the estimated (SIMO) model of the
wind turbine, the plant can be decomposed as

(2)-

w=[aa](l)

\ Wsm

P,

a
g
P,

the controller as

while the uncertainty is

Wsm

The transfer function (I — CP)~1C can be rewritten as
[a-cPier (1-cP)c
Hence, the closed loop remains stable provided that

-1
L+ - P oA, <1

Note that in this step conservativeness could be introduced. The estimated error
bound, as measure of the perturbation, contains no phase information. Therefore the
following stability condition need to be checked (without adding conservativeness to
the previous step)

(1= CP)~1Ci| |AL,| +1(1 = CP)'C| |Au,,.| < 1 (8.1)
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The graphical representation of the above stability condition is given in figure 8.18.
Both Pi, P, as well as |A,,,. |, |Ay,| are taken from figure 8.11 and figure 8.14. It
can be seen in figure 8.18 that the stability condition of (8.1) is satisfied. Therefore,
given that the estimated error bounds are correct, the real system will be stabilized
by the controller. Based on this result, we proceed with the actual implementation of
the controller.

100

T T TTTTIT
Ll

10!

Lt

T T T

102

magnitude
T
T

103 ¢

10—4 1 F I T T S S A I F S S S B B A 1 F R T B B R A S
10! 100 10! 102

frequency [Hz]

Figure 8.18: Stability result with respect to additive uncertainty,
(—) (1= CP)Cy| |Ar,| +|(1 - CP)ACy| [Au ],
(- -) component [(1—-CP)~1Cy||Ay,],
(-++) component |(1—CP)~1Cy||A,,,.|-

8.1.5 Controller implementation

In this section the predicted results of section 8.1.4 will be verified with measurements
on the test-rig. For this purpose the controller has been implemented and used to
control the test-rig. The same wind velocity signal as in section 8.1.2 and section 8.1.3
has been applied.

First of all, the controller indeed stabilizes the system, and achieves the same
amount of reduction of rotor shaft torque variations for the true closed loop as for the

designed closed loop. In figure 8.19 the experimentally determined closed loop transfer
functions, using the ETFE, and the predicted closed loop transfer functions are given.
Compared to figure 8.3 or figure 8.7 it can be seen that the maximum amplitude of the
rotor shaft torque variations are reduced by a factor of 10 in the frequency domain.

For the resonance frequency of the rotor shaft, interpreted as a second order system,
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the controller increases the damping from less than 0.05 to more than 0.5. The figure
also shows that the other signals (DC-current and generator speed) are behaving well,
and that the control signal (delay angle rectifier) remains small.
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Figure 8.19: Amplitude part of closed loop transfer functions, (—)designed,
(- -)ETFE, for the feedback configuration of figure 8.6. The titles of
the plots refer to the specific inputs and outputs.

8.1.6 Application to nonlinear simulation model

To provide additional verification of the results of the model error estimation procedure
of chapter 5, the procedure is applied to a nonlinear simulation model of the wind
turbine system, as supplied by the DUWECS simulation package for wind turbines
of [15]. This simulation model is built from first principals, i.e. using the physical
laws governing the system, and provides a model which gives a reasonably accurate
description of the characteristics of the test-rig of the previous sections (section 8.1.2
and section 8.1.3).

The excitation signal a, is chosen to be periodic, using a 5 Hz PRBS over 2000
points to construct one period, and a white noise wind disturbance V,, is applied to
the system. Data was measured over 8 periods.

To estimate the error bounds we did proceed along the same lines as in section 8.1.3.
The results for the transfer function from «, to I, are given in figure 8.20 and fig-
ure 8.21. The results for the transfer function from a, to ws, are given in figure 8.22
and figure 8.23.
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Figure 8.20: Estimated generalized expansion coefficients (—), confidence interval
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Figure 8.22: Estimated generalized expansion coefficients (—), confidence interval
(- -), and estimated prior information (— -), for the transfer function
from o, to Wsm-
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Figure 8.23: Nyquist plot of the parametric transfer function estimate, and confidence
region, for the transfer function from o, to Wsm.-
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Figure 8.24: True error |y,(7) — §(7)| for I, (- -), and confidence interval (—).

To validate these results we will check whether the estimated error bounds can
indeed capture the undisturbed output of the nonlinear simulation model for an input
signal which was not used to estimate the error bounds. In figure 8.24 and figure 8.25
the true errors (the magnitude of the difference between the true undisturbed output
and the output of the model, for I, and ws,, respectively) are given, together with the
confidence intervals of theorem 5.4.8. For illustration, the true undisturbed output wg,,
and the confidence interval are given in figure 8.26. Clearly, the estimated error bounds
(99 % confidence intervals) on the undisturbed output signals are correct (0.54 % of
the samples of the true error are larger than the error bound for I, and 0.75 % for
wsm ). That is, the error bounds are able to capture the undisturbed output of the
nonlinear system.

8.1.7 Conclusions

The model error estimation procedure of chapter 5 has been applied to a laboratory
set-up of a wind turbine system. Error bounds are calculated at a 99 % confidence
level, providing evidence that the high performance controller designed in {14] to reduce
rotor shaft torque variations should at least stabilize the system. Based on this result
the controller is applied to the system. The controller indeed stabilizes the system,
and achieves the same amount of reduction of rotor shaft torque variations for the
true closed loop as for the designed closed loop. The rotor shaft torque variations are
reduced by a factor of 10.

To provide additional verification of the results of the model error estimation pro-
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Figure 8.25: True error |y,(7) — §(7)| for wem (- -), and confidence interval (—).
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Figure 8.26: True undisturbed output wsm (
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cedure, the procedure also has been applied to a nonlinear simulation model of the
wind turbine system. The estimated error bounds turn out to be correct. That is, the
error bounds are able to capture the undisturbed output of the nonlinear system.
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8.2 Application to pick-up mechanism of CD player

8.2.1 Introduction

In this section we will apply the model error estimation procedure of chapter 5 to the
pick-up mechanism of a compact disc (CD) player (the Philips CDM9 mechanism).

A CD player uses an optical decoding device to reproduce high quality audio from
a digitally coded signal, recorded as a spiral track on a reflective disc. An increasing
amount of equivalent optical devices will be used in portable applications, having
severe shock disturbances. The track following properties of a CD player, operating in
these conditions, could be improved by designing an enhanced controller. In order to
design such a controller, an accurate control relevant model of the pick-up mechanism
is required. Additionally, an upper bound on the model error is required, in order
to be able to design the controller to be robust against these errors, and to be able
to evaluate stability and performance robustness prior to implementing the controller.
A linear model, suitable for control design, of the system in the radial servo loop of
the pick-up mechanism has been estimated in [175, 30]. The aim of this section is to
estimate a bound on the model error.

The pick-up mechanism of a compact disc player is only marginally stable. More-
over, signals reflecting the position information of the pick-up mechanism relative to
the disc are available only if the mechanism is controlled to remain in an operating
point. Thus, experiments can only be done when this system is controlled. To be able
to apply the model error estimation procedure of chapter 5 in the resulting closed loop
situation we will use the results of chapter 6.

Additionally, utilizing both the estimated model and the estimated model error
bounds, an enhanced robust controller for the radial servo loop has been designed in
[30], while using the design procedure of [17]. This controller has been implemented,
after verifying its robustness, showing a substantial performance improvement over the
existing controller.
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Figure 8.27: Schematic view of CD mechanism [31].

The whole procedure of identification, model error estimation, and controller de-
sign, can be seen as one step in the iterative identification and control design schemes
for cautious controller enhancement proposed by [155, 175].

8.2.2 The compact disc mechanism

In this section we will give a concise description of the compact disc pick-up mechanism,
the experimental set-up, and the model obtained in [175, 30].

The CD mechanism consists of a DC-motor for the rotation of the compact disc and
a radial arm in order to follow the track on the disc. Furthermore, an optical pick-up
unit is mounted on the end of a balanced radial arm to read the digitally coded signal,
recorded on the disc. Schematically the CD mechanism is given in figure 8.27.

A diode generates a laser beam that passes through a series of lenses in the optical
pick-up unit to give a spot on the disc surface. The light reflected from the disc is
measured on an array of photo diodes, mounted in the bottom of the optical pick-up
unit, yielding the signals required for position error information of the laser spot on
the compact disc.

The compact disc mechanism is a feedback controlied system. Following the irack
on the compact disc involves basically two control loops. Firstly a radial control loop
using a permanent magnet/coil system mounted on the radial arm is employed, in
order to position the laser spot orthogonal to the track. Secondly a focus control
loop using an objective lens suspended by two parallel leaf springs and a permanent
magnet/coil system, with the coil mounted in the top of the optical pick-up unit, is
employed to focus the laser spot on the disc. In the present configuration, both the
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Figure 8.28: Block diagram of the CD mechanism [31].

radial and focus control loops have been realized by a SISO (single input single output)
controller, which consists of a lead-lag element, and a proportional and integrating (PI)
action. The closed loop bandwidth is approximately 450 Hz, which is a compromise
between several conflicting objectives, see [167].

In figure 8.28 a block diagram of the two control loops is shown. In this figure
P,(q) denotes the transfer function of the radial and focus actuators, P, the optical
pick-up unit, C4(q) the controller and the system P, is P,(q) = —P,P,(g). The signals
have the following interpretation. The spot position error §(t), which is the difference
between the track position g(t) and actuator position s(t) in radial and focus direction,
generates a (disturbed) error signal y(t) via the optical pick-up unit P,. This error
signal y(¢) is led into the controller Cy4(g) and feeds the actuators P,(q) with the input
u(t). The signal v(t) reflects the disturbance on the error signal y(t).

The absolute track position g(t) and actuator position s(t) cannot be measured
and used for identification directly. Only the error signal y(¢) and the input u(t) are
available. For identification purposes, an external reference signal r(t) can be injected
into the control loops to excite the system, as illustrated in figure 8.28. This signal
r(t) can be specified by the user, and is uncorrelated with the additive noise v(t).

While the compact disc mechanism is actually a multivariable system, for this
study we will concentrate on the identification and control of the radial servo system
only. Moreover, we will proceed while considering the system P, to be diagonal. This
is motivated by the fact that the radial and focus servo loop are nearly decoupled, see
[42] and [31] where a multivariable model of the system P, has been identified.

As mentioned, the current closed loop bandwidth of the radial servo loop is approx-
imately 450 Hz. Increasing the bandwidth to 800 Hz to improve the low frequency
disturbance rejection leads to excessive peaking of the sensitivity function. In order
to design an improved controller a more accurate model is required, together with a
characterization of the model error. Following the iterative identification and control
design procedures proposed in [155, 175], experiments are performed while using the
controller with the increased bandwidth. That is, to arrive at an accurate model which
is suitable for control design aiming at a closed loop bandwidth of approximately 800



8.2 APPLICATION TO PICK-UP MECHANISM OF CD PLAYER 181

Hz, experiments should be performed that mimic the desired situation as close as pos-
sible. Additionally, error bounds which are estimated under conditions which resemble
the desired operating conditions, are to be preferred in view of the extrapolation prob-
lem discussed in section 3.11.

A control relevant linear dynamical model of the system G, in the radial servo loop
(the upper left element in the transfer function matrix P,) has been identified in [175,
30], employing the coprime factor identification framework developed in [153, 175]. A
relatively simple model of G, was used to construct a suitable filter to generate an
auxiliary signal z(t) from r(t) such that

y(t) = No(q)z(t) +valt)
u(t) D,(q)z(t) + va(t)

where N, and D, constitute a right coprime factorization of G, (if P, is diagonal),
G, = N,D;!, and where v, (t) and v4(t) are disturbance signals which are uncorrelated
with z(t). Subsequently, accurate (high order) models of N, and D, were estimated
using system based orthonormal basis functions, to construct a new signal z(¢) which
induces a new factorization N, and D, which is almost normalized right coprime.
The use of normalized coprime plant factors has specific advantages both from an
identification and control design point of view, see [175] for a short discussion. Finally,
using the new signal z(t), low order nominal models of N, and D, were estimated using
standard least squares prediction error identification techniques, see [106]. Figure 8.29
shows the resulting high order models, and figure 8.30 the resulting low order nominal
models.

8.2.3 Model error estimation

In this section we will apply the model error estimation procedure of chapter 5 to the
system G, in the radial servo loop of the compact disc pick-up mechanism. This system
contains a near double integrator, and position information of the pick-up mechanism
relative to the disc is available only if the mechanism is controlled to remain in an
operating point. Hence, experiments can be done only when the system is controlled.
To handle the resulting closed loop situation we will use the coprime factor framework
of [153] which is discussed in chapter 6. That is, we will estimate confidence intervals
for the factors N, and D, in a coprime factorization of the system G,.

The identification problem now has the following form. Let w(t) and y(t) be the
input and output of the system G, in the radial servo loop (the upper left element of
P, in figure 8.28)

y(t) = Go(Qu(t) +v(t)
u(t) = C(q)y(t) +r(?)

where r(t) is an external excitation signal (the first component of the reference signal
r(t) in figure 8.28), v(t) is a disturbance signal which is uncorrelated with r(t), and C
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Figure 8.29: Bode magnitude plots of the high order model [175].
Left: Identified coprime plant factors N and D (—), and
ETFE of the same factors (- -).
Right: Estimated plant model ND~! (—), and ETFE (- -).

is the controller in the radial servo loop (the upper left element of C,; in figure 8.28).
Introduce the auxiliary variable z(¢) as a filtered version of r(t)

z(t) = F(q)r(¢) (82)
where the filter F' is chosen as proposed in [175, 30]. We now have (see [175, 30])

y(&) = No(@)z(t) + vn(t)
u(t) = Do(g)x(t) +va(t)

where v, (t) and v4(t) are disturbance signals which are uncorrelated with z(t), and
where N, and D, constitute a right coprime factorization of G, (if P, is diagonal)

G, = N,D;?!

We will now estimate models and model error bounds for both N, and D, from u(t),
y(t) and z(t).

Exciting only the first component r(t) of the reference signal r(t) in figure 8.28, time
sequences u(t) and y(t) in the radial control loop were measured, using appropriate
anti-aliasing filters and a sampling frequency of 25 kHz. The excitation signal r(t) was
chosen to be periodic, using a band limited white noise signal in the frequency domain
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Figure 8.30: Bode magnitude plots of the low order nominal model [175].
Left: Identified coprime plant factors N, and D, (—), and
ETFE of the same factors (- -).
Right: Estimated plant model N,D;! (—), and ETFE (- -).

of interest (100 Hz — 10 kHz) to construct one period. This is the same excitation
signal as was used in [175, 30]. The filter F' in (8.2) was chosen to be the final filter
obtained in the example given in [175].

To estimate the error bounds we have N = 8192, N, = 1024 and N, = 250000.
Hence, we use data over 8 periods of the excitation signal r(t), which at a sampling
frequency of 25 kHz concerns a time interval of 0.33 seconds.

The signal z(t) is a filtered version of the periodic excitation signal r(t), see (8.2).
Due to the long time interval (given by Nj) relative to the significant length of the
impulse response of the filter F in which the periodic external excitation signal r(t) was
applied to the closed loop system prior to starting the measurements, the signal z(t)
used for identification is almost periodic. However, since z(t) is not really periodic an
additional error is introduced with regard to the error bounds developed in chapter 5

xrh o +ha 1 d+5 h
Wiere ine Luyuu Slgn&‘u is assumed to be pe“"‘"u,. This additional error term can be

bounded using theorem 6.3.3 in chapter 6. The magnitude of the DFT of the signal
z(t) over one period of 7(t) is given in figure 8.31.

The nominal models of [175] as given in figure 8.30 turned out not to be suitable as
basis generating systems. The matching estimated generalized expansion coefficients
did not converge to zero at a satisfactory rate. We therefore did try to estimate more
suitable models from the measured data in the following way. Firstly, for each of the
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two transfer functions N, and D, separately, we used the nominal model of [175] as
a basis generating system. The resulting orthonormal basis functions were used to
estimate a high order model from the data. This high order model is compared to
the ETFE to check whether all significant dynamics are modelled. If not, the model
order is increased. To again obtain a low order model, we used model reduction
by balancing and truncation (see [128]) or by fitting a low order model on the high
order one in the frequency domain using weighted least squares, trying to minimize
the infinity norm of the error by adapting the weighting function (i.e. Wyew(wx) =
Woia(wi)|G(e? *) — G(e“¥)] for fitting G‘on G, and visual inspection of the fit in a
Nyquist plot to decide when the fit is satisfactory). This lower order model in turn was
used as a basis generating system. Iterating in this way we obtained basis generating
systems which perform better than the nominal models of [175], and which provide a
reasonable fit on the ETFE.

The values for M, p, K, and 7 are obtained from the data iteratively. Starting from
zero, we iterate till the estimated prior information is in accordance with the matching
confidence intervals, i.e. till the bounds given by the estimates of the prior information
cross the resulting confidence intervals only where zero is contained in the confidence
interval. These estimated values M, b, I@, and 7) now are taken as the prior information
of assumption 5.2.1.ii and assumption 5.2.1.iii.

With regard to the above we have to note that we easily succeeded to find satis-
factory values for M and p. However, especially for N,, it was difficult to establish

adequate values for K and 7. We were able to find reasonable values for K and 7 which
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are consistent with the resulting confidence intervals for the generalized expansion
coefficients for a fixed model order, but we had to allow for a considerable contribu-
tion due to undermodelling in the error bounds (relative to the variance contribution).
However, when the model order is increased to reduce the bound on the undermod-
elling error, the values of K and 7} are again invalidated. This can of course be caused
by incorrect values for K and 7, but we were not able to find reasonable values for K
and 7 for which this did not occur. Thus, especially for N,, we tend to the opinion
that there is no convergence of the estimated generalized expansion coeflicients to zero,
although all coefficients following the leading ones are small. Based on the similarity
of the difficulties to find satisfactory values for K and # with the observations made
in section 5.9, we suspect that some structural effect is present in the data which can
not be captured by a linear time invariant model.

There are basically three sources that can generate a structural effect in the data
which can not be captured by a linear time invariant model with stochastic noise: a
periodic disturbance which has approximately the same period length as the input
signal, nonlinearities in the system, and a system which is periodically time varying
with a period length that is approximately equal to the period length of the input
signal. The latter is however not at all likely, and time variations in the system also
are not expected from the physics of the system. Hence, we suspect that there are
nonlinearities in the system, or that a periodic disturbance has affected the data.
The presence of nonlinear contributions to the data is however not confirmed by the
higher order correlation tests of [10]. The higher order correlations are small, and
approximately have the same magnitude as the correlation between the input and
the model output error. The autocorrelation of the model output errors does however
reveal that there is a strong periodic component in the output errors: the signal and the
signal shifted over 500 samples are highly correlated, see figure 8.32. Taking the DFT
of the autocorrelations shows that for N, the periodic component contains strong 100,

200 and 300 Hz contributions, and for D, strong 300, 800 and 1100 Hz contributions.
1

Together with the observations made in section 5.9, the presence of the periodic
disturbance, which has approximately the same period length as the input signal,
explains the lack of convergence of the generalized expansion coefficients, and the
resulting difficulty to find adequate values for K and 7. According to the results of
section 5.9, the influence of this structural effect in the data, which can not be captured
by a linear time invariant model with stochastic noise, should be accounted for by the
undermodelling (i.e. the structural) contribution to the error bound. This explains
the considerable error due to undermodelling for which we had to allow in order to
establish values for K and 7 which are consistent with the resulting confidence intervals

LAt this point we should have decreased the elements of the weighting matrix W of section 5.4.2
around these frequencies. However, since this is only an example, we will not do this in order to verify
whether reliable error bounds are obtained under this ”worst case” disturbance.
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Figure 8.32: Autocorrelation of the model output error for D, and N, respectively.

for the generalized expansion coefficients.

A further confirmation of the presence of a structural effect in the data which can
not be captured by a linear time invariant model with stochastic noise, follows from the
nonparametric transfer function estimates and their confidence intervals as given by
theorem 5.3.5. The nonparametric estimate of N, is depicted in figure 8.33, together
with the confidence intervals of theorem 5.3.5. From the confidence intervals it clearly
follows that the system is either of shocking high order, or that there is some structural
effect in the data which can not be captured by a linear time invariant model with
stochastic noise. Such a structural effect will cause the confidence intervals on the
nonparametric estimate to be too small, see section 5.9. Similar observations follow
from the nonparametric estimate of D,.

In addition to the above one should be aware of the following general fact. When
the significant order of a system is high, this implies that for any low order basis
generating system the generalized expansion coefficients will only slowly converge to
zero. When in addition the variation of the measured signals over the different data
segments is small, then high order models are required to achieve the situation where
zero lies in the tail of confidence intervals on the estimated generalized expansion
coefficients, at a reasonable level of the undermodelling contribution to the confidence
intervals. Together with the above described difficulty to find satisfactory values for
K and 7, this explains the high order models which we will use.

We will now proceed with the model error estimation procedure. The probability
level (as given by F,) for the confidence regions is specified to be 99 %, unless stated
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Figure 8.33: Nyquist plot of nonparametric transfer function estimate for N,, and
confidence region.

otherwise. We will first give the results for D,, and next the results for N,. Figure 8.34
shows the estimated generalized expansion coefficients and the confidence interval of
theorem 5.4.2 and theorem 6.3.3, using n, = 111 and W = diag(1/6,(D(ei**))),
together with the prior information given by K and /. The solid vertical lines in the
plots indicate that zero lies in the confidence interval from thereon, the dashed vertical
lines indicate that the prior information crosses the estimate. Experience shows that,
for the prior information to be realistic, the latter should come at least two coeflicients
later than the former, and that the tail of the confidence interval which contains zero
should be at least two or three (depending on the preceding behaviour of the confidence
interval) coefficients long. Figure 8.35 shows the estimated impulse response, the
prior information given by M and p, and the confidence interval of theorem 5.4.8
and theorem 6.3.3 using n, = 111 and W, = 1. The Nyquist plot of the parametric
transfer function estimate is given in figure 8.36, together with the confidence region of
theorem 5.4.5 and theorem 6.3.3, using ny = 111 and W = 1. To illustrate the influence
of the probability level on the size of the confidence regions, figure 8.37 depicts the
amplitude of confidence regions for the parametric transfer function estimate at a 90 %,
a 99 %, and a 99.9 % probability level. The 99.9 % confidence region is at most a factor
two larger than the 90 % confidence region. Finally, figure 8.38 gives the Bode plots of
the nonparametric estimate, the parametric estimate, and the basis generating system.
The parametric estimate very accurately fits on the nonparametric estimate, and is
considerably better than the basis generating system.
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Figure 8.34: Estimated generalized expansion coefficients (—), confidence interval
(- -), and estimated prior information K4* (- -), for D,.
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Figure 8.35: Estimated impulse response (—), confidence interval (- -) , and estimat-
ed prior information Mp~* (- ), for D,.
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Figure 8.36: Nyquist plot of parametric transfer function estimate of D,, and confi-
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Figure 8.37: Amplitude of confidence regions for the parametric transfer function es-
timate at a 90 % (--), a 99 % (—), and a 99.9 % (- - -) probability
level.
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Figure 8.38: Bode plot of the basis generating system (- - -), and the nonparametric
(- -) and the parametric (—) transfer function estimates, for D,.

The results for N, are given in figure 8.39, figure 8.40, figure 8.41 and figure 8.43.
We used W = diag(1/6,(N(e?“*))), np =71, ny = 71, ny = 71, Wy, =1 and W = 1.
Figure 8.42 depicts the components of the error bound for the parametric transfer func-
tion estimate, showing the considerable contribution due to undermodelling, relative
to the variance contribution.

The nonparametric and parametric transfer function estimates of the system G, =
N,D;?! are given in figure 8.44. Figure 8.44 shows that the models, although of very
high order, do not contain dynamics which are not supported by the data. This is
confirmed by the comparison of the nonparametric and parametric transfer function
estimates for D, and N, individually, see figure 8.38 and figure 8.43 respectively.

To validate these results we will check whether the estimated error bounds can indeed
capture the measured (disturbed) output of the system for an input signal which was
not used to estimate the error bounds. In figure 8.45, figure 8.47, figure 8.48 and
figure 8.49 the real and imaginary part of the DFT of the measured signals u(t) and

+h ith th fidence torvale of corgllarv 5.4 19
'y(t) are g}'\ren reSpeCtlvexy, tOgeuuer with the confidence intervals of COrouiary o.«.14

and theorem 6.3.3. For illustration, the real part of the DFT of the measured signal
u(t) is given in figure 8.46, together with the confidence interval. Clearly, the estimated
error bounds (99 % confidence intervals) can account for the observed data.

Finally, a new robust controller has been designed for the system in [30], employing the
coprime factor H, control design method of [17]. This control design method optimizes
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Figure 8.39: Estimated generalized expansion coefficients (—), confidence interval
(- -), and estimated prior information (— -), for N,.
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Figure 8.40: Estimated impulse response (—), confidence interval (- -), and estimat-
ed prior information (— ), for N,.
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Figure 8.42: Components of the confidence interval for the parametric transfer func-
tion estimate of N,; variance (—), undermodelling (- -), and unknown
past inputs (- - -). The contribution due to unknown past inputs is too
small to be seen (less than 10714), and there is no error due to weighting
(since W =1).
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Figure 8.49: Magnitude of the difference between the imaginary part of the DFT
of the measured output and the output of the model over new data
[Im{Y9(e’%t) — Y?(e’**)}| (- -), and confidence interval (—).

robustness against additive perturbations on coprime factors of the system, and can
be used to incorporate the estimated uncertainty bounds on the coprime factors in the
control design phase. That is, the estimated uncertainty bounds are used to specify the
weighting functions that are used in designing the controller. Additionally, using the
estimated uncertainty bounds, we can check whether the new controller should stabilize
the true system. Let C' = D;'N, denote a left coprime factorization of the controller
C in the radial servo loop. Let G = ND~! denote a right coprime factorization of a
model G. Let G, = (N + An)(D + Ap)~! denote a right coprime factorization of the
system G,. Then (if P, is diagonal) a sufficient condition for robust stability of the
radial servo loop is given in [17] as

D

[V, aqiNyrl

where
A=D.D+ N.N
This condition can be checked (conservatively) as
D, N,
— — <1 .
A |1Apl+ |5l ANl < (8.3)
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Figure 8.50: Stability robustness tests of the new controller for point wise confidence
intervals on the estimated coprime factors at three probability levels.

while using the estimated bounds on |Ax| and |Ap|. The robustness properties of this
controller are given in figure 8.50, depicting (8.3) for point wise confidence intervals
with on the estimated coprime factors with different probability levels. This new
controller achieves a substantially better performance than the existing controller, see
figure 8.51. A bandwidth of approximately 800 Hz has been achieved without excessive
peaking of the sensitivity function, leading to improved disturbance rejection.

8.2.4 Conclusions

The application of the model error estimation procedure of chapter 5 to the system in
the radial servo loop of a compact disc pick-up mechanism was successful.
Experiments can only be performed when this system is controlled. To handle the
closed loop situation we used the coprime factor framework of [153], and the results
of chapter 6. Although very high order models are necessary to accurately describe
the coprime factors of the system, and in spite of a periodic disturbance which acts
on the system, we obtained model error bounds which perform well when validated.
That is, together with the estimated bounds on the DFT of the noise, the model error
bounds turn out to provide a reliable and tight bound for the error in the DFT of the
output of the models when compared to the DFT of the measured output, while using
measurement data which was not used to estimate the error bounds. On the basis
of these validation results and the experience of section 5.9 with regard to structural
deviations from the case of a linear time invariant system with stochastic noise, we
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(I — Cy4P,)™ ! for the new (—)and the old (- - -) controller.

expect the error bounds to provide a realistic indication of the model error.

A new robust controller has been designed for the system, while using the estimated
uncertainty bounds on the coprime factors in the design phase. This new controller has
been implemented, and achieves a substantially better performance than the existing
controller. We conclude that the estimated error bounds indeed do provide an excellent
basis for high performance robust control design.
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Chapter 9

Conclusions and recommendations

9.1 Conciusions

The problem addressed in this thesis was formulated in chapter 1 and chapter 3,
and reads as follows. Consider the situation where the system is stable, and where
the dominant behaviour of the system is linear and time invariant. Given a set of
measured pairs of input and output data points, establish the set of all stable linear
time invariant systems for which there is indeed evidence in the measured data that
these systems could have generated this data. Additionally, solutions to this problem
are required to be able to provide models and model error bounds which are suitable
for high performance robust control design, and a realistic indication of the deviations
between the model and the system still should result when the assumption that the
system is linear and time invariant is mildly violated.

This problem was discussed extensively in chapter 3, and existing literature ad-
dressing this problem was evaluated in chapter 2. Based on these chapters, as a first
step a frequency domain approach using the unknown but bounded noise framework
was presented in chapter 4. This approach was improved in chapter 5 by employing
the more appropriate description of the noise as being a realization of a stochastic pro-
cess. Further developments were presented in chapter 6, considering unstable systems
and closed loop situations, and in chapter 7, providing asymptotic bias and variance
expressions for the estimation procedure proposed in chapter 5 (frequency domain
least squares identification using generalized orthonormal basis functions). Simulation
studies were provided in chapter 5, and two applications were given in chapter 8.

We conclude that the procedure presented in chapter 5 indeed is able to provide
accurate models together with reliable and tight error bounds, which are suitable to
serve as a basis for high performance robust control design. Moreover, essentially
no prior information is needed (can be estimated from the data), and only minor
assumptions on the noise are required (essentially only a mixing condition).

The only important restriction that is imposed is the assumption that the system



200 CONCLUSIONS AND RECOMMENDATIONS

is linear and time invariant. However, by means of simulations and applications it has
been made plausible that the procedure is robust to mild violations of the assumptions
(linear time invariant system, and stationary stochastic noise). The uncertainty due
to the fact that the prior information is estimated from the data is not taken into
account. Still, simulations show the probability level of the error bounds to be too
low rather than too high. This is due to the fact that the components of the error
bound that rely on this prior information are worst case bounds, which is almost always
too pessimistic. Finally, the confidence interval on the error due to the noise is only
valid asymptotically in the period length of the input signal. However, the procedure
displays an excellent nonasymptotic performance in the simulation and application
studies.

The basic ideas behind our procedure are the following. A stochastic noise model
is used to account for averaging (random) errors, whereas a deterministic framework is
used for the undermodelling error to account for structural errors. Data segmentation
in combination with a periodic input is used to effectively distinguish between averag-
ing and undermodelling errors, and to estimate the variance of the noise. The estimate
of the variance is consistent in the face of undermodelling, and the distribution of the
error due to the noise is an asymptotic property of the estimation procedure. A closed
form (accounting for the fact that the variance is estimated from the data) confidence
interval on the error due to the noise can be established. The prior information also
is estimated from the data. As a result, the uncertainty in the data is indeed reflected
in the error bounds. Finally, the model set is constructed using system based or-
thonormal basis functions, in order to enable the identification of high quality models.
These ideas appear to be sound, robust, and widely applicable, as is confirmed by the
simulation examples for situations which deviate from our assumptions, and practical
applications. Topics as model order selection, input design and model validation are
also addressed, and an asymptotic analysis is provided for frequency domain transfer
function estimation using system based orthonormal basis functions.

The procedure can very well be used in an iterative control design scheme (see
section 2.8), but is not fit for an adaptive control scheme, since we require the input
signal to be periodic. However, it appears to be possible to adapt the procedure to
allow for quasi-stationary input signals, see section 9.2.

We can conclude that the problem addressed in this thesis, as formulated in sec-
tion 3.1 and section 3.12, to a large extent has been solved. The approach of chapter 5
definitely appears to be a powerful one. However, the system is assumed to be lin-
ear and time invariant, and the noise to be stochastic and stationary. Although the
procedure is robust to mild deviations from these assumptions, this remains to be an
idealization of the processes encountered in reality. Tighter and more reliable error
bounds should be possible if the problem of nonlinearities and time variations would
be addressed in a more structured way. Knowledge from physical modelling appears to

be the key ingredient to properly address this topic, see section 9.2. In our opinion, it
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is one of the major challenges and it should be one of the major concerns of the system
identification community to address the problem of time varying nonlinear systems,
preferably in a physical parameterization. The approach of chapter 5 also appears to
ha nramiging in thie mara canaral rantavt gon gantian Q9
vo PLULLLLDAILS 411k Vill0 111V1i O 6\411\/‘.“1 \JU.lllI\/AV, OUU OCLWVIL J.u.
imations involved in the linear time invariant framework with stationary stochastic
noise are often justified and lead to good results in many cases. The engineering leap
of faith (also because the priors are estimated from the data) remains, but has been

decreased considerably.
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9.2 Recommendations for further research

There are three important topics which need further attention. Firstly, a version of the
procedure of chapter 5 should be established which does not require the input signal to

adaptive control scheme. Secondly, it would be advantageous when tighter bounds for
the error due to undermodelling could be established. Thirdly, more structure should
be imposed on the error due to nonlinearities and time variations, in order to obtain
tighter and more reliable error bounds for mildly nonlinear and time varying systems.
In the following we will address these three points.

A version of the procedure of chapter 5 which does not require the input signal to be
periodic is desirable in the following two situations. Firstly, in some cases the input
signal to the system, or the reference signal to the closed loop in which the system
operates, cannot be specified by the user (e.g. process industry). That is, a periodic
(external) excitation signal cannot be applied. To avoid confusion, for systems that
operate in closed loop it is sufficient if the reference signal (external excitation signal)
can be chosen to be periodic, see chapter 6. Secondly, quite a lot of systems exhibit
slow variations in their dynamics (time variations or shifting operating conditions)
which are significant with respect to robust high performance control. That is, these
variations are large enough to significantly deteriorate the performance. Often these
variations are not known in advance, so that an adaptive controller is required to
maintain high performance. Now, in an adaptive control scheme, the reference signal
will in general not be periodic.

It certainly appears to be possible to develop a time domain analog of the procedure
of chapter 5, without the requirement of a periodic input signal, when the input signal
can be modelled as a quasi-stationary stochastic process. Assuming the input signal to
be quasi-stationary, and using time domain least squares prediction error identification,
the parameter and the transfer function estimates over the different data segments
again are asymptotically identically normally distributed, see section 2.2 and [108,
189, 113, 104, 111]. Thus, we can apply exactly the same procedure as the one that
was developed in chapter 5.
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Tighter error bounds for the error due to undermodelling would of course be advanta-
geous. The currently used bounds are often somewhat pessimistic due to their worst
case character. On the other hand, these bounds are reliable and appear to contribute
substantially to the robustness of the model error estimation procedure with respect
to mild violations of the assumptions.

A very effective possibility to reduce the bound on the undermodelling error would
be to assume and estimate different rates of convergence for the different elements of
the vector sequence of orthonormal basis functions (and to estimate a different number
of parameters for the different elements, which would also reduce the variance). This
is a trivial extension to our procedure, but the question is whether such an assumption
has a sound theoretical basis, and leads to reliable error bounds.

Furthermore, stochastic embedding of the error due to undermodelling, as proposed
by [54, 130], deserves consideration. In our opinion, the embedding should address the
tail of the generalized expansion coefficients, rather than a separate FIR model as
proposed in [54, 130]. However, one certainly should be careful with adopting this
approach, as was discussed in section 3.5. :

Finally, it appears to be valuable to make a closer analysis (theoretically or on a
simulation level) of the point at which the bounds given by K and 7, or M and p
are allowed to cross the confidence interval, in order to capture uncertainty about the
behaviour of the system as reflected in the experimental data. Such an analysis may
indicate that higher rates of convergence are allowed and can be inferred from the
confidence intervals on the estimated parameters.

Apart from the above, analytic expressions (or automatic procedures) are desirable
for selecting the variables K and 7, or M and p in such a way that they are consistent
with the resulting error bounds, especially in view of adaptive control applications.
These variables can be chosen to be in agreement with the confidence interval for the
error due to the noise (smaller than the total error bound), which appears to be less
difficult (no iterative procedure necessary).

To achieve tighter and more reliable error bounds when the system is mildly nonlinear
or time varying, a more appropriate characterization of the "noise” due to these effects
with respect to a linear time invariant description of the system should be pursued.
In this thesis we used a combination of a stochastic (averaging) and an unknown
but bounded (worst case) description of these effects, as a result of the stochastic
description of the noise and the deterministic description of the undermodelling error
which we employed.

To achieve better models and tighter and more reliable error bounds when the
system exhibits a substantial nonlinear or time varying behaviour, explicit modelling
of the nonlinear or time varying behaviour appears to be necessary. In our opinion, this
is one of the major challenges of system identification. Ignoring significant effects due to
nonlinearities or time variations in the system will lead to conservative error bounds,
since we do not known what kind of effect is ignored, and where (what frequency



9.2 RECOMMENDATIONS FOR FURTHER RESEARCH 203

region) it has its main influence. Therefore, more structure and freedom should be
incorporated in the estimation problem, to be able to distinguish between these effects
and to specifically account for these effects, instead of just considering them as one
large source of errors. Again, if we are not prepared to model these effects (as far
as reflected in the data), this will lead to unnecessary large error bounds. Moreover,
the error bounds may become unreliable, as was demonstrated in section 5.10.2 for a
system with random time variations.

In this respect, black-box identification alone appears to be inadequate. Black-box
identification is possible for linear time invariant systems since they are all governed
by a set of linear difference or differential equations. Essentially, only the order of the
model has to be chosen. This does not hold for nonlinear or time varying systems. The
possibilities are endless, and without at least some prior knowledge of the physical laws
governing the system we probably will not be able to identify a satisfactory model.
That is, without such prior knowledge the model usually will not at all be parsimonious,
leading to an unnecessary large variance of the estimated parameters. Additionally,
the undermodelling error usually will be considerable since important aspects of the
system probably cannot be captured adequately by the model. In contrast, in our
experience grey-box modelling often yields quite satisfactory results, even for highly
complex systems. Thus, physical modelling appears to be called for in order to be
able to effectively tackle the problem of identifying nonlinear or time varying systems.
Moreover, a physical model often is already present from the system design phase, or
is desired anyway to provide additional physical insight in order to be able to improve
the behaviour of the system. Clearly, the information arising from these models should
be used when trying to identify the system.

In our opinion, a well balanced combination grey-box and black-box modelling
appears to be called for. That is, one should use a physically motivated model structure
to capture the major nonlinear or time varying effects in the data, extended with
general linear, nonlinear and time varying elements to account for effects that are
not represented adequately in the physically motivated model. Suitable candidates
for these additional elements are for instance the usual linear black-box models [106],
neural nets [23], and the first order expansion proposed by Hjalmarsson [83] to model
the effects of time varying parameters in the system, respectively.

In this context, one should keep in mind that adding more freedom leads to less
reliable models if this freedom is not necessary to model the data. Hence, care should
be taken as to which effects actually are present in the data, to keep the model parsi-
monious but flexible enough.

Note that in this thesis, considering the case of (dominantly) linear time invariant
systems, the use of physical knowledge (which may be approximative or inaccurate)
has been enabled by the use of system based orthonormal basis functions.

Extension of the basic ideas developed in this thesis to nonlinear and time varying
systems appears to be possible. That is, the approach of chapter 5 (mixed averaging
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— structural embedding of the modelling errors, and data segmentation to estimate
the different error components) certainly appears to be promising in this more general
context. The main adaptation that needs to be made is that the model of the system
should be generalized and extended as proposed above, and that the parameters of this
model should be estimated. Similar as in chapter 5, the set of estimated parameter
vectors over the different data segments can be transformed into a set of estimated out-
put signals. This should allow the specification of an error bound on the output of the
system, and thereby the specification of the uncertainty as operator uncertainty on the
nonlinear time varying error components. The estimated parameters or output signals
on the different data segments again may be asymptotically normally distributed. If
not, it may be reasonable to assume them to be normally distributed since according
to [87, page 146] and [90, chapter 31] the assumption of normality on the individual
observations is less crucial when using an F' distribution. Note that the approach of
chapter 5 has been shown to be robust to mild deviations from a linear time invariant

m m .
undermodelling error and stochastic noise. Thus, if the significant nonlinear time vary-

ing effects are adequately captured in the estimated model, the procedure of chapter 5
should be robust to small remaining nonlinear time varying effects or deterministic
noise components.

Of course, it is also possible to apply the approach of chapter 5 to the difference
between the system and a nonlinear or time varying model of the system, but direct
application to the system has the advantage of a far better signal to noise ratio.

Besides nonlinear and time varying effects, the problem of deterministic compo-
nents in the noise also deserves attention. However, this problem appears to be less
crucial. Hjalmarsson [83] has shown that using a ”mixing” input signal, deterministic
disturbances do not differ essentially from stochastic disturbances.

Finally, the ideas presented above also should allow for fairly extensive structured
uncertainty models. Robust control (¢ analysis and synthesis, see [38, 41, 40, 7]) can
deal with structured real, complex, linear, nonlinear, time invariant, and time varying
hard bounded uncertainty descriptions. Such extensive uncertainty models do not
appear to be realistic, and may not be identifiable at all (nonunique). It definitely
seems to be impossible to obtain such structured hard error bounds from experimental
data alone. However, when using extensive physical knowledge about the structure of
the system, much more should be possible than can be done at present.



Appendix A

Proofs for chapter 4

A.1 Proof of theorem 4.3.2

A.1.1 Properties of the N point DFT

To give the proof we have to start by taking a closer look at the properties of the N
point DFT, and by dealing with some additional definitions and notation. The periodic

continuation of a signal z(t) is denoted by z%(t)

Bt +kN)=z(t) for keZ,teTV

The N point DFT and inverse DFT are defined in (4.6) and (4.7). A set of N complex
orthogonal time domain elementary functions (complex sinewaves) now can be given

as
1 2nk
.’fik(t) = WX(ZXI—IC)CJ N ke TN
There holds
N-1
.’i,‘(t).’i‘j(t) =0 for i#j
k=0
N-1
o(t) =Y &(t) for teTV
k=0

(A1)

Note that the elementary functions are also defined outside TV, and that outside TV
they are given by periodic continuation. Hence, for ¢ ¢ TV the inverse N point DFT

gives a periodic continuation

N—
af(t) = aw(t) for teZ
k=0

[ay

(A.2)
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Consider the transformation matrix Wy € ¢V*¥
1 1 . 1
; 2m(N-1)
1 1 e N cee e’ N
Wy=— | | (43)

1 e IN-DF -2

Note that Wy is an orthonormal matrix: WyWy, = W Wy = I, where W}, denotes
the complex conjugate transpose of the matrix Wy. The N point DFT can now be
seen as a change of basis, where the new orthogonal set of basis functions is given by
the columns of the matrix Wy. There holds

0
#1(0)
ol 2] ke (A.4)
Ee(N - 1) .
L O -

where the nonzero element appears in the (k + 1)-th row. When a signal is used
only over the time interval TI{}’; the DFT is defined according to (4.8), (4.9), and the
elementary functions read

N-1

z(t) = g3(t) for teTH (A.5)
k=0
1 27k

2i(t) = WXS(%)eJ NN for  teTh

Finally, the past values of the input signal (¢ < 0 ) are sometimes denoted as uf(t) to
stress that they are unknown.
A.1.2 Proof

The key observation is that we are able to decompose the input signal u(t) over a
measurement interval T7V+"s in the basis Wy.

N-1
_ ~5 ; 7 N+N,
u(t) = ? wi(t) for teT
k=0

This can be done only for partly periodic input signals, see (A.2). For t € TV+Ns the
output now can be written as

y(t) = D go(i)ult —i) +v(t)

1=0
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t N-1 o)
= > 00(0) D gt —i)+ Y go(6)u(t = 1) +o(t) (A.6)
1=0 k=0 1=t+1
Note that for an elementary function there holds
(o)
got) ¥ a5 (t) = D go(8)ii(t — i)
i=0
1 & . 21k, N
Ry D ITACLNC S
=0
1., 2k L ) e 2mk
= '—JV'U (2—]’:,’9)6’ N (t N’)Zg (’L)B I°N
1=0
1 27k,
= U TG, ()
= Go(Zh)ai(t) (A7)
where * denotes convolution. Hence
t N-1 N-1 t
> 90(3) > agt—i) = > goi)ag(t — )
1=0 k=0 k=0 =0
N-1 ) oo
- (Zgo(zmw—z)— S go(zmz(t—z))
k=0 1=0 1=t+1
N-1 oo
=3 Go(EEyaz(t) - D go(B)u(t - 1)
k=0 1=t+1
(A.6) now can be written as
N-1 (o)
y(t) = Go(ZE)as(t) + Y go(i)u”(t — 1) —uR(t —9)] +v(t) (A.8)
k=0 1=t+1
Define -
e(t)= >, go(i)[u (t — i) — u(t — )] (A.9)

Writing down (A.8) for all t € T, and using (A.5) and (A.9) results in

AGH) iy (N,)
N-1 ~S N-1 NS
Gr(No+1) i (N+1)
. = Z Go(z';(r]&) +
k=0 . k=0

Je(Na+N-1) U (N.+N-1)
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e(nN,) v(Ny)
N e(Nf+1) N v(N.s+1) (A.10)
e(N,+N-1) v(N,+N-1)

Premultiplying with the (£ + 1)-th row of Wy and using (A.4) gives
YS(%) (2#2)Us(_17\1}_)+Es(27r£)+Vs(27r1!)

By using the assumptions made on the impulse response and the input signal, an upper
bound for E*(2%£) can be derived

1 N.tN-1 .2nd o
|E*(%h)| = I—A—[ eI N END N g ()P (¢ — 1) — uB(t — )] |
t=Ng 1=t+1

Ny+N—-1 oo

< =@+ . X el
1

t=N 1=t+1

< = @ +a) ]‘_“ N (1= o) (A11)

The result now follows by using the assumption made on the noise.

A.2 Proof of theorem 4.3.5

For a MIMO system having m inputs and p outputs, the vector output (p x 1) is given
by
0y

y(t) = Zgo k) +v(t)

where g,(k) is the impulse response matrix (p x m) of the system, u(t) is the vector
input (m x 1) and v(t) is the vector additive output noise (p x 1). The input is a vector
partly periodic signal (each element of the vector input u(t) has the first N, points
equal to the last N, points). The i-th output y;;(t) now can be written as

m o0

ya®) = > gk — k) +vp(t)

7=1 k=0

m -1
= ( GO [25] —N&)u[]] ( )+61J](t)) +U1]( )

=1 \ £=0

<.

with

o0

er;)(t) = Z 91i5) (R)[uf (t — k) — ufy(t — k)]

k=t+1
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It is now straightforward to show that

Y300 - Gopi) (OU5(0)
Y5 (5) s Gopis) (5 )U (%)
W\~ _ Z o[ij] 4]
: j:l N
)/[f](Z‘K JA\,/_I ) -Go[i:’](?’r(% 1))U[] (27r(N 1))

Ej;(0) i ©)
m s 2m 2

Jj=1

s (2m(N-1) sr2n(N—-1
| By (&) (&%)
If the input is in accordance with (4.11) then (A.12) becomes
s2mly _ 27l s
V(3R = Gopiy) (FOUG () +ZE[U] ) + V()
The result now follows from (A.11) and the assumption made on the noise.

A.3 Proof of proposition 4.4.1

dFG,(e7)
dw*

dw’c (Z 90(¢ —JM)

kalga(f)l < MY tp7*
£=0 £=0

The use of standard Taylor series concludes the proof.

O)(=0)ke "

IA

A.4 Proof of proposition 4.4.2
Write F(e7*) = Go(€7%) — Gnom(e7*). To prove the first inequality of proposition 4.4.2
we now have to prove that for a scalar complex function F(e?*) there holds

& \pem| <

J |
——4| for k={1,2}

We will only give the proof for k = 1 (first derivative), the proof for k¥ = 2 (second
derivative) is completely analogous. Writing down the first derivative of |F'| = (F*F)%

gives
1 dF* dF
F*
&= g (o F )
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Note that for any scalar complex function F(e’*) there holds d(F*)/dw = (dF/dw)*

because . A _ A
F*(edw2) — F*(giw1 Jw2) _ Jwi)\ *
EN Py, (Elet) T )
w2 lwy

w2 —wy
1 dF\* dF

< —— - ==

< (#1|(Z) [+ )

The the first inequality of proposition 4.4.2 now follows by noting that for any complex
scalar a there holds |a*| = |a|. The second inequality of proposition 4.4.2 is just the
triangle inequality.

lim
walwi Wy — wq

Therefore

d .
a;lF(ej )l




Appendix B

Proofs for chapter 5

B.1 Proof of lemma 5.3.1

Proof of inequality (5.20): Using (5.15) we have |S;| = |R;|/|Ui|. The upper bound
on |R;(e?**)| directly follows from the results of appendix C.1, see theorem 6.3.3 and
(6.9).

Proof of inequality (5.21): From (5.19) and (5.15) we have

1
'SI - TlUiI

>
i=1

where we used the fact that U; is independent of 7 because the input is periodic. Using
(5.7), (5.5), (5.6), and the fact that e™2"* = 1 for £ € Z, we find for k € T"> and
N =rN,

ok 1 N-1 _‘mt 1 T iNo,—1 'mt
X5(No) = — z(t+ Ny)e 7 No* = —Z Z z(t + No)e ' No
N = VN o t=(i—1)N,
r No—1 2mk )
— L w(@ + (z _ l)No +N5)e—] N, (L+(i—1)N,)
N =1 £=0
r No—1 T
1 ° _.27rke 1 j27rk
= =) zi(l)e 7Nt = == " X,(e' Mo ) (B.1)
N =1 £=0 \/; =1

Note that it is not assumed that z(t) is periodic. The upper bound on |R*(e’“*)|
now follows from the upper bound on |E*(e’“*)| that is given in appendix C.1 or
appendix A.1, see (6.9) or (A.11).
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B.2 Proof of lemma 5.3.3

Using (5.23) gives

52G) = 52(G) = (I6-Gp —16-G.p) (B:2)

Thus
'é — éi|2 = IAi + Bil2 = IAilz + AlB:‘ + BlA;,k + !Bi|2 (B4)

Combining (B.2) and (B.4) gives

~ 1 T
E A;B} + B;A! + |B;|?
1) o % 1 I l

G

resulting in

YT 1
62(G) = 62(G)| < > 2|Ail|Bi| + |Bi[?
r(r—1) i=1
with
|4l = |G -Gl
1< r—1 1A 1 <
IBil = |Si=S|=|Si==Y S|=|—8-=) Se—= > S
T k=1 T T k=1 T k=i+1
i—1 r r
r—1 1 1 r—2 1
< |+ = Z = |+ =
< — |Sz|+7,k§=,:|5kl+rk;i+llskl - |S|+r;15k|

which completes the proof.

B.3 Proof of lemma 5.3.4

We will use the following standard results from probability theory, see e.g. [147].

1. Ifz; e N(0,1),i=1,---,k, are independent random variables and z = Ele x2,

then z € x?(k) with mean k and variance 2k.

2. If z € x*(a) and y € x*(b) are independent random variables and z = %/L‘;, then

z € F(a,b).
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3. Let z;, © = 1,---,k, be a sequence of independent identically distributed re-
al random variables, with z; € N(u,0?). Let g = %Zf 1 zi and let 62 =
o Zle(ﬂ—zl) Then i and 62 are independent and fi € N (u, 1o?), k= 1 5 ¢

2
x*(k—1).

4. Uncorrelated jointly normally distributed random variables are independent.

5. Linear combinations of jointly normally distributed random variables are again
jointly normally distributed.

The convergence in distribution follows from the Continuous Mapping Theorem, see
[145, page 46], which states the following. Let h be a measurable mapping from R* into
IR®. Write C for the set of points in R® at which h is continuous. If a sequence x,
of random vectors taking values R converges in distribution to a random vector x for
which Plz € C] = 1, then h(z,) converges in distribution to h(x). We will first address
the mapping f under consideration, and next we will derive the matching asymptotic

distribution. Denote
D(ejwk) _ I G (e.nwc)~ (erk)|2
62(G(e7+))

and
V(i) = [Re{Vi(e#*)} - -Re{Vi (e} Tm{Vi(e*)} - Im{V; (e%)})7

Clearly we have that D(e’“*) = f(V(e’“*)), where f(-) denotes some function. For
a periodic input signal, i.e. U;(e’**) independent of i, it follows by direct calculation

ha
that _ L (Re{V;}Re{V,n},Re{Vi}Im{Vp,}, Im{V;}Im{ V. })

L (Re{V;}Re{V,,.},Re{Vi}Im{V;,}, Im{V;}Im{V,})

where L(-) denotes some linear combination of its arguments, with real coefficients.
Hence f(V) : R*" — IR is a continuous function for all 2(G) > 0. Additionally, we
have asymptotically in N, that P[62(G(e?*)) > 0] = 1 since V;(e/“*) and V;(e“*), i #
j, are asymptotically independent, see theorem 5.3.2. From the Continuous Mapping
Theorem it now follows that if the vector V(e’“*) converges in distribution to V(e/“*)
then D(e’“*) = f(V(e?“*)) converges in distribution to f(V(e’“*)). The distribution
of V(e/**) is completely specified by the asymptotic distribution of Vi, as given in
theorem 5.3.2. Hence for the derivation of the asymptotic distribution of D(e’“*) we
can use VNO € N(0,A) with A as given in theorem 5.3.2.

Note that Im{G(e/“*)} = 0 for wy € {0,7}. We will therefore split the remainder of
the proof in two parts. First we will derive the distribution for wy = 0,7, and next for
wg # 0, 7. Denote

(r = De3(G(E))
var[G(e“*)]

B(ejwk) = (B.5)
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Ger) — Go(er)

\/;ar[é(ej“”c )]
Case wy = 0,7

From Vi, € N(0,A) with A as given in theorem 5.3.2, it follows that the Vi(edwr),
¢t = 1,---,r, are normally distributed and that they are independent and identical-
ly distributed. Therefore A(e’“*) € AN(0,1) and B(e’*) € x%(r — 1). Because
Im{A(e’**)} = 0 for wy =0,7 we have that A2 € x2(1). Furthermore G(e’**) and
62(G(e’“*)) are independent, so that D(e/“*) a quotient of two independent y2 dis-
tributions, which is an F' distribution

Aewr) =

[AP/1 _ |Go(e?r) — G(e?*+)|?

B/r=1) 52(G () € F(1,r-1)

Case wi # 0,

From Vi, € N'(0,A) with A as given in theorem 5.3.2, it follows that A(e?r) € N(0,1).
By direct calculation it also follows that Re{G(e’“*)} and Im{G(e’*)} have the
same variance, and hence that Re{A(e’**)} and Im{A(e’“*)} have the same vari-
ance, for wy # 0,7. Noting that for any complex random variable z there hold-
s 02(2) = E[z*2] = 0?(Re{z}) + 0o (Im{z}) we find that Re{A(e’**)} € N(0,1)
and Im{A(eJ“”C)} € N(0,%). Hence Re’{v/24} € x*(1) and Im*{v24} € x (1)
Finally, from Vy, € N(0,A) it follows by direct calculation that Re{A(e’**)} and
Im{A(e’“*)} are uncorrelated and jointly normally distributed. Hence Re{A(e7“*)}
and Im{A(e’“*)} are independent. The above observations result in

2|Af? = 2Re®{A} + 2Im*{A4} € X*(2)
Using a similar argument we find that
2B(e?“*) € x*(2(r — 1)) (B.6)
Again G(e/“*) and 62(G(e’**)) are independent, so that

[A[2/2 _ |Gole™) = Glern)P?
2B/(2(r - 1)) 62(G(eIwr))

€ F(2,2(r —1))
which concludes the proof.

B.4 Proof of theorem 5.3.5

From lemma 5.3.4 we find

G(e?+)[? - v, { Fo(2,2(r—1)) wp #0,7
= F,(1,r —1) wp =0,7

|G0(€J°’*)
62(G(e?r))
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Hence

|Go(e7*) — G(e*)| < y/a52(G(e?+))

Combining (B.7) and (5.18) gives

|Go(ex) — G(e?)| < |S(e74)] + 1/ ad2(G(e?*))

Using lemma, 5.3.3 and the triangle inequality
67(G) < 82(G) +187(G) - 57(G)]

completes the proof.

B.5 Proof of new elements in theorem 5.4.2

We will only prove the inequalities for z? = ¥Z and s?» = ¥S. The asymptotic
distribution follows from (5.45) using a similar argument as in section B.3, while noting
that the estimates ; are real so that we do not have additional degrees of freedom due

to independent real and imaginary parts. The inequality for |2?(m)| follows as

NP
Pim) = Y Uk, 0)Z(e)
£=1
Np o
= Y Wk, 0) Y LiVi(er)
=1 k=mp
Np Ap—1 00
= Z\I/ Z LiVe(e3%) + Z Lka(ejQ))
=1 k=", k=
Ain—1 Np Np
- U(k, O)LiVi(e¥t) + Y U(k, £) Z LiVi(e762)
k=np £=1 =1 k=np
ip—1 N, N, %S}
|27(m)| < D Lkl [ Uk, ©) Vk(ejc‘ + Y 1Tk, O] D |Lel[Ve(e?)]
k=n, |e=1 =1 k=np

Np

=1

A
=
™
3?&‘

z i_T M z

_ N.
. Th L .
< £ |3 Uk, OVi(e) +’C{]__,;;|‘I’<k,e)||VO(€’C‘)|

~
Il
-

k=nyp

Dk, )Vi(e7) +’CZ|‘1’(k,f)||Vo(€jC‘)| >
k=np
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where we used (E.5), the prior information that |Lx| < Kn*, and the Taylor series
expansion of 1/(1 — z) with z = 7. The inequality for |s?| follows directly from
NP
Plmy =N Uim
Lo

AN AR
=

) S(eiC)

—

B.6 Proof of new elements in theorem 5.4.4

We will only prove the inequalities for |A(e/*) — Zf(e’*)| and |['(e’*)|. Everything
else is similar to the arguments given in section B.5, section B.4 and section B.3. The
inequality for |A(e?*) — Zf(e7¥)| follows as

A7) — ZF(e??) = Z LiVi(e) — TZ

:n

) Np

= > LiVe(e™) = > T(0) Z LiVi(e7¢)
k=nf =1 k=mnp

= i LiVi(e7) — i Ly ZT VWi (e9¢e)
k=" k=7

np—1 fip—1 Np
= Lka(ejw) + Z Ly (Vk(ejw) — Z T(g)vk(ejfe ))

k=ng k=nyp =1
[ee] NP
Z Vi (e2%) ZT YWe(e7)
k=n =1
—l np— -1
|A(e?) — ZT(e7¥)] < K Z 7*|Ve(e?)| + K Z n* Ve (e?¥) —ZT YWe(ei¢t)
k=ng k=mp
Ny
+’C— Vo(e?) + D [T(0)][Vo(e™?)|
=1
The inequality for [T'(e’)| follows as
TLf 1
[(e™) = DPp+ Yy PmLh
m== 0
ﬁf—l
()] < DIl + Y |Lml|Pm|”
m=0
’ﬁf—l
< M|Pp|+K Y [Pml"n™ (B.8)

m=0
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B.7 Proof of new elements in theorem 5.4.5

We will split up the proof in two parts, using

GI (e7%) — Go(e??) = GF (e7%) — G (e7%) + GF (e7%) — Go(e7¥)
From (5.51), (5.50), (5.19), (5.55), (5.54) it follows that the difference G () —
Gf(e7¥) equals

Gl (e7%) — GI () = §7(e7) + 27 (e7) — A(e?) — T(e7)

For the real and imaginary parts of the right hand side terms hard error bounds have
been established in theorem 5.4.4, thereby specifying a hard error bound for the left
hand side term as a rectangular region in the complex plane.

The term G (e*) — G,(e’*) can be bounded with a soft error bound as follows. From
(5.55), (5.54) it follows that

G (i) — G (ei) = T(ej“’)% SR (B.9)
=1

where F; is given in (5.44), (5.40). From (B.9) and theorem 5.3.2 it follows that for
$2(Gf (7)) as defined in (5.59) there holds asymptotically in N,, see [87, page 171],
Re{G/ (¢7) ~ Go(e)} ]
Im{G/ (e7*) — G,(e’)}

Re{GY(e7) — Go(e?)}

2 (Af (piw -
(S @] | i) - e

< %a w.p. Fa(2,r —2) (B.10)
specifying an ellipsoidal confidence region in the complex plane. However, in (B.10)
the matrix $2(Gf(e/*)) is unknown since G/ (e’*) is unknown, so that we have to
replace this matrix with a known matrix to be able to actually calculate the confidence
region. Now note that both $2(G/(e’*)) and £2(G/ (7)) are positive semi-definite
by construction, see (5.59). We thus have to find a known matrix @ > 0 such that the
set {z € R? | 27 ($2(G/))a < c} is contained in the set {z € R* | 27Q 'z < c}.
Hence we require that z7Q 1z < z7(52(G/))~'z. For ease of notation we define
S(w) = £2(G7 (7)) and £(w) = £2(GY (e7*)). We will now set out to prove that for

[ S (w) + 287 (w) $12(w) ]

S (0) + 287 ()

Qw) =

L 221 (w} W

there holds )

2TQ Y w)r < 2TE Hw)z
for all z € IR? and w € [0,27). Firstly, it follows directly from lemma 5.4.3 that for
each entry of 3(w) — £(w) there holds

1Ske(w) = Ere(w)] € 8F (W) (B.11)
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for all w € [0,27) and k,¢ = 1,2, where S (w) is given by (5.57). Secondly, the
following equivalence relations are standard results from linear algebra,

tTQ 2 <278 s & f)_l—Q_lZO & Q-S>0

Hence we have to prove that 27(Q — £)z > 0 for all z € IR?. It follows that

~

21 25)(Q - %) [z }

(L‘%(Ell bt 211 + 2Sf) + $2(222 - 222 + QSf) + 2(171.%’2(212 — 212)
> 2?3 - S +8) + 23 (S9g — Do + &) + (22 + 22)S7 — 2lz122| |S12 — $1a
(mf + a:% — 2|:c1x2|)8f

IV 1

were we used (B.11). Now note that for all z € IR?

(1 +22)2 >0 & x+22420125>0
(T1—22)2 >0 & 22 +22—2512,>0

Hence
7} + 22 - 2lz122) > 0

which completes the proof.

B.8 Proof of new elements in theorem 5.4.8
There holds

9(1) = yo(1) = (Q(1)bs = yo(7)) + (Q(T) Wy (6 — 62)) + (Q(7) Wy — T) 6,)
= El(T) +E2(7') + Eg(T)
where FE;(7) is the error due to undermodelling and unknown past inputs u,(7), Ea(7)

is due to the error in the estimated parameters, i.e. errors due to undermodelling, past
inputs u(t) and noise, and E3(7) is the error due to weighting. For E;(7) we have

q—1 Ty —1
Ey(1) = Dug(7) + Z ue(T —1—m) Z Lidr(m)
m=0 k=0
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0

(Z Z)Zw—l— )Lide(m)

= — qz__l Ug(T — 1 —m) ;f—: Li¢r(m) — i Ue(T —1— m)éLm(m)
= f__jl Ua(T — M) Z Lide(m —1) — ilua(r —m) ng(m -1)
- Y f; Lie(m - 1) iﬂua(r — m)ga(m)
— Sl - mgelm)
m=r 1
|E1(7)] < |Eu(r)|+M Z |ua (T —m)|p™™ + ﬂé’Mpp:Tl

m=q+1

where we used that the impulse response of the system G, is given by g,(m) =

> reo Lkdr(m — 1) for m > 0, see (5.69).
Eu(r) = Y ul(r—m) Y Ligs(m—1)
m=1 k=1,
Mg —1 q
= Y Li Y ta(r —m)gr(m—1)+

k=", m=1

g —1 q
Bu@] < K Y 0% | S ualr —m)ga(

k=n, m=1

Using the Cauchy-Schwarz inequality, we find for Eyo(7)

k=g

|Eia(m) < D Jua(r —m)l\l > HLkH%J Y llgem = DI3
m=1 k=7g

where

| oo
D MLkl < 4| D 1K

k=%, k=g

Zﬁ.z

L lIKign?* < nknz\/ -

The fact that the infinite matrix ®(Gy), see (E.11), is orthonormal, yields

1

\]Z ll¢x(m —
k=0
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Mg —1

Z lpe(m - DI = 1~ Z ll$x(m — 1)II3

Hence |E;2(7)| can be bounded as

1B < K™ /1= 3 fua(r - m)|\’ 1= Y ligu(m — D)3
m=1 k=0

For E5(7) we have, see (5.41)

Ey(1) = Q(m)W, ¥ (Z +S+ %Z Fi) = Ep1(7) + Eaa(7) + Ea3(7)
i=1

For E,3(7) a probablistic error bound is used, for Es;(7) and Es3(7) we have

Np
En(r) =TYZ =Y YY()Z(e%)
£=1

which is similar to the expression for 27, (B.8), and
E22 7') TYS = Z -ry GJC‘

Finally

fiy—1

Es(r)=DP%+ Y PLLL

which is similar to the expression for I'(e?*), (B.8).



Appendix C

Proofs for chapter 6

C.1 Proof of theorem 6.3.3

We will employ the usual convention that

dY()=0 if b<a

a

Using (6.6),(6.7) we find

N-1
Z*°(edwr) = 2(t + Ny)e 7wt
t=0
N-1 oo
= Y ey " go(p)a(t + N, —p)
t=0 p=0
N-1 oo

[oe]
Ze'f“”‘tZgo Zf m)r(t + Ny —p —m)

t=0 p=0 m=0

N-1 (S

z —jwit Z 9o e—jwkpejwkp Z m)r(t + Ny —p — m)e—jwkmejwkm

t=0 »=0 m=

= Zgo(p e kapz f(m) —kamz r(t + Ny — p — m)e I9rteiwrpeiwrm

[ = t—p m]
N—-p-m-—1

= D gop)eTP 3T flm)eTIHm N0 (e NoJe
p=0 m=0

L=—p—m
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Because p > 0 and m > 0, so that —p — m < 0, we can write

Y-y +r- 3

I=—p—m l=—n—m I=N—-n—m
P

Using wy, = 2% % and N =iN,, i,k € IN, we find

27k 2nk . . 27k
e—] 1\1;0 (L+N) _ e—] s —_727rk1 —e I, £ (Cl)
Hence we can write
-1 N—1
> r(e+ Ny)emiet (€ + N,)e vkt
b=—p—m {=N-p—m

-1

= > (r(t+N,)—r(l+ N+ N))e it

t=—p-m
Therefore
Z°(e7¥k) = Go(etr)F(e?“*)R*(e7“*) + E*(e7“r)
= Go(ej“’k)X;(ej“”“) + E*(eIwr)
where
B@) = 32 gop)e 07 3 flm)e I S ({64 ) = (04 N, 4 W) e
p=0 m=0 t=—p—m

Using the fact that f(m) =0 for m < 0 and that —p —m < —N, for m > N, — p we
find

) No—p -1
E*(e3%) = 3" go(p)e ™ Y f(m)e™ ™ N (r(£+ N,) = (£ + N, + N)) e3¢
p=0 m=0 l=—p—m
(e [=S) —Ny—1
+> go(p)e™ P N f(m)e ™ ST (r(E+ Ny) — r(€+ Ny + N)) emIent
p=0 m=Ng+1—p Z——p m

+ Zgo(l’)e_]“’”’ Z f(m)eseem Z 1€+ Ny) — (£ + N, + N)) e~ 3w

m=Ngs+1—p

Using the fact that r(t) periodic for t > 0, i.e. 7(t+ Ns+1iN,) = r(t+ N;) for t € TN,
1 =0,1,--- — 1, we find that the first and third left hand side terms are zero,
yielding

) N

o5 =) —Ng—1
E*(e*) = > go(p) Y. f(m) D (r(¢+N,) = r(f+ N, + N))emdwrwtm+0)

p=0 m=N;+1-p f=—p—m
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o oo —N,-1
= Z 9o(p) Z f(m) Z r(l + Ns)e—jwk(P+m+£)

p=0 m=N,+1—p t=—p—m
oo N,+N-p —N,—1

- Z 90(p) Z f(m) Sj r({ + Ns + N)e—jwk(zl+m+l)
p=0 m=N,+1-p b=—p—m
e o —N,—N-1

- Z go(p) Z f(m) Z /r(e + N, + N)e—jwk(p+m+£)
p=0 m=N,+N+1—-p t=—p—-m
° il —N,-1

- ZQD(P) Z f(m) Z r(f + N, + N)e= @k (p+m+0)
p=0 m=N,+N+1-p ¢=—N,—N

= Bj(e/) - B3(e™)

where E3(ei“*) contains the unknown past of the external signal r(t), and Ej(e?“*)

the known periodic part of r(t)

—N,—-1

E$(efr) = Zgo(p) Z f(m) Z (e + Ns)e—jwk(P+m+E)
p=0 m=N,+1-p t=—p—m
s i —N,—N-1
- Zgo(p) Z f(m) Z r(€ + N, + N)e I« (@tm+0)
p=0 m=N.+N+1-p t=—p-m
o Ns+N-p —N,-1
By(@) = 3 go(p) Y. flm) Y (€4 No+ N)e erlrtmit)
p=0 m=N+1-p t=—p—m
o oo —N,—1
+ Z go(p) Z f(m) Z T(Z + N, + N)e—jwk(P+m+Z)
p=0 m=Ny+N+1-p t=—N,—N
Using e~ 7“*N =1, see (C.1), the first error term can be written as
° oo —Ns—N-1
Eje) = S g D>, fm) >, r(l+Ne+ N)e—iwr(ptm+e+N)
=0 m=N,+1-p t=—p-m-N
© 00 —Ny—N-1
- Z 94(p) Z f(m) Z r(f+ N, + N)e—ju»'k(p+m+£)
p=0 m=N,+N+1-p t=—p—m
o Nos+N-—p —N,—N-1
=Yg > fm) > €+ N+ N)eelrtnid
p=0 m=N,+1—p f=—p—m

oo —p—m-—1

+ i 90(p) Z f(m) Z r(¢ + N, + N)e—jwk(P+m+l)
p=0

m=N,+1-p {=—p—m—N
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Taking the magnitude gives

o) Ns+N—p
B} ()] < ™Y lgo®)| > |f(m)|(p+m— N, - N)
p=0 m=N;+1—p
+PY @) Y. |f(m)IN
p=0 m=N;+1—p
oo Ns+N-—p
=Y lg® D |f(m)(p+m—N,)
p=0 m=Ns+1—p

[e'e]

+7PY le@) Y If(m)N
p=0

m=N;+N+1-p

=Y lgo®) >, [fm)l(p+m—N,)
p=0 m=Ns+1—p

[e.e]

-y g D>, fm)(p+m—-N,~N) (C.2)
p=0

m=Ns+N+1-p
= 7°(EN, — En,+N)

Using the fact that f(m) = 0 for m < 0, we can write Ey, as

N, =3
En, = ) lg.()l > |f(m)l(p+m—N,)
p=0

m=N;+1-p

+ D 9o Y IF(m)l(p+m — N,)
m=0

p=N,+1
N o)
< MBZp“” Z w~ ™ (p+m — Ny)
p= m=Ns+1-p

(oo} o<}
+MB Z p”Z,u (p+m — Ny)

p=Ns+1
N
s 1 MP—Ns
_ P
—MBZp (p N, +N. +1+14—1) 1 — 1
pzo \ L 7/ r
12 14
+MB ) P((p ) 2)
o p—1 " (p-—1)
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_ MByp 1 p~Ne N, P
Cop-1 [M—1<UN’+/>—1 NI
—N,

_ MBu[On, _»p ( 1 p

f +
p—1]p=-1 p=1\pu-1 p-1J/]
To find a more elegant expression for

N

Un, = p P
p=0

we have to distinguish three cases: p =y, p > p and p < p. For p = p we find

N.s
On, =D w M = (N, + ™

=
For p > p we find
S (p\7" it
Un, = (ﬁ) pNs = pNe=1 _ p=Ne—1
5 (2) i 2 )
p_
For p < p we find
& ()P o () 7" pp
On. =2 (—) =2 (—) = (T
p=0 p p=0 p w—=p

For the second error term E3(e’“*) we have

© Ns+N-p —Ny—1
1Bje)] < Slge@ Y. Ifm) Y I+ Ny +N)|
p=0 m=N,+1-p t=—p—m
o 0 —N,—1

+3 0w@ Y. Ifm) Y e+ Ne+N)|
p=0 m=N,+N+1-p t=—N,—N
[es) Ns+N-—p

=7y le® Y, 1fm)p+m—N,)
p=0 m=N,+1-p

[e.e]

e Y fm)IN

NN
M=INg+INT1—P

=7y leo®) Y. Ifm)l(p+m—N,)
p=0 m=Ng+1—p

oo

7y lwe@) >, fm)l(p+m—N.-N)
p=0

m=Ns+N+1-p
= 7(EN, — En,+N)



226 PROOFS FOR CHAPTER 6

where the last equality follows from (C.2).
Finally, the above yields

|E*(e7%)| < |B5(e7%)] + | B5(er)|
< (P +7)(En, — En,+n)
b, MBu[ U N RN p
< P p—— —
< (7 +T),u—1 [u—1+(1 P )p—l o1 +p—1
where

(Ns + u=e = (No + N + 1u= NN for —p=u
U= o [A-p M = (1= p M) for p>

LE_E,; [(1 —pM)p=Neml (1~ M_N)u_Ns_l] for p<p

which completes the proof.



Appendix D

Proofs for chapter 7

D.1 Proof of lemma 7.3.2

Firstly, see [106, equation (6.31)], there exists a constant ¢; € IR such that
s jw 2 C1 u
[E[|V*(e7%) 2] — &, (wi)| < N W€ Q.

and
BV (en)(Vi(e) )| S & wetwr  wrwe €,

Secondly, it follows directly from (B.1) that
. o, N
U (&%) (U (340))" = 3-Ua(e4)U; (e0)

[

The first statement of the theorem now follows directly.
The second statement of the theorem now follows by noting that the induced two norm
of a matrix A is less than or equal to the Frobenius norm, see e.g. [53, page 57,

Al <, D0 1Aul? (D.1)
V Tk

D.2 Proof of theorem 7.3.3

The theorem is a direct consequence of (7.32), lemma 7.3.2, the triangle inequality,
and the submultiplicative property of matrix norms

IABll2 < | All2l| Bll2 (D.2)

where A and B are matrices. Thus, if ||B — C||2 — 0 and ||A||2 is uniformly bounded,
then ||A(B — C)||2 — 0, so that the triangle inequality yields ||AB|l2 — ||AC||2.
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D.3 Proof of lemma 7.3.4

From (7.26) it follows that

r 1 1
1 1 . .
. . 1 Vi(eIwr) ... V* _(elr
) e o) FE) e Vi)
% = . , . : : . :
o ' o 1 Vi(ed“r) -+ Vi_ (ewr
Vn-1(e7?) -+ Vn_1(e?r) ) ()
1 Va*(ej“’e) .. Vi_i(e7vt)
P Vo (eIwe Vo (edwe )\ Vx (eiwe ) (ejwz)v;:_ ejwe)
S o(. ) o ). o (e7) v . 1 (0.3)
=1 . . . N
Vn_1(ej‘”‘) Vn_1(€j‘”‘)V6‘ (ejwe) VY (ejw )VJ(ej“’f)
P
= ) ¢ (e)p(e7r) (D.4)
=1
where wy, -+, w, denote the elements of the set Yy, , see (7.14), while we used that
VeI (ee) = V(eI Vi (1) G (140 ) (G5 e70))°

Gy(e70)GL(eiwe) = 1

see (E.3), (E.4) in appendix E.

To be able to further elaborate (D.3) we first need some additional theory. Firstly,
the doubly infinite matrix of basis functions B given by (7.10) and (7.9) is orthonormal
and complete

B"B=8BT =1
compare (E.11) in appendix E, for further details we refer to [80, 81, 82]. From (7.9)
(compare (E.10) in appendix E) and the norm preserving inner product for a complete
basis in a Hilbert space (Parseval) it follows that
1 [7 I r=s

BBT =1 & — [ Vi(e)Vi(e*)dw = { 0 v, (D.5)

-

Secondly, using the inverse z-transform over the unit circle and (7.9), it follows that
/ Vi(e7)dw = b, (0) = 0 (D.6)

Thirdly, for QF = Qy, we have p= N, and

N, kg

1 . 1 o
N—;—;X(e? 9= oo _rX(eJ Jdw as N, — oo (D.7)
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if X (2) is Riemann integrable over [—, 7]. A sufficient condition for a function X (2) to
be Riemann integrable over [a, b] is that X () is continuous, except for at most a finite
number of points, and bounded in [a,b]. In particular, a function X (z) is Riemann
integrable over [a,b] when X (z) is continuous over [a,b]. Hence X (e’*) is Riemann
integrable over w € [—, 7] if X (z) represents the transfer function of an exponentially
stable system, or the transfer function of a rational and stable system. The mean value
theorem of integration states that, if f : [a,b] — IR is continuous on [a, b], then there
exists a ¢ € (a,b) such that
[ @ = -

Using the mean value theorem of integration, it follows that for the real part of a
continuous function X (e’*') there holds that

N, T
NiozRe{X(efwe)} - % / Re{X (e/*)}dw

-7

- n(2e41)

— 321\;': N w
= ( Re{X (e /”l . Re{X (e?) }dw)l

1 = 2zt m(20—1) m(20+1)
< JIFN)) — jCe e S S
< W e=zo ‘Re{X(e )} — Re{X (e )}] N <e< Ty

1 et g
< = — || X' (e?¥
<% X e
L Xl
< A

where X'(e7*) = dX (e/*)/dw. A similar result holds for the imaginary part of X (e’),
so that

X" (e7)lloo
< \/iﬂ'T (DS)

1 No 1 K
— X(eIwe) — — X(e3*)d
52 - o [ X
if X(e’*) is continuous. Now, the basis generating system G, is required to be expo-
nentially stable. This implies that the Vi are exponentially stable when & is finite, see
(E.3). Thus, for finite k, we can apply (D.8) to (D.3). Comparing (D.3) and (D.8) it
we +n hannd

fallavra +hat wa nond
1I01u0OWS tilat We 1nieéea 1o oduna

— Jw))*(edw
LV ()

lfd’%(eﬂ‘”)va‘(efw>Gz<efw><Gz<ejw>>*

d sl
@GL (&)

IA

(Ga(e) 7= 4+ Voe)V3 ()] \

[ votervi(e)
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d .
+ Vo(e™)Vs (e7)|Ir — s]| Gy (7)1 o Ge(e™)

o (e7)V5 (e7%)

< Vo(e*)Vs (e"") (D.9)

[
|2 + V(e = ol |5

el %l

d Gb(ej“’)

Because we assumed the basis generating system to be exponentially stable, all el-
ements of the matrices and all other terms in (D.9) are uniformly bounded, except
|r — s|. Considering (D.3) we find that [r —s|<n—-1ifn > 1.

From (D.5), (D.6), (D.7), (D.8) and (D.1) it now follows directly that for Q% = Qp,
and n > 1 there exists constants ¢z, c3,c4 € IR such that

ca+ (n—1)cs
YN
o

< —c
= N4

IN

1 *
52—l

Finally, for n = 0 it follows directly from (D.3) that for Q} = Qn,
||—1—<I>*<I> I2=0
N, 2=
which concludes the proof.

D.4 Proof of theorem 7.3.5

First note that if
N covlf] = —<I> QP

then the results (7.35), (7.36) and (7.37) follow by direct calculation, and (D.7). Hence,
to prove the theorem, we have to prove that

. 1,
N cov[f] — M(I’ Qe

element wise. We will prove the stronger result that

A 1
IV cov[f] — —@*Q®||> — 0 (D.10)

N,
Naoto that far +ha indiiead +wa narm of 2 matriv A thara halde coo a o [§E2 nagn 571
4AYUULU viiGu 1UL L11T 111U ULTU UWU 11Ul VUl O lllauvliiAa 42 vuaol o ILUIUD’ ouUT U 6 lUU, yuac UIJ7

that
m%xlAikl < [lAll2

Using (7.32) we find

1,
|V cov[f] — ﬁo‘f’ Q2|2
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V(@) B[FF](2°8) 1 8°)" - <87 Q2ll;

- |5 (1-a-gwer) o (o- @- FmFr)) 0

o / \ /

(1 (- (%ﬂ@*«p)*)) s N%@*Q@

(D.11)
2

First we will bound ||I — (N%)(I)*Q)"IHQ. For ||I — X||2 < 1 there holds, see e.g. [53,
page 59], that

Ly o =X
J-—Xx"1 <J—
=X = 2=y,

Using lemma 7.3.4 it follows that for 0421% <1

npn

1 C4 N,
I—(=—®*®)7 Y, < — = — D.12
“ (No ) “2_1—64% ( )
Lemma 7.3.2 states that
N N, 1
“Q —_ MIE[FF*]HQ S CIJ_V_ = Cl; (D13)

Additionally
_ @, (w)
19l = 52

and, using the singular value decomposition,

1 1
B, = ” —o*P
“\/]To ”2 ”No ”2

1
- oo,

Il

1
< —_— —— *
< Ml + 11 - y-2-al,
npn

< Ji+es ]f;o (D.14)
Straightforward elaboration of (D.11), using (D.2), now gives (D.10).
D.5 Proof of theorem 7.3.6
From (7.31) we have

E[f] — 0, = ¥Z+ TS
Z(e) = Go(e) = g(e)f, = 3 Livi(er) (D.15)

k=n
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Using the prior information that both the system and the basis generating system are
exponentially stable, it follows that there exist constants K € IR'*™ and € IR such
that

|Li] < KnF n<1 (D.16)

Using a standard Taylor series expansion we find

oo

Sl < K (D.17)
k=n -0

The two norm of the vector Z now can be bounded as

p | oo 2
1Zll2 = \Z Z L Vi(e7¥t)
=1 |lk=n
P . o\
< \Z;(muuécnl_n)
nn

(D.18)

IA

where it should be noted that Vo € H5**! and K € IR'*™, and that n, is assumed to

be fixed and finite.
Using (D.12), (D.14) and (D.18) it follows that for Q% = N,

e LNy (D.19)

1 * -1 1 *
1= (8 ) ol #elZl — 0 s

o No

From the condition 7* — 0 and the fact that n < n, = ny n + 1 it follows that

\/% — 0. Thus /N, > n, so that we can split Z in two parts Z = Z; + Z2 as

P
Zi(e3¥t) = ZLka(ejwe)

k=n

Z2(ejwl) = Z Lka(ejw‘)
k=/p+1

for ease of notation we assume that ,/p is an integer, if this is not the case /p should
be rounded to the nearest integer.
For ¥Z we now find from (D.19) that for Qf = Qn, and —\/”=n —0

lim ¥Z = lim <I> Z = lim ‘I> Z1 + lim <I> Zy (D.20)

p—oo p—oo p p—oo P p—oo P



D.5 PROOF OF THEOREM 7.3.6 233

For the first right hand side term of (D.20) we find

- JF -
[ 1 1 T 1 N 7.V, (piw1)
1 1 PR 243
Vo(e™9%1 Vo(e7%r k=n
lim 17, = lim * oe™) ole™)
p—oo P p—0 D \/;_)
Vn_1(e791) Vin_1(e~7vr) ZLka(erp)
L k=n .
- \/5 B
Z Z Lkvk(eﬂ"”)
=1 k=n
P VP
. EV()(E_]W) Z L Vi (e7%t)
= lim - 3 k=n
p—oo P .
P VP
Y Vaoa(e) Y Livi(e™)
L =1 k=n -
r VP P i
3 L S Vi)
k=n =1
£ (S
el ) of
= L - D.21
pl{rolop k=n \f£=1 . ( )
P (Z Vaoa(e M)vT<em>) iy
— l 1 4

Combining (D.5), (D.6), (D.8) and (D.9) it follows that for Q% = Q, there exists
constants C; € IR™*! and Cy € R™*™ such that

r

Cy
eiwe) for selN s<./p D.22
; \/1_) VD (D.22)

I &l
e_j“’l)VST(ej“") < ] for mselN r<s<,p (D.23)

VP
Since n; is assumed to be fixed and finite, we now find from (D.16) and (D.17) that

lim ¥Z1 =0

p—oo
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Similar to (D.21) we find for the second right hand side term of (D.20)

p .
ZLka(eJ““’)

1 1
lim —®*Z = lim - = =

i Z Vn_l(e_jwl )Lkvk(ej“’f )

| k=/p+1£=1 |

Using the fact that
Vi (e7)] = Vo(e7)| G (€7)] = Vo (7)) (D.24)

it follows from (D.16) and (D.17) that
D 1LelVo(e)loo
k=y/p+1

[e 9]

. S Vole)loo LilVa(e™)oo
| lim =®*Z5| < lim | k=yp+1

p—oo P p—oo
> Vole™)lool LelVo(€™)]oo
_k:\/ﬁ-}—l .
KVo(€7*) oo
VAL | [Vo(€7%)]| oo K| Vo (€7%)] oo
- limnl : Vo(e?®)] '| o(e’)] (D.25)
p—oo 1 —

Vo (€)oo Vo (') 0o

where | X (w)|o denotes the vector consisting of the infinity norms of the elements of

the vector X (w).
Since n; is assumed to be fixed and finite it follows that

lim ¥Z =0

p—oo
For S(e’“t) we have, see lemma 5.3.1,

VNo ﬂP""l_l/ Mp(l_p_N) — N, (D 26)
N U (p—12 " '

|S(e7)| <
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Since p = N, < N, it follows that
lim |S(e?“¢)| =0 (D.27)
p—0
Using (D.26) and p = N, the two norm of the vector S can be bounded as
N, @aP+a Mp(l-p~V) _
ISll2 < = ( p N (D.28)

< — -
N |U,(e”)]
Using (D.12), (D.14) and (D.28) it follows that for Q}, = Qn,

1 v —1 [P npn
1= (5 # @) all 37" lalSle =0 as
Hence
lim ¥S = lim -1-<I>*S
p—00 p—oo P

-0

> S(edr)

» =1

Z Vo(e™79¢)S(edwe)
=1

p—oo P

Va_1(e779¢)S(e70)

1 .

M=

~
Il

Using (D.24) and (D.27) we now find
lim ¥S =0

p—oo

which concludes the proof.

D.6 Proof of theorem 7.3.7

Using (7.19) and (7.20) we find
|G — 6]
1%
=|G, — ¢80 + —
1Go — 0 + 77
s Ve Ve
=|G, — ¢0)* + |Z— + 812+ (G, — 90) (75 + )" +(Go — ¢0)" (55 + 5)

S

+ 5|2

Since IE[V®] = 0, and |S(e’*%)| — 0 as N, — o0, see (D.27), it follows from (7.38) that

6" = argmin lim = 3 |Go(ei) — (e B W (74 (D.29)

= argmoin%/ |Go(e7%) — p(e7*)0]*|W (e7)|?dw for Oy = Qn, (D.30)
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Further elaboration gives, using (D.15),

|Go — ¢8)° = ¢80 — $0 + ZI” = |$(6o = O)* +|Z)* + Z*$(8, — 0) + (0 — )" ¢*Z

1 <& . .
LS g ey g(eior) = 2972
. p

From (D.17), (D.21), (D.22), (D.23), (D.25) and the fact that ®*Z € €™**! it follows
directly that for QF = Qy, there exists a constant c; € IR such that

1_, n
I128°(21+ 2l < vy (% + n‘/’_’“) s (D.31)

Direct calculation of the maximum of ,/n,n" over n shows that ,/n;n™ is bounded, if
np is bounded. Since n, < p, it follows that , /npnﬁ‘“ — 0 as p — oo. Hence, noting
that Z =77 + Z5, we find for QF, = Qy,

1
lim ||=®*Z|]2 =0
p—oo P

Hence, when no weighting function W(e?“*) is used, we have for Q% = Qn,

™

1 .
* o __ : jw 2
0 = argmin —— |p(e?) (8, — 0)|“dw

-

= argun(6, - 0)" (5= [~ (@)0(e)) (9, -0
= argmin |16, — 0|3
= 6,

where we used that, see (7.22) and (D.5),

o [ #epe) =1

2 J_,

which concludes the proof.

D.7 Proof of theorem 7.4.1

To be able to prove the result we need an indication of the magnitude of the two norm
of the vector P(e/*)

n—1
[Pz = J L+ V()3
k=0
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= /1+n|Vo(e)]I3 (D.32)
< V1i4+nnpycg
< V/n_,,57 (D.33)

where cg,c; € R are constants. Using (D.10) we now find for Q% = Qu, and 3= — 0

lim N var[GY (/)]

NoZioe Tp
N 1 * —1 3% * * —1 px* 1
= lim = P(e)(2"®) S B[FF]@(2°2) "' P (e3)
1500 P
= lim P(e7)3* QP (&™) (D.34)

No—oo INoTp

From (D.4) and the definition of @ in (7.33) it follows that

P(e*)2*QBP* (%) = P(e (ZQeM emw(eﬂ‘m) P*(e)

Z Qe7e) | p(er#t) P* ()|

=1

Thus, using (7.22) and (7.40), we now have

2

n—1
N A . .
1\;_1;230 n_,, var[GY (e7%)] = hm N, ZQ eJ‘“‘ 1+ kz:% Vi (e7%)Vi(e77*)
Using (7.9) we can write
n—1 ) ) n—1 )
SOVE(E)Vi(e77) = Vi (e7)Vole ™) Y [Gu(e?) Ga(e 770
k=0 k=0
Note that for any z € C there holds that
a1 (z—-Dz" 14”11, 2t -1
21 = P =z + 71 (D.35)

Using (D.35) recursively it follows that

" —1

r—1

=$n—1+xn—2+_”+x+1=2zk

Also note that
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It follows that we can write

[Gy(e7)Gp (e — 1
Gb(ej“)Gb(e—j‘”l) -1

n—1
S IGu(e)Ga(e 0 ))F =

k=0
Finally note that
1G5 (e79)]? = Gy () Gp(e77¢) = 1

so that 1
Gile ) = ———
b(e ) G’b(ejc)

which concludes the proof of (7.41), (7.42) and (7.43).
To prove (7.4.1) note that from (D.34), lemma 7.3.4 and (D.33) we find for Q@ = I

N AF 1 , ,
lim — var[Gf(e’*)] = lim —P(e/*)P*(e’*)
foogo np Ny,—o00 np

Using (D.32) now concludes the proof.

D.8 Proof of corollary 7.4.2

Using the fact that

e —emIv
23

it follows directly that for Vo(e’*) = e and Gy(e’%) = ™%

sin(w) =

_ Ly 4 ptcmwepsinGC—w)
Tp sin(3(¢ — w))
The first statement of corollary 7.4.2 now follows immediately from theorem 7.4.1.

To prove the second statement of corollary 7.4.2 first note that, see e.g. [147, pages
418-419],

Pﬂ(w7 C)

1 sin®(nw/2)

3 snwy2) W
where F),(w) is the Fejer kernel. Denote
- 1 o1 sin(nw /2
Fnlw) = y 271'neJ i Sirf(w//Z))
so that
|Fa(w)] = VFu(w)
and

2

Pa(@,) = ’\/%ﬂ/fj—:ﬁn(c—w)
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For the Fejer kernel F,,(w) there holds, see e.g. [147, pages 400-420], that

Fa) < Fa(0) = o

lim F,(w) = 6(w)

n-—0o0

where §(w) is the Dirac delta. Noting that for the pulse basis n, = n + 1, it follows

that as n — oo
2 n_ =
/27rnF(<_ ’:\/ ™ Fn(C—w)—’{"+l (=w
Np n+1 0

1

Np

(#Fw

Additionally, note that for any 7,z € C there holds that
llz1] = 22| < |21 + 22| < |o1| + |22

so that
|21]% + |2a2|? — 2|71 ||22] < |21 + 22 < 31| + |22|? + 2|21 || 22|

Since ®,(w)/®,(w) is bounded it now follows that

Again, note that for the pulse basis n, = n+ 1. Finally, if h(¢) is Lipschitz continuous
of order 1 then, see e.g. [147, pages 400-420],

00 [ g @O
T 0% =, | BC-wFs

d¢

m

—T

which concludes the proof.

D.9 Proof of theorem 7.4.3
Using (7.39), (7.31) and (D.15) we find

Go(e) — B[GY (e7)]

G,o(e') — P(e?*)E[f]
= Go(e?) — P(e*)8, — P(e/)WZ — P(e*)¥S
= Z(e¥) — P(e?*)¥Z — P(e’*) TS

From (D.12), (D.14), (D.18) and (D.33) we find that for Q} = Qn, and ¢4~ <1
there exists a constant cg € IR such that
npn

. 1 1, nMpN
[I1P(e’“)I2l I — (Foq) @) 1|lzllﬁo“1> llzllZ]l2 < /mpn NLOCS I 0
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Direct calculation of the maximum of ,/m,n™ over n shows that ,/m,n™ is bounded,
given that n; is bounded. Therefore

npn

I1P(e™)ll2]1T — ( ‘I’ ®)” 1IIzII <I> l2lZz =0 as —E=—0

It follows that for Q% = Qy, and = — 0 we can write
lim P(e’*)¥Z = lim —P(e’*)d*Z
p—oo p—o0 P

Using (D.31) and (D.33) we find that there exists a constant Cg € IR such that
|1 ( I ) * ,< < v 1)
-P(e d*7 n C
= Itp \/]—9 9

Again, direct calculation of the maximum of n,n™ over n shows that n,n™ is bounded,
if ny is bounded. Since n, < p, it follows that n,nv?*! — 0 as p — co. Hence, for
Qy, = v, and = — 0 we find

lim P(e?*)¥Z =0

p—o0
From (D.12), (D.14), (D.28) and (D.33) we find that for Q% = Qu, and cs 2~ <1
there exists a constant c;p € IR such that
;\l[p n],\,[np Nocio  as 7;\;;:1

— 0

. 1 1
1P(e™)l2 /T — (Eq’*@)‘lllzllE‘I’*IleSIIz <

Since N > N, > n, it follows that

1

, e 1,
I1P(e™)ll2l] = (2" @) 7 Izl 2" [l2lISllz = 0 as =0
N, N,

npn
N,
As a result we can write for Qf = Qy, and %= — 0

o o

lim P(ei)¥S = lim LP(e/)8"S

p— 00 p—oo P

Using (D.14), (D.28) and (D.33) we find that there exists a constant ¢;; € IR such that

/ npn
] (e7*)®*S| < No "N”cll as —]—3—— —0
o

Since 7%= — 0 implies that 5= — 0 it follows that for Q% = Qu, and % — 0

lim P(e?*)¥S =0

p— 00

Using (D.15), (D.16) and the fact that
[Ve(e790)] = [Vo(e792)||GE(e7%)] = |Vo(e7*))|
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we find for Z(e’)

1Z(e)] < KlVo(e)| Y 7"

k=n

= ke

which concludes the proof.



Appendix E

System based orthonormal basis functions

E.1 Properties

In this section we will discuss a number of properties of the generalized orthonormal
basis functions which were introduced by [80]. The specific advantages of these func-
tions will be discussed in the following section. The theory described in this section
is due to [80, 81, 82], where multivariable (MIMO) systems are addressed. We will
however only consider scalar (SISO) system.

We will denote (-)* as the complex conjugate transpose of a matrix. IN is the set of
nonnegative integers, £3[0, o) is the space of squared summable sequences on the time
interval IN, H5*? is the field of complex valued matrix functions which are analytic
outside the unit disc and squared integrable over the unit circle, and R'Hs is the field of
real rational functions which are analytic outside the unit disc and squared integrable
over the unit circle.

A causal stable linear time-invariant finite-dimensional discrete-time system will
be represented by its rational transfer function G € RHs. A state-space realization
(A,B,C,D) of G is stable if all eigenvalues of A lie strictly within the unit circle.
If a realization is stable, the controllability Gramian P and observability Gramian
Q are defined as the solutions to the Lyapunov equations APA* + BB* = P and
A*QA + C*C = Q respectively. A stable realization is called (internally) balanced
if P=Q = X, with & = diag(o1,---,04), 01 > -+ > 0n, a diagonal matrix with
the positive Hankel singular values as diagonal elements. A stable realization is called
input balanced if P = I, Q = £2.

A system G € RH, is called inner if it is stable and satisfies GT(271)G(z) = I.
Since an inner function G is analytic outside and on the unit circle, it has a Laurent
series expansion Y ro, g(k)z~*, where g(k) are the Markov parameters. For later use
we will formalize a class of inner functions.

Definition E.1.1
G1 :={all square inner functions G with McMillan degree > 0 such that ||g(0)|l2 < 1}.



(a)

(b)
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Using the fact that the system G, € RH; has a state-space representation, its transfer
function can be written as

G(N=D+C(z] — AR
Go(2)=D+C(z2I-A)""B

-~
o
-

~—

o

Let n, denote the McMillan degree of G,. We will denote
G, =(4,B,C,D)

meaning that the system G, has a state-space representation given by the matrices A,
B, C, and D. Let

Gy=(A,B,C,D) AeR™™ BeR™! CeR™™ DeR (E.2)

denote a minimal input balanced state-space representation of a causal stable system
with McMillan degree n,. We will call G}, the basis generating system or basis gener-
ator. In [81] a procedure is given to find a minimal balanced realization of an inner
function G(z) directly from A and B.

Proposition E.1.2 ([81]) Let Gy € RH2, with input balanced realization (A, B, C, D),
McMillan degree ny > 0 and rank(B) = 1. Then

there exist matrices C,D such that (A, B, C,D) is a minimal balanced realization of
a square inner function Gy € Gy.

A realization (A, B, C,D) has the property mentioned in (a) if and only if

C = B*I+ A" 1(I+A)

D = [B*(I+A*)"'B-1]
Proposition E.1.2 implies that the poles of the basis generating system are retained in
the corresponding inner function.

The z-transformed orthonormal basis functions, which we will call the generating trans-
fer functions, now can be calculated recursively as

Vo(z) = (z2I-A)"'B V€ HP™!

(E.3)
Vk(Z) = V()(Z)Gf(z) Gy, € RH2
where Gy(z) is an inner function. Hence
|Gp(2)] = 1 (E4)
Vi(2) = Do(@)IGu(2)* = [Vo(2)| (E.5)

where |z| denotes the vector consisting of the absolute values of each element of the
vector z (i.e. |z|(k) = |z(k)|)-
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The system G, € RHy now can be written as

Go(2) =D+ ) LiVi(z) DeR, Ly e R™*, Ve Hy*™! (E.6)
k=0

where D is the feedthrough matrix of the state-space description of G, c.q. the first
markov parameter ¢,(0), Ly are the generalized expansion coefficients, i.e. the gener-
alized impulse response, and Vi(z) are the generating transfer functions. In [81] it is
proven that if G, = G, then Ly = C and Ly = 0 for £ > 0. Consequently, a generalized
FIR model of order m - m;, is defined as

m—1

G(z) =D+ Y LiVi(2) (E.7)
k=0
where D and Ly, k =0,---,m — 1, are the parameters of the model.
The convergence result on the generalized expansion coefficients L has the follow-

ing form.

Proposition E.1.3 ([80, lemma 5.4.1 and its proof], [81]) Let G, € RHs, with M-
cMillan degree n, and an input balanced realization (A,B,C,D). Let (A,B) be an
input balanced pair that generates an inner transfer function Gy, € G1 with McMillan
degree ny, leading to an orthonormal basis ®(Gy), see (E.11). Let

Wi, 1 =1,---,n, denote the eigenvalues of A, and

0j, j =1, --,ny denote the eigenvalues of A.

Then the dynamical system having the Ly as its impulse response has a state-space
realization (X,,Ys, Z,,0) that satisfies

(a) X, has dimension n,
(b) X, has eigenvalues A;, i =1,---,n,, that satisfy

23

|)\i|:H

J=1

Hi — 05
1— ps0;

Note that when the sets of eigenvalues {;}, {0;} coincide, then \; = 0, for all s.
When a finite number of expansion coefficients is estimated, it is useful to know a
state-space realization of the resulting model.

> Y I E.1.4 /rn-n\ ~
Ir'roposition .1 ([51]) Consider [ILS W(LIL.S](:‘I quL(,LLUIL

m—1
D+ > LiVi(2)
k=0

withm > 0 and Vi(z) the generating transfer functions of an orthonormal basis ®(Gy),
where the inner function Gy, € G, has a minimal state-space realization (A,B,C,D)
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with dimension ny > 0.
Then G(z) has a state-space realization (A, Bm, Cp, D) with state dimension m - ny,
where

A _Ts 3 2 1
Um = I-.L/() L1 bm—lJ

and A1 = A, B; =B, and form >1

- - - -

A 0 0 B
BC A 0 0 BD
: : S0 :
| BD™-2C BD™"!C .- BC A | | BD™-1 |

Note that the McMillan degree of this system in general will be large.

The undisturbed output is given as

Yo(t) = Du(t)+ Y LiVi(q)ult)
k=0
= Du(t) + i Lka(t)
k=0
= Du(t)+ i xFwyLt (E.8)
k=0
where
u(t —1)
X (t) = [#(0) ¢r(1) -] | u(t—2) ¢r(m) € R™*! (E.9)

and where the (first part of the) ¢ can be calculated recursively as

$o(m) = Vo(q)6(m + 1) = ¢Vo(q)8(m)

dr(m) = Gu(q)pr-1(m) (E.10)
for k,m = 0,1, --. State-space realizations of the transfer functions are
Vo(z) = (A,B,1,0)
2Wo(z) = (A,B,A,B)
G,(2) = (A,B,C,D)
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The infinite orthonormal matrix ®(G;)

(%(0) do(1) d0(2) ]
$1(0) ¢:1(1) ¢1(2) ---

constitutes a complete orthonormal basis of the signal space £3[0, 00).

E.2 Examples

Three examples of well known sets of orthonormal functions that are frequently used
in the description of linear time invariant dynamical systems, and that occur as special
cases of the above framework, are the pulse functions, the Laguerre functions, and the
Kautz functions, see e.g. [64, 114, 51, 180]. We will illustrate this for the pulse and
Laguerre functions, for the Kautz functions we refer to [81, 82].

Pulse functions

Consider the inner function Gy(z) = 27!, G, € G;. The generating transfer functions
Vi(z) satisfy Vi(z) = 271GF(2) = 27%71, k = 0,1,---. The corresponding set of
basis functions ®(G,;) is determined by ¢ (t) = 6(t — k) with 6(7) the Kronecker delta
function. The inner function G, can be realized by the minimal balanced realization
(A,B,C,D) =(0,1,1,0).

Laguerre functions

1l—az
, with some a € IR, |a| < 1, and denote
- a

Consider the inner function Gy(z) =

v =1-a?. Since g;(0) = —a it is clear that Gy e G1. A minimal balanced realization
of Gy is given by (A, B, C,D) = (a,/v,/v, —a). It follows that

$0(0) = Vv
¢x(0) = —apr-1(0)

or(i+1) = agu( )+VZ ) i (i)

These equations exactly match the equations that generate the normalized discrete
time Laguerre polynomials with discount factor a. The corresponding generating trans-

fer functions Vi (z) are

Vi(z) = f—((l - “;L

which are indeed the generating transfer functions of discrete time Laguerre polyno-
mials.
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E.3 Merits

Using the system based orthonormal basis functions introduced by [80] for the system
Ancrrindicn hog +ha Fallacoing o dnndamas
UCTOUILIPLIVIL 1lad LIIT I llUWllls auva.uhagl:b.

e Any stable system can be used to generate a complete orthonormal basis for the
signal space /5.

e If the system and the basis generator are both stable a bound |Li| < Kn* with
1 < 1 exists.

o A basis generating system that is closer to G, yields a higher rate of convergence
of the parameters to zero, i.e. a higher n in |Lz| < Kn*.

e A generalized FIR model (E.7) combines an analytic solution to the least squares
parameter estimation problem with a good low order approximation of the system
and the advantages of an output error (OE) model.

Since any stable system can be used to generate the basis functions, the basis genera-
tor can be used to incorporate prior information about the system, as was pointed out
by [81]. This prior information need not be correct, it may be uncertain or approx-
imative. However, the more accurate the basis generating system, the more simple
the system representation will be (faster convergence of the parameters to zero). The
basis generator can e.g. be a nominal model, obtained by any identification technique
or physical modelling. A control relevant nominal model therefore can be used as the
basis generating system. Control relevant identification procedures are discussed in
e.g. [181, 49, 106, 11, 12, 101, 149, 69, 157, 155, 191] and [5, 102, 103, 140, 48, 61, 175].
Note that a faster convergence of the parameters implies that a good approximate
description of the system can be obtained using less parameters, so that both the bias
and the variance of the estimates can be reduced. An additional merit of the proce-
dure is that it is an extension to existing identification techniques. Any identification
method can be used to obtain the basis generating system.
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Samenvatting

Dit proefschrift behandelt het probleem van het kwantificeren van modelonzekerheid op
grond van experimentele data. Het doel is om op basis van gemeten in- en uitgangssig-
nalen een bovengrens te bepalen voor een relevante norm op het verschil tussen het
echte systeem en een geschikt model van dat systeem. Specifieker gesteld richt dit
proefschrift zich op de vraag hoe modelfouten gerepresenteerd en gekwantificeerd die-
nen te worden, teneinde een identifikatieresultaat te verkrijgen dat geschikt is om te
dienen als basis voor het ontwerp van een robuuste regelaar met hoge prestaties.

Een kritische evaluatie van de betreffende literatuur laat zien dat een aanzienlijk
deel van dit probleem wordt verschoven naar informatie die verondersteld wordt vooraf
al aanwezig te zijn, terwijl geen bevredigende procedures bestaan om deze informatie
te verkrijgen.

Een eerste aanpak om het probleem op te lossen maakt gebruikt van een harde
bovengrens op de ruis in het frekwentiedomein als voorkennis, en resulteert in een harde
bovengrens op de modelonzekerheid. Eerst wordt een modelonzekerheidsgrens in een
eindig aantal frekwentiepunten vastgesteld, waarna deze grens wordt geinterpoleerd.
De verdienste van deze methode is dat het model waarop de onzekerheidsgrens be-
trekking heeft direkt gespecificeerd kan worden door de gebruiker. Een belangrijke
nadeel van de methode is echter dat de vereiste harde voorkennis moeilijk verkrijgbaar
is.

Gebaseerd op een uitvoerige inventarisatie van mogelijkheden en konsekwenties
wordt nu voorgesteld om de modelfouten in te bedden in een mengvorm van fouten
die uitmiddelen en fouten die verondersteld worden op de meest ongunstige manier
te kunnen doorwerken, om akkumulaties van zowel toevallige als strukturele fouten
effektief te kunnen beschrijven in een situatie waar alleen het dominante deel van
het systeem lineair en tijdinvariant is. Beargumenteerd wordt dat ruis gezien dient
te worden als een stochastisch proces, terwijl ondermodellering beschouwd dient te
worden als onbekend maar begrensd.

Gegeven deze keuzen voor het inbedden van de modelonzekerheden wordt vervol-
gens een aangepaste procedure gepresenteerd voor het schatten van een model tezamen
met een grens op de modelonzekerheid vanuit experimentele data. Hierbij wordt ge-
bruik gemaakt van een periodiek inganssignaal en datasegmentatie om effektief onder-
scheid te kunnen maken tussen toevallige en strukturele fouten. Over iedere periode
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van het inganssignaal wordt een model geschat, hetgeen een verzameling van modellen
oplevert. Het gemiddelde over deze verzameling van modellen levert het uiteindelijke
model, terwijl de onderlinge verschillen tussen de modellen in de verzameling infor-
matie geven over de onzekerheid in dit uiteindelijke model. Voor het geval van lineaire
tijdinvariante systemen met stochastische ruis kan nu, asymptotisch in het aantal da-
tapunten, een betrouwbaarheidsinterval in gesloten vorm verkregen worden voor de
onzekerheid ten gevolge van de ruis, en kan een grens op de onzekerheid ten gevolge
van ondermodellering worden geschat. In essentie is de enige benodigde voorkennis bij
deze aanpak de kwalitatieve informatie dat de ruis zijn eigen verleden vergeet, en dat
het systeem lineair tijdinvariant en exponentieel stabiel is. Zowel de onzekerheid ten
gevolge van de ruis, als de onzekerheid ten gevolge van ondermodellering worden be-
grensd vanuit de experimentele data. Bovendien wordt gebruikt gemaakt van een zeer
flexibele modelstruktuur die gevormd wordt door systeem-gebaseerde orthonormale
basisfunkties, zodat parametrische modellen van een hoge kwaliteit geschat kunnen
worden, en kan dezelfde aanpak ook in een gesloten lus situatie worden gevolgd. Op
basis van simulatievoorbeelden en toepassingen in de praktijk zijn de prestaties van
deze procedure bestudeerd, ook onder afwijkingen van het lineaire tijdinvariante geval
met stochastische ruis. De geschatte grenzen op de modelonzekerheid blijken strak en
betrouwbaar, en robuuste regelaars met een hoge prestatie kunnen worden ontworpen.
We konkluderen dat de kombinatie van de bovenstaande eigenschappen inderdaad re-
sulteert in modellen en modelonzekerheidsgrenzen die geschikt zijn om te dienen als
basis voor het ontwerp van robuuste regelaars met een hoge prestatie.

Met behulp van het bovenstaande raamwerk kunnen tevens duidelijke indikaties
gegeven worden voor de selektie van de modelorde en het ontwerp van het ingangssig-
naal. Ook resulteert een krachtige methode voor de validatie van modellen. Bovendien
wordt een asymptotische analyse gegeven voor frekwentiedomein identifikatie van over-
drachtsfunkties die beschreven zijn met behulp van systeem-gebaseerde orthonormale
basisfunkties, zoals toegepast in de bovenstaande procedure voor het schatten van
grenzen op de modelonzekerheid.

Een belangrijk onderwerp voor verder onderzoek is het aanpassen van de procedure
zodat kwasi-stationaire ingangssignalen toegestaan zijn, hetgeen zeker mogelijk lijkt.
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